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Abstract

This paper intends to provide a rigorous theoretic framework for the high performance robust control of
electro-hydraulic servo-systems. This is achieved through applying the recently proposed adaptive robust
control (ARC) while taking into account the particular nonlinearities and model uncertainties of the electro-
hydraulic servo-systems. In particular, the robust motion control of a typical one degree of freedom (DOF)
electro-hydraulic servo-system will be considered. The system consists of an inertia load driven by a double
rod cylinder regulated by a two-stage servovalve. The paper will consider the effect of both parametric
uncertainties coming from the inertia load and the cylinder and the uncertain nonlinearities such as friction
forces. Non-differentiability of the inherent nonlinearities associated with hydraulic dynamics is carefully
examined and strategies are provided for handling the non-differentiability of the control term due to
the directional change of valve opening when doing backstepping design via ARC Lyapunov function.
The resulting controller guarantees a prescribed transient performance and final tracking accuracy in the
presence of both parametric uncertainties and uncertain nonlinearities while achieving asymptotic tracking
in the presence of parameteric uncertainties.
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1 Introduction

Hydraulic systems have been used in industry in a wide number of applications by virtue of their small
size-to-power ratios and the ability to apply very large forces and torques; examples like electro-hydraulic
positioning systems [1], active suspension control [2], and hydraulic robot manipulators [3, 4]. However,
hydraulic systems also have a number of characteristics which complicate the development of high per-
formance closed-loop controllers, and advanced control techniques have not been developed to address
those issues. Other drive technologies, such as electric servo-motors, although not being able to compete
directly in terms of size and power, have succeeded in displacing hydraulic drives from many precision
control applications (e.g., machine tools in machining). This leads to the urgent need for advancing hy-
draulics technologies by combining the high power of hydraulic actuation with the versatility of electronic
control.

The dynamics of hydraulic systems are highly nonlinear [5]. Furthermore, the system may be subjected
to non-smooth and discontinuous nonlinearities due to control input saturation, directional change of
valve opening, friction, and valve overlap. Aside from the nonlinear nature of hydraulic dynamics which
demands the use of nonlinear control, hydraulic servosystems also have large extent of model uncer-
tainties. The uncertainties can be classified into two categories: parametric uncertainties and uncertain
nonlinearities. Examples of parametric uncertainties include the large changes in load seen by the system
in industrial use and the large variations in the parameters (e.g., bulk modulus) that characterize the
system due to the change of temperature and component wear [6]. Other general uncertainties, such as
the external disturbances, leakage, and friction, cannot be modeled exactly and the nonlinear functions
that describe them are not known. These kinds of uncertainties are called uncertain nonlinearities. These
model uncertainties may cause the controlled system, designed on the nominal model, to be unstable or
have a much degraded performance. Nonlinear robust control techniques, which can deliver high perfor-
mance in spite of both parametric uncertainties and uncertain nonlinearities, are essential for successful
operations of high-performance hydraulic servosystems.

In the past, due to the difficulties and the lack of the systematic procedures in designing nonlinear robust
controllers, much of the work in the control of hydraulic systems uses linear control theory [7, 8, 3, 4].
These schemes linearize the nonlinear hydraulic dynamics around a specific operation point and cannot
handle the large operating range; quite normally hydraulic servosystems are commanded to move the load
from one extreme position to the other. Recently, linear robust control method [1] and adaptive control
techniques [9, 10] are also used to cope with the changes of the operation point over time. However, these
schemes are still based on the linearized dynamics and cannot cope with the nonlinearities inherent in
hydraulic systems. In [11, 2], Alleyne and Hedrick applied the nonlinear adaptive control to the force
control of an active suspension driven by a double-rod cylinder. They demonstrated that nonlinear control
schemes can achieve a much better performance than conventional linear controllers. They considered the
parametric uncertainties of the cylinder only. Uncertain nonlinearities such as uncompensated friction
force cannot be included in the framework due to the non-robustness of adaptive control to uncertain
nonlinearities. Furthermore, transient performance is not clear.



