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Abstract: Considering rather severe parametric uncertainties and nonlinear un-
certainties exist in the dynamic model of pneumatic muscles driven parallel
manipulator, a discontinuous projection-based adaptive robust control strategy
(ARC) is adopted to effectively handle the effect of various parameter variations
of the system and hard-to-model nonlinearities such as the friction forces of the
pneumatic muscles and external disturbances of the entire pneumatic system to
achieve remarkably precise posture trajectory control. Experimental results are
obtained to illustrate the effectiveness of the proposed adaptive robust controller.
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1. INTRODUCTION

Pneumatic muscle is a new kind of flexible actu-
ator similar to human muscle, which is made up
of rubber tube and cross-weave sheath material.
Its basic working principle is as follows: when the
rubber tube is inflated, the cross-weave sheath
experiences lateral expansion, resulting in axial
contractive force and the change of the end point
position of pneumatic muscle. Thus, the position
or force control of a pneumatic muscle along its
axial direction can be realized by regulating the
inner pressures of its rubber tube. The parallel
manipulator driven by pneumatic muscles (PM by
PM) studied in this paper is a new application of
pneumatic muscles, which consists of three pneu-

1 This work is supported by Festo Inc. through an inter-
national cooperation. The last author is supported by the
National Natural Science Foundation of China (NSFC) un-
der the Joint Research Fund (grant 50528505) for Overseas
Chinese Young Scholars.

matic muscles connecting the moving arm of the
parallel manipulator to its base platform as shown
in Fig.1. By controlling the lengths of three pneu-
matic muscles, any three-DOF rotation motion of
the parallel manipulator can be realized. Such a
parallel manipulator combines the advantages of
compact structure of parallel mechanisms with the
adjustable stiffness and high power/volume ratio
of pneumatic muscles, which will have promising
wide applications in robotics, industrial automa-
tion, and bionic devices.

Severe nonlinearity and time-varying parameters
exist in the pneumatic muscle dynamic model;
examples include various frictions, hysteresis and
the contractive force on the temperature (Lilly,
2003). These factors made the precise position
control of a pneumatic muscle alone a signifi-
cant challenge, which has received great attentions
during the past several years. Though significant
researches have been done on the control of pneu-
matic muscles(Lilly, 2003; Bowler et al., 1996;
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Repperger et al., 1998; Tian et al., 2004; Kimoto
and Ito, 2003), most of them did not consider
the pressure dynamics of the pneumatic muscles,
i.e., the dynamics between the inner pressure of
the rubber tube and the input flow rate to the
pneumatic muscle. The few researches that did
consider the pressure dynamics mainly dealt with
the controller designs for single or antagonistic
muscle actuators, which require accurate system
models or disturbance dynamics under matching
condition (Hildebrandt et al., 2005).

In this paper, the posture control of a parallel
manipulator driven by pneumatic muscles shown
in Fig.1 is considered, in which each pneumatic
muscle is controlled by two fast switching valves.
Such a system not only has all the control dif-
ficulties associated with the pneumatic muscles,
but also the added difficulty of the coupled multi-
input-multi-output (MIMO) complex dynamics of
the parallel manipulators. The adaptive robust
control strategy(Yao, 2004)is applied to reduce
the large extent of lumped unknown uncertain
nonlinearities and parametric uncertainties while
using certain robust feedback to attenuate the
effect of uncompensated model uncertainties. The
proposed controller design explicitly takes into ac-
count the effect of pressure dynamics as well. Con-
sequently, high tracking performance is achieved
in practice as demonstrated by the obtained com-
parative experimental results.
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Fig. 1. Structure of the pneumatic muscles driven
parallel manipulator

2. DYNAMIC MODELS

The geometric structure of the parallel manipula-
tor is shown in Fig.1, which consists of a moving
platform, a base platform, a central pole and three
pneumatic muscles. Pneumatic muscles are linked
with the moving platform and the base platform
by spherical joints, which are evenly distributed
along a circle on the respective platform. The

central pole is rigidly fixed with the base platform
and is connected with the moving platform by a
ball joint. The posture of the parallel manipulator
is defined through three independent angles: the
roll angle θx around x, pitch angle θy around y,
and yaw angle θz around z. Two fast switching
valves are used to regulate the pressure of each
pneumatic muscle, and this combination of com-
ponents is referred to as a driving unit subse-
quently.