Recently, Yao and Tomizuka proposed a new approach, adaptive robust control (ARC) [12, 13, 14, 15],
for high performance robust control of uncertain nonlinear systems in the presence of both paramet-
ric uncertainties and uncertain nonlinearities. The approach effectively combines the design techniques
of adaptive control (AC) [16, 17], and those of deterministic robust control (DRC) (e.g., sliding mode
control, SMC) [18, 19] and improves performance by preserving the advantages of both AC and DRC.
Specifically, through robust feedback as in DRC [18, 19], the proposed ARC attenuates the effect of
model uncertainties coming from both parametric uncertainties and uncertain nonlinearities and, thus,
a guaranteed performance can be achieved in terms of both the transient error and the final tracking
accuracy. This result overcomes the drawbacks of possible non-robustness to uncertain nonlinearities
of adaptive control (AC) [20, 16, 17], and makes the approach attractive from the view point of ap-
plications. Through parameter adaptation as in adaptive control [16, 17], the proposed ARC reduces
model uncertainties and, thus, achieves asymptotic tracking (zero final tracking error) in the presence of
parametric uncertainties without resorting to a discontinuous control law [18] or an infinite gain in the
feedback loop [21]. In this sense, ARC has a better tracking performance than DRC and overcomes the
conservativeness of DRC designs. Comparative experimental results for trajectory tracking control of
robot manipulators [13] and high-speed/high-accuracy motion control of machine tools [22] have shown
the advantages of the proposed ARC and the improvement of performance. A general formulation of the
proposed ARC is presented in terms of adaptive robust control (ARC) Lyapunov functions [15]. Through
the backstepping design, ARC Lyapunov functions have been successfully constructed for a large class of
multi-input multi-output (MIMO) nonlinear systems transformable to semi-strict feedback forms [15].

This paper intends to provide a rigorous theoretic framework for the high performance robust control of
electro-hydraulic servo-systems, which will be achieved through generalizing the ARC approach to take
into account the particular nonlinearities and model uncertainties of the electro-hydraulic servo-systems.
In particular, the robust motion control of a typical electro-hydraulic servo-system shown in Fig.1 will
be considered. The system consists of an inertia load driven by a double rod cylinder regulated by a
two-stage servovalve. The paper will consider the effect of both parametric uncertainties coming from
the inertia load and the cylinder and the uncertain nonlinearities such as friction forces. The unknown
inertia load necessitates the backstepping design via ARC Lyapunov function. The non-smoothness of
nonlinearities associated with hydraulic dynamics (e.g., the nonlinear function describing the relationship
between the flow rate and the valve opening) prohibits the direct application of the ARC design in
[15] since all nonlinearities studied are assumed to be sufficiently smooth as in adaptive backstepping
design [16, 17]. In this paper, a novel strategy is provided to overcome this difficulty. The resulting
controller guarantees a prescribed transient performance and final tracking accuracy in the presence of
both parametric uncertainties and uncertain nonlinearities while achieving asymptotic tracking in the
presence of parameteric uncertainties only.



2 Problem Formulation and Dynamic Models

The system under consideration is depicted in Fig. 1. The goal is to have the inertia load to track any
specified motion trajectory as closely as possible; examples like a machine tool axis [22], an injection
molding process, and a forming process.

Figure 1: A One DOF Electro-Hydraulic Servo System

The dynamics of the inertia load can be described by
miL:PLA—bj?L—ch(j?L)—i-f(t,:L‘L,j?L) (1)

where x1, and m represent the displacement and the mass of the load respectively, P, = P — P, is the
load pressure of the cylinder, A is the ram area of the cylinder, b represents the combined coefficient of
the modeled damping and viscous friction forces on the load and the cylinder rod, Fy. represents the
modeled Coulomb friction force, and f (t,z, %) represents the external disturbances as well as terms like
the unmodeled friction forces. Neglecting the effect of leakage flows in the cylinder and the servovalve,
the actuator (or the cylinder) dynamics can be written as [5, 11]

;/TZPL = —Ai;, — ComPr + Q1 (2)

where V; is the total volume of the cylinder and the hoses between the cylinder and the servovalve, [, is
the effective bulk modulus, Cy, is the coefficient of the total leakage of the cylinder due to pressure, and
Q1 is the load flow. @y is related to the spool valve displacement of the servovalve, z,, by [5, 11]

Q1 = Cuwy [P eIPe )
where Cj is the discharge coefficient, w is the spool valve area gradient, and Ps is the supply pressure
of the fluid. The servovalve is a typical two-stage type with force feedback and an current input. For
simplicity, the same servovalve as in [11] will be used in this study. Basically, the spool valve displacement
is related to the current input i by a third-order transfer function [11]:

xo(s) _ 1.31x108 m (4)
i(s) — $5+4092524(2.62x107)s+4.03x109 A
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The system given by (4) has three poles; two complex poles at —1761.6 + 4740.75 and one real pole
at —157.3. Since the two complex poles are an order of magnitude faster than the real pole and are
far beyond the normal operating frequency, they can be neglected in the controller design stage. The
resulting reduced first-order model of the two- stage servovalve is thus given by [11]

Ty (s) 5. _ K
i(s) — s+157.3 = Ts+1

(5)

=3

where 7 = 0.00636 and K = 0.0324.

The entire system, Eqgs. (1)-(3) and (5), can be represented in a state space form as

T1 = T2
dy = L(Azs — by — Fre(wa)) + d(t, 21, 32), d= 5 f(t,z1,22) (6)
I3 = %[—AZEQ — Cymzs + %930(3‘3,554)*%‘4]

where x = [21,22,73,24]7 is the state, which is defined by = = [z, @1, Pr, z]", gso(z3,74) =

\/Ps — sgn(z4)x3, and v = 7 is the control input.

Given the desired motion trajectory x14(t), the objective is to synthesize a control input u such that the
output y = 1 tracks x1q(t) as closely as possible in spite of various model uncertainties.

3 Adaptive Robust Control of Electro-Hydraulic Servo Systems

To begin the controller design, practical and reasonable assumptions on the system have to be made. In
general, the system is subjected to parametric uncertainties due to the variations of m, b, Fyc, Be, Cim,
Cyq4, p, 7 and K. For simplicity, in this paper, we only consider the parametric uncertainties of important
parameters like m, B¢, and the nominal value of the disturbance d, d,,. The importance of estimating
m and d,, for the precision control of an inertia load can been partly seen from the experimental results
obtained for machine tools [22]. Other parametric uncertainties can be dealt with in the same way if
necessary. In order to use parameter adaptation to reduce parametric uncertainties to improve perfor-
mance, it is necessary to linearly parametrize the state space equation (6) in terms of a set of unknown

parameters. To achieve this, define the unknown parameter set 6 = [0, 0o, 03]7 as 6 = [%, dp, 45:]T. The
state space equation (6) can thus be linearly parametrized in terms of 0 as
fEl = T2
&y = 01 (Ax3 — by — Fpe(x2)) + 02 + d(t, z1, z2), d=d(t,z1,z2) — dp
&3 = 03[—Azz — Cynx3 + g3(3, 74)74], g3 = %930(153,%4) @
Ty = —%(II4 + %u

Normally, the extents of the parametric uncertainties and uncertain nonlinearities are known. Thus the
following practical assumption is made



Assumption 1 Parametric uncertainties and uncertain nonlinearities satisfy

0 € QUE{O: Opin <0< 0o } ®)

|d(t,:131,:132)| < 5d($17$27t)

where Omin = [O1min, O2mins O3min] " s Omaz = [O1maz> O2maz, O3maz]’ and dq(t, z1,z2) are known. In general,
e, represents the i-th component of the vector e and the operation < for two vectors is performed in terms
of the corresponding elements of the vectors. Noting that physically 81 > 0 and 03 > 0, we assume that
O1min > 0 and 03 > 0. o

At this stage, it is ready to see that the main difficulties in controlling (8) are: (a) the system has
unmatched model uncertainties since parametric uncertainties and uncertain nonlinearities appear in
equations that do not contain control input wu; this difficult can be overcome by employing backstepping
design as done in the following; (b) the term g3, which representing the nonlinear static gain between
the flow rate Q1 and the valve opening z4, is a function of x4 also and is non-smooth since x4 appears
through a discontinuous sign function sgn(z4); this prohibits the direct application of the general results
in [15] to obtain an ARC controller. The effect of the directional change of the valve opening, i.e.,
the term sgn(x4), has been neglected in all previous studies due to either technical requirements of the
smoothness of all terms in the design (e.g., the conventional backstepping design in [2]) or the use of
linearization techniques (either around a nominal operational point for linear controller design or feedback
linearization), which need the differentiability of all terms. Here, we proceed the design in the following
way to take into account of the particular nonlinearities of the hydraulic dynamics and the effect of the
non-smoothness nonlinearities mentioned above.