Let the inertial matrix of the moving platform
be I(θ), the transformation matrix from angu-
lar velocity to posture vector of the parallel ma-
nipulator be G(θ), the coefficient matrix of vis-
cous frictions of the spherical joints be Cs =
diag([cs1, cs2, cs3]T), the first-order partial differ-
ential kinematic influence coefficient matrix be
J(θ), the equivalent mass matrix of three driv-
ing units be M , the disturbances in task-space
be dp(t) and the muscle force vector be F m =
[Fm1, Fm2, Fm3]T, which will be given in next sub-
section. Then the dynamic model of the moving
platform is (Tao et al., 2005)

Ip(θ)θ̈ + Bp(θ)θ̇ + dp(t) = JT
p F m (1)

where Ip(θ) = GT(θ)[I(θ)+JT(θ)MJ(θ)]G(θ),
Bp(θ) = GT(θ)CsG(θ),Jp(θ) = J(θ)G(θ)

For each driving unit i, the muscle force can
be described as (Yang et al., 2002; Chou and
Hannaford, 1996)

Fmi(xmi, pi) = pi[a(1−kεi)2−b]+Fri(xmi)+δFi (2)

where εi =xmi/L0, xm is the contractive length
of the pneumatic muscle, Fr is the compensation
for the rubber elastic force, p is the pressure of
the pneumatic muscle, a,b are constants related to
the structure of pneumatic muscle, k is a factor
accounting for the slide effect, and δF is the
modeling error.

Mass flow rate qm of air through the valve is a
function of the fast switching valve’s duty cycle
denoted by u

qmi(ui) = uiAei
pui

RTui
f(

pui

pdi
) (3)

where pu is the up stream pressure, pd is the down
stream pressure, Tu is the up stream temperature,
Ae is the effective orifice area of the valve and R is
the gas constant and f(pu/pd) is a nonlinear flow
function.

A general pressure dynamic equation is(Richer
and Hurmuzlu, 2000):

ṗi =
λbiRTiqmi

Vi
− λaipiV̇i

Vi
(4)

where λa and λb represent unknown parameters.
V is the pneumatic muscle’s inner volume and T
is the thermodynamic temperature of pneumatic
muscle.
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From Eq.1, define the drive moment of the parallel
manipulator in task-space as τ =JT

p (θ)F m and
differentiate it to obtain the actuator dynamics.

τ̇ = f τ (θ, θ̇, p) + gτ (θ)Kq(p)u + dτ (t) (5)

where fτ (θ, θ̇,p) = J̇
T

p (θ, θ̇)F̄ m +JT
p

∂F̄ m

∂xm
ẋm−

JT
p

∂F̄ m

∂p Af (xm, ẋm, p)λa , gτ (θ)=JT
p

∂F̄ m

∂p Ag(xm)×
diag(λb), F̄ m = F m− δF is the calculable part
of F m, dτ (t) represents all the unknown distur-
bances in driving unit space (muscle-space) and
Kq is a matrix of nonlinear flow gain function
deduced from Eq.3.

Thus, define a set of state variables as x =
[xT

1 , xT
2 ,xT

3 ]T = [θT, θ̇
T
, τT]T, the entire system

can be expressed in state-space form as



ẋ1 = x2

ẋ2 = I−1
p (x1)[x3−Bp(x1)−dp(t)]

ẋ3 = f τ (x1, x2, p)+gτ (x1)Kq(p)u+dτ (t)
(6)

and p = fp(x1, x3) is the inverse function of τ .

3. ADAPTIVE ROBUST CONTROLLER

3.1 Design Issues,Assumptions and Notations

Generally the system is subjected to parametric
uncertainties due to the variation of Cs, Ip, λa,
λb and unknown nonlinearities dp and dτ . Prac-
tically, dp and dτ may be composed of two parts,
a nominal part denoted by dpn and dτn which
is constant or slowly changing and be dealt with
by parameter adaptation, and a fast changing
part denoted by d̃p and d̃τ , which have to be
attenuated by the robust feedback.