Smooth Projection

Some notations have to be introduced first in order to begin the controller design as in [14]. Let 0 denote
the estimate of . Viewing (8), a simple smooth projection map 7 can be defined for § and satisfies the
following properties:

Property 1 .

(a). VO € Qy, w(0) =0;

(b). V0, w(é) € Qy={n: Omin — 0 < b < Omaz + €9} where ¢ is a known vector of positive numbers
that can be arbitrarily small;

(c). mi(6;) is a nondecreasing function of 0;;

(d). The derivatives of the projection are bounded up to a sufficiently high-order.

See [14, 15] for further details. For convenience, define 6, as 6, = 7(f) and the projected estimation
error as 0 = 0, — 6. Denote 0;pr = Oimaz — Gimin + €0i- From Property (b), |0iz| = |0ir — 0| < Oinr,
which is an important relationship used in the design later. For simplicity, let z9 and 3 represent the



calculable part of the #2 and %3 respectively, which are given by

%2 = éln(AﬂU?, —bry — Fpe(z2)) + O2r
:I.,‘3 = 03F[—AII)2 — Ctmx?, + 93($3a $4)$4]

Controller Design

The design parallels the recursive backstepping design procedure via ARC Lyapunov functions in [15] as
follows.

Step 1

Noting that the first equation of (7) does not have any uncertainties, an ARC Lyapunov function can
thus be constructed for the first two equations of (7) directly. Define a switching-function-like quantity
as

z9 = €1 + kpel + kr f erdt = x9 — T2eq, T2eq é Tiq — (k'pel + kg feldt) (10)

where e; = x1—214(t), in which the desired trajectory z14(t) will be specified later to achieve a guaranteed
transient performance, k, and k7 are any positive feedback gains. Note that integral feedback is introduced

in the design. If 2z, is small or converges to zero, then the output tracking error e; will be small or converge

eifs) _
z;(s) - 52+kjs+k1
29 as small as possible with a guaranteed transient performance. Differentiating (10) and noting (7)

to zero since G(s) = is a stable transfer function. So the rest of the design is to make

By =g — Boeq = 01 (Azz — by — Fpo) + 02 +d — G2eq, g 2 g — (kpé1 + krer) (11)

In (11), if we treat z3 as the input, we can synthesize a virtual control law ao for z3 such that zo is
as small as possible; this can be done by the ARC approach proposed in [15] since (11) has parametric
uncertainties 61 and 6 as well as uncertain nonlinearity d. ao consists of two parts given by

(w1, T2, 01, Oor, 1) = ang + ing
Qg = % {bxz + Fre + %((Il‘geq — 0o — kQZQ)}

1m

(12)

in which a9, is used to achieve an improved model compensation through adjusting the parameter
estimate #(t) on-line, which functions as an adaptive control law. as; is a robust control law designed as
follows. Let z3 = z3 — a2 denote the input discrepancy. Substituting (12) into (11),

2y = 01Az3 + éhr(AOzg —bxy — ch) — éhr(AOzg — bxo — Fifc) + €2 + CZ— fEQeq

2 J 13
= 01A23 — kQZQ + QlﬂAQQS — 917r(A0[2 — b$2 — ch) — 927r + d ( )

The robust control function apag is now chosen to satisfy the following conditions
condition i zZ9 [élﬂAQQS - éhr (AO{Q — b$2 - ch) - é27r + J] S €9 (14)

condition ii 2901, Acigs < 0



where e9 is a design parameter which can be arbitrarily small. Basically, condition i of (14) shows that
Qg5 1s synthesized to dominate the model uncertainties coming from both parametric uncertainties 01
and 9% and uncertain nonlinearities d and condition ii is to make sure that g, is dissipating in nature
so that it does not interfere with nominal identification process of adaptive control part as,.

Remark 1 The existence of a robust control function ags satisfying (14) is guaranteed by the use of the
smooth projections of the parameter estimates in the design of control law only. The smooth projections
lie in known bounded regions all the time no matter what type of adaptation law will be used to adjust
the parameter estimates—a sufficient condition for (14) to be solvable. One example of s can be found
in the following way. Let hs be any smooth function satisfying

ha > i‘g%M(AOQa —bay — Fre)* + elbe om T iéﬁ(m,xz,t) (15)

where €94, €9y and €9, are any positive scalars such that €9 = €94 + €9y + €9¢, then, aos can be chosen as
- ___1
Q25 = 401minAh222 (16)

By choosing €91 < Oimin in defining the smooth projections, it is guaranteed that 01 > 0, from which
condition i of (14) is satisfied by (16). Noting (8) and the definition of smooth projections,

Left side (LS) of condition i of (14) = z901 Acgs + zg[—élﬂ(Aozza —bxy — Fye) — Oor + CZ]
S —491 h222 + |22| [91M|Aa2a bIEQ —ch| +02M+5d($1,$27t)] (17)
< €2+ E2b +e9c < €2

in which the last two steps are proved by the completion of square as in [1}]. This shows that condition
ii is satisfied and agg given by (16) satisfies all the requirements. A

Lemma 1 For the positive semi-definite (p.s.d.) function Vs defined by
V2 = %/UJQZ% (18)

where wy > 0 1s a weighting factor, if x3 = ag or z3 =0, then,

a. In general,
Valay < —2koVa + waer (19)

where Va lay denote Vs under the condition that x5 = as.

b. In addition, when d= 0,

Vo lay < —w2kozs + T2401n + Top02r (20)
where
T2a — —’LUQZQ(AO[Q — bIEQ — ch) (21)
Top = —W222
%



Remark 2 Lemma 1 shows that V3 is an ARC Lyapunov function [15] for (10) with the control function
given by (12) and the adaptation function given by (21).

Proof. Noting (13) and condition i of (14), A of Lemma 1 is obvious. Noting condition ii of (14), B of
Lemma 1 is obvious. O

Step 2

If we neglect the effect of the directional change of the valve opening (i.e., sgn(z4)) as in previous studies
[2], g3 in the third equation of (7) would be a function of z3 only. In that case, Step 2 would be to
synthesize a control function aj for the virtual control x4 such that x5 tracks the desired control function
g synthesized in Step 1 with a guaranteed transient performance, which could be accomplished by
the backstepping design via ARC Lyapunov functions as in [15]. Since most operations (especially the
position or force regulation at the end of an operation) involve the directional change of the valve opening,
its effect will be carefully treated in this paper. Here, instead of defining x4 as the virtual control for
the third equation of (7), we define actual load flow rate Q = g3(x3,x4)x4 as the virtual control, which
makes physical sense since physically it is the flow rate that controls the pressure inside the cylinder.
Thus in this step, we will synthesize a control function as for (07, such that z3 tracks the desired control
function «y synthesized in Step 1 with a guaranteed transient performance.

From (12) and (7),
Gy = §Rwy + G2y + 3“29 + 36*20 + %02 (22)
= Q¢+ Qay
where

- das das 30é2
@2c 8:1:1$ 2 + 8:1: $ +

23
doy = gaz|—(Azs — bry — ch)@hr — Oy +d] + 30‘20 + 3a29 (23)

In (22), cy, is calculable and can be used in the design of control functlons but &9, cannot due to various
uncertainties. Therefore, ¢, has to be dealt with in this step design. This greatly complicates the
controller design as shown below. Let z4 = @ — a3. From (7),

z3 = 0324 + O3[— Azz — Cim3 + a3] — dac — doy (24)
Consider the augmented p.s.d. function V3 given by
Vs =V + sws23, w3 >0 (25)
Noting (13) and (24),