It can be seen that the major difficulties in con-
trolling are: (a)The system has severe parametric
uncertainties represented by the lack of knowledge
of the changing damping coefficients Cs and the
polytropic exponents λa and λb. Hence on-line
parameter adaptation method should be adopted
to reduce parametric uncertainties. (b)The sys-
tem has a large extent of lumped modeling error
like unknown disturbances and unmodeled fric-
tion forces, which are contained in dp and dτ .
So the approach with certain robustness should
be used to handle the uncertain nonlinearities for
improving effectively performance. (c)The model
uncertainties are mismatched, i.e. both paramet-
ric uncertainties and uncertain nonlinearities ap-
pear in the dynamic equations that are not di-
rectly related to the control input u. Therefore
the backstepping design technology should be em-
ployed to overcome design difficulties for achieving
asymptotic stability.

Since the extents of parametric uncertainties and
uncertain nonlinearities are known, the paramet-
ric uncertainties and uncertain nonlinearities are

supposed to satisfy β ∈ Ωβ = {β : βmin ≤
β ≤ βmax}, and d̃p ≤ dpmax, d̃τ ≤ dτmax in
which βmax and βmin are the maximum and mini-
mum parameter vectors and dpmax and dτmax are
known vectors.

Let β̂ denote the estimate of β and β̃=β̂−β the
estimation error. A discontinuous projection can
be defined as Eq.7 in order to guarantee that the
parameters and their derivatives are bounded in
the whole process of adaptive robust control.(Yao
et al., 2000)

Projβ̂(•i)=




0, if β̂i=βimax and •i > 0
0, if β̂i=βimin and •i < 0
•i, otherwise

(7)

The adaptation law is given by
˙̂
β = Projβ̂(Γσ) (8)

where Γ > 0 is a diagonal matrix and σ is an
adaptation function to be synthesized later.The
projection mapping used in Eq. 8 guaranteed that
P1: β̂ ∈ Ωβ = {β : βmin ≤ β ≤ βmax} and P2:

β̃
T
[Γ−1Projβ̂(Γσ)− σ] ≤ 0

3.2 ARC Controller Design

The design parallels the recursive backstepping
design procedure in task-space and muscle-space
via ARC Layapunov functions as follows. (Yao et
al., 2000)

1).Step1: Define a switching-function-like quan-
tity as

z2 = ż1 + Kcz1 (9)
where z1=x1−yd is the trajectory tracking error
vector and Kc is a positive diagonal feedback
matrix. If z2 converges to a small value or zero,
then z1 will converge to a small value or zero since
the transfer function from z1 to z2 is stable. Then,
differentiating Eq.9 while noting Eq.6,

ż2 = I−1
p (τ −Bpx2 − dp)− ÿd + Kcż1 (10)

The unknown parameter vector in task-space is
βp=[cs1, cs2, cs3, dpn1, dpn2, dpn3]T and the term of
parametric uncertainties in task-space is described
as

B̂px2 + d̂pn = −ϕT
2 β̂p (11)

in which ϕ2=[−diag(GTGx2),−I]T is a regressor
for parameter adaptation.

If τ is treated as the input to Eq.10, a virtual
control law τ d is synthesized such that z2 is as
small as possible. τ d consists of two terms given
by

τ d = τ da + τ ds (12)

τ da = Ip(ÿd −Kcż1)−ϕT
2 β̂p (13)

in which τ da functions as the adaptive control law
used to achieve an improved model compensation
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through on-line parameter adaptation with the
adaptation function σ2 = ϕ2I

−T
p z2. And τ ds is

a robust control law consisting of two terms for
strengthening robust control.

τ ds = τ ds1 + τ ds2, τ ds1 = −IpK2z2 (14)

where K2 is a positive control gain function,and
τds2 is synthesized to dominate the model uncer-
tainties coming from both parametric uncertain-
ties and uncertain nonlinerities, which is chosen
to satisfy the following conditions.

1. zT
2 [I−1

p (τ ds2 −ϕT
2 β̃p − d̃p)] ≤ ε2

2. zT
2 τ ds2 ≤ 0

(15)

where ε2 is a positive design parameter.