V?’ = OrwyAzazz + I/2 |a2 +wsz323
= V3 |an twsz3bsz4 + w323 {%911‘132 + 03[~ Azy — Cypzz + @3] — crge — dzu}
=V |a2 +03ws32324 + W323 {937Ta3 + as3e — ¢3a917r + 832 927T

—[—Azy — Cimzs + as)fsx — %d 30‘29 205220



where a3, and ¢3, are calculable at this stage and given by

a3e = %AZZQAM + é37r(_A$2 - Ctm$3) - 0.[26

(27)
P30 = 12 Azg — %(Ai?, — bxy — Fy.)
Similar to (12), the control function a3 consists of two parts given by
(0 %] (j?n 93 t) = Qi3q + Qi35 (28)
agq = é; [—k3z3 — a3e — %‘127173(1 - 2322 Y2T3p)
where as; is a robust control function satisfying the following two conditions
condition i zZ3 Légﬂag,s — ¢3aé17r + %émr — (—AJ?Q — Ctm:L‘g + 3¢ + a3s)é37r — %J] S €3 (29)
condition ii 2303, 035 < 0

where €3 is a design parameter. ass can be found in the same way as in Remark 1. One example is given
by
Q35 = —mhgzg (30)

in which h3 is any differentiable function satisfying

2 2
hy > 02,0%, + 203, (522) + 02y (— Ay — Cimas + asa)” + 2L (522) 7 03 (31)

£3b €3d

where €34, €35, €3¢, and €34 are any positive scalars such that e3 = e3, + €33 + €3¢ + €34-

In (28), the last two terms in a3, are used to compensate for the effect of time-varying 6(t) since parameter
adaptation will be specified later to adjust 6(¢), in which —v;73, and —vy,73, would be the updating laws
for #; and 65 respectively if )y, is the actual input. The expressions for 73, and 73; are

T3¢ = T2q — W32303q

32
T3y = Top + w323 G2 (32)
Lemma 2 If Qp = a3 or z4 =0, then,
a. In general,
Vilay < —AvsVs+woey + wses — w3z3[%‘f(é1 +Y173a) + ?)?of (62 + Y2730)] (33)

where Ays = 2min{ko, ks} and Vs las denote Vs under the condition that v = as.

b. In addition, when d= 0,

Vs lag < —wokozs — wakszd + T3a01r + TapBor + T3c03r — w323[222 (0 + 71734) + 8322 (B + v273p)]

a0, F)
(34)
where
3. = —w3z3(—Azg — Cyp3 + i3) (35)
%

10



Proof. Noting (19) and condition i of (29), A of Lemma 2 can be proved by substituting (28) into (26).
Noting (20) and condition ii of (29), B of Lemma 2 can be proved by substituting (28) into (26). 0

Step 3

Noting the last equation of (7), Step 3 is to synthesize an actual control law for u such that @, tracks
the desired control function ag synthesized in Step 2 with a guaranteed transient performance. This can
be done by the same backstepping design via ARC Lyapunov functions as in Step 2 except that here Qr,
is not differentiable at x4 = 0 due to the appearance of sgn(z4). Fortunately, since the actual control
input u can have finite jumps and is the control law to be synthesized in this step and, we can proceed
the design as follows by noting that @)r, is differentiable anywhere except at the singular point of z4 =0
and is continuous everywhere. By the definition of Q1 and g3, it can be checked out that the derivative
of Qr, is given by

QL = angl,‘g + gg((L‘g,(L‘4)x4, Vry #0 (36)
where 208 — _Caw____sgn(@1) __  fyopy (28) and (7),

Oz3 VP 24/ Ps—sgn(za)x3
Q3 = Q3c + a3y (37)
where the calculable part &3, and the incalculable part &g, are given by

dye = GR2wy + G52an + G5 + G2

dg 8043[ (AJ?g — b$2 — ch)ehr 027r + d~] - %(—AIL‘Q — Ctm:L‘g + g3$4)é3ﬂ + 2313 él + %éQ + ,8935 ég

oxs
(38)

Consider the augmented p.s.d. function V given by
Vi=Vs+ twszd, wy >0 (39)