Let input discrepancy be z3 = τ−τ d, substitute
Eq.12 into Eq.10

ż2 =−K2z2+I−1
p z3+I−1

p (−ϕT
2 β̃p − d̃p+τ ds2)

(16)
For the positive semi-definite(p.s.d) Lyapunov
functions V2 defined by V2=zT

2 z2/2, From Eq.16
its time derivative is

V̇2=−zT
2 K2z2+zT

2 I−1
p z3+zT

2 I−1
p (−ϕT

2 β̃p−d̃p+τ ds2)
(17)

2).Step2: A virtual control input qm is synthesized
so that z3 converges to zero or a small value with a
guaranteed transient performance. The derivative
of the input discrepancy is

ż3 = τ̇ − τ̇ d = fτ +gτqm +dτ − τ̇ dc− τ̇ du (18)

where τ̇ dc=∂τd

∂t +∂τd

∂x1
x̂2+∂τd

∂x2
ˆ̇x2+∂τd

∂β̂

˙̂
β, τ̇ du=∂τd

∂t +
∂τd

∂x1
x2+∂τd

∂x2
ẋ2+∂τd

∂β̂

˙̂
β−τ̇ dc, x̂2 and ˆ̇x2 are deduced

from x1 by output differential observer designed
in the next part. τ̇ dc is derived from τ d and can
be used to design control functions, but τ̇ du can
not be calculated due to various uncertainties. Let
d̃3=d̃τ−τ̇ du be the total uncertainties in muscle-
space.

The unknown parameter vector in muscle-space is
βτ =[λa1, λa2, λa3, λb1, λb2, λb3, dτn1, dτn2, dτn3]T,
and then the term of parametric uncertainties in
muscle-space is described as

f̂τ + ĝτqm + d̂τn = ϕT
3 β̂m (19)

where ϕ3=[−JT
p

∂F̄ m

∂p Af , JT
p

∂F̄ m

∂p Agdiag(Kqu), I]T

is a regressor for parameter adaptation. The vir-
tual flow input is given by

qmd = qmda + qmds (20)

qmda = ĝ−1
τ (−I−T

p z2 − f̂ τ − d̂τn + τ̇ dc) (21)
where qmda is used for adaptive model compen-
sation and the adaptation function would be σ3=
ϕ3z3. The robust control law qmds consists of the
following two terms.

qmds=qmds1+qmds2, qmds1=−ĝ−1
τ K3z3 (22)

where K3 is a positive feedback gain matrix and
qmds2 is a robust control function chosen to satisfy

the following conditions for dominating all model
uncertainties.

1. zT
3 [qmds2 −ϕT

3 β̃τ + d̃3] ≤ ε3

2. zT
3 qmds2 ≤ 0

(23)

where ε3 is a positive design parameter.

Consider the augmented p.s.d. functions V3=V2 +
zT

3 z3/2, its time derivative is

V̇3 =−zT
2 K2z2 + zT

2 I−1
p (−ϕT

2 β̃p − d̃p + τ ds2)

−zT
3 K3z3 + zT

3 (−ϕT
3 β̃τ + d̃3 + qmds2)

≤−zT
2 K2z2 − zT

3 K3z3 + ε1 + ε2 (24)

In general, the tracking errors are bounded. Fur-
thermore, in the presence of parametric uncertain-
ties only, asymptotic output tracking or zero final
tracking error would be obtained.

3).Step 3: The inverse flow mapping is used to
calculate the specific duty cycle command of the
fast switching valves for providing the desired flow
qmd. The control input of each valve is

u = K−1
q qmd (25)

3.3 Output Differential Observer

Seen from above, the calculation of Eq.20 need the
velocity and acceleration of the posture, therefore
an output differential observer (Qi et al., 2003) is
proposed for obtaining the velocity and accelera-
tion since it is difficult to establish the observers
dependent of the dynamic model due to inaccurate
contractive force and friction force of the pneu-
matic muscle. Let x̂e1i, x̂e2i, x̂e3i be the estima-
tions of x1i, x2i, ẋ2i and yi = x1i in Eq.26 (the
index i represents x, y and z axes respectively).





˙̂xe1i = x̂e2i + a1(yi − x̂e1i)
˙̂xe2i = x̂e3i + a2(yi − x̂e1i)
˙̂xe3i = a3(yi − x̂e1i)

(26)

The pole-placement method is utilized to specify
the value of a1, a2, a3 according to the expected
performance index. The error of output differen-
tial observer can be lumped into the uncertain
nonlinearity term d̃p and d̃τ , which can be atten-
uated by robust control.

3.4 Analysis of Design Parameters

From above procedures, Kc, K2, K3, ε2, ε3 and
adaptation rates Γ2, Γ3 are the design parame-
ters, which have great effect on system transient
performance and final tracking errors.

(a)Large magnitude of Kc contributes to high
speed of z1 converging to zero while it is con-
strained by the bandwidth of the total control
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system due to unmodeled dynamics under high
frequency, saturation of control variables and lim-
itation of sample frequency etc.

(b)Small magnitudes of ε2, ε3 and large magni-
tudes of K2, K3 are chosen to high control accu-
racy and transient performance since the solution
of Eq.24 is

V3(t) ≤ exp(−λvt)V3(0)+
εv

λv
[1−exp(−λvt)] (27)

where λv =2min{σmin(K2), σmin(K3)}, σmin(·)
denotes the minimum eigenvalue of a matrix and
εv=ε2 + ε3.

(c)The adaptation rates Γ2, Γ3 function as adding
an integrator of z2 and z3 since the following
quasi-stationary equations are deduced by substi-
tuting Eq.8 into Eq.16 and Eq.18 respectively.




ż2+K2z2+I−1
p ϕT

2 Γ2

∫
ϕ2I

−T
p z2dt+I−1

p z3=42

ż3 + K3z3 + ϕT
3 Γ3

∫
ϕ3z3dt = 43

(28)
where 42 =−I−1

p d̃p and 43 = d̃3 are bounded
uncertainties. Then the pole-placement scheme is
utilized to design the control gains K2, K3 and
Γ2, Γ3 according to the bandwidth of parallel
manipulator and actuator dynamics. However,
They are also constrained by the bandwidth of
the system as Kc.

4. EXPERIMENTAL RESULTS

The effectivenes of the control concept is proved
in several measurement plots with the supply
pressure being 0.48 MPa. Fig.2 is the experiment
set up(Tao et al., 2005). ARC and DRC controllers
are tested for comparison in experiments and the
performance indexes are as (Yao, 2004).

Fig. 2. Experimental setup of PM by PM

The controllers are first tested for a slow smooth
step response with a rise time of 5s shown in Fig.3,
in which the response is from posture θx = 0o,
θy =0o to posture θx =6o, θy =−4o (in this system
θz is ignored since its value is always close to zero).

As seen from Fig.3, ARC performs much better
than DRC, the final error of ARC is exF =0.0195o

and eyF = 0.0232o and the max absolute error is
exM =0.2694o and eyM =0.4685o.

To test the performance robustness of the pro-
posed control to sudden disturbances, the position
transducer suffer from a sudden dither, which can
be regarded as a sudden large disturbance to the
system. The response of this situation is shown in
Fig.4. As seen, the system produces large track-
ing errors due to the wrong feedback information
of position transducer, but then after the dither
disappeared, the system comes back to the stable
posture quickly. Thus, the control algorithm is
robust to disturbances.

The controllers are again run for parallel ma-
nipulator’s tracking sinusoidal motion trajectory
with different frequencies. For example, Fig.5 is a
sinusoidal motion trajectory with the period of 20s
and Fig.6 is the estimated uncertainties in task-
space. It is confirmed once more that the ARC
achieves much better performances than DRC.
The average error of ARC is L2[ex]=0.1299o and
L2[ey] = 0.1012o and the max absolute error is
exM=0.3688o and eyM=0.3033o. Not surprisingly,
the DRC cannot solve the problems of parametric
uncertainties or large unmodeled uncertainties, so
there are large modeling errors and eventually
large tracking errors.
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Fig. 3. Smooth step response

5. CONCLUSIONS

The motion trajectory tracking control of a pneu-
matic muscles driven parallel manipulator con-
trolled by six fast switching valves is considered
in the paper. The mathematical models of such
a system are subjected to severe parametric un-
certainties and uncertain nonlinearities. An adap-
tive robust controller has been proposed to deal
with those model uncertainties effectively. The
proposed controller achieves a guaranteed tran-
sient performance as well as a guaranteed final
tracking accuracy. An output differential observer
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Fig. 4. Performance robustness to sudden distur-
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Fig. 6. Estimated uncertainties in task-space

is also constructed to obtain the velocity and
acceleration of the parallel manipulator to pro-
vide a simple and effective way of implementing
the proposed adaptive robust controller. Experi-
mental results have been obtained to verify the
good tracking performance of the proposed ARC
controller.
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