Noting (26), (7), and (36),

Vi =03w3z324 + V3 |ay +wszaQr — i3]

/ ; ; : S\ (40
= V3 lag Twaza {%ggu + e — Gaalin + §2200r — Pz — 522d — gf;fo Basy — g;g;»og} (40)
where
ge = O3, 22 w325 — Tg3Ta + 3 235 — duae
b1 = ~ 353 (Azs — bws — Fy,) (41)
Pic = 52 23 + [g—gi — g;;g] (—AJ?Q — Cynzs + ’U)

Similar to (28), the control law consists of two parts given by

u = ug(z,0,t) + uy(z,0,1)

_ das
Uq Kg3[ kazg — cuge —

90, Y1Tda —

das da _ day 3043] (42)
a0, 13 Tde T 52 V1w 23040 9 V2W3Z3 G

11



where ug is a robust function satisfying the following two conditions

condition i z[Eg3uy — daabir + 5202 — pachsr — 22d) < &4
condition ii z4g3us <0

where ¢4 is a design parameter. One example of ug is given by

- —_T
Ug = 4Kg3h424

in which hy4 is any differentiable function satisfying
2 2
2 1g2 (8 1 2 1 (a 2
h4 = _91M¢4a g4b9 (3;;3) 9 M¢4c €44 (E);;g) 6d
In (42), the adaptation functions in u, are defined by
Tig = T3a — WaZ4Paq

9
Tap = Tap + Wazagoe

Tae = T3¢ — WiZ4Pac

(44)

(45)

(46)

Lemma 3 If the control law (42) with the estimated parameters updated by the following adaptation law

él = —Y1T4a
02 = —727ap
03 = —Y3Tac

is used, then,

a. In general, the system is exponentially stable and
Vi(t) < exp(=Avt)Va(0) + 5L[1 — exp(—Avt)]
where Ay = 2min{ke, ks, kq} and ey = woee + w3eg + wyey.

b. In addition, when d= 0,

Vi < —woke23 — wikszi — wakszi + Taabrn + TapO2r + Tacb3x

Proof. Substituting (42) into (40) and noting (33) and condition i of (43),

Vi < -MVitey —[wiz 392 + wyzy aa3](91 + 71T4a)

[w32’3%‘§ + w424 80‘3](92 + YoTup) — w42’4 (93 + Y3T4c)

12
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Noting the adaptation law (47), (50) becomes
Vi <-MNVitey (51)

which leads to A of Lemma 3.

When d = 0, substituting (42) into (40) and noting (34), condition ii of (43), and the adaptation law
(47), B of Lemma 3 can be proved. O

Trajectory Initialization

Let x14(t) be the trajectory created by the following 4-th order stable system

(L‘%) + ,31:5%) 4+ ...+ Baxig = :Egg + ,3115%2 4+ ...+ Bz (52)

The initial conditions of the system (52) will be specified in the following to render V4(0) = 0.

Lemma 4 If the initials 214(0),. .. ,x%)(o) are chosen as

214(0) = z1(0)

414(0) = 2(0)

#14(0) = 2(0) (53)

3 A 2 OFy.

217(0) = 01(0) [A3(0) — (b+ G2 (0) ) #2(0)]
then, e1(0) = 0,2;(0) = 0,7 = 2,3,4 and V4(0) = 0. O
Proof: The Lemma can be proved in the same way as in [14]. O

Remark 3 The same as in [14, 16], the above trajectory initialization (53) actually places the initial
condition :Egg (0) at the best initial estimate of :Egz) (0) by substituting 0,(0) for 0. This implication implies
that trajectory initialization can be performed independently from the choice of controller parameters such

as k = [ko, k3, k4" and € = [e2,3,e4]" as seen from (53). %

Theorem 1 Given the desired trajectory x14(t) generated by (52) with initial conditions (53), the fol-
lowing results hold if the control law (42) with the adaptation law (47) is applied:

A. In general, the control input is bounded. Furthermore,

Va(t) < §2[1 - eap(-Avt)] (54)

and the output tracking error e, = x1 — x4(t) is guaranteed to have any prescribed transient
performance by increasing k and/or decreasing €.
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B If after a finite time tg, d = 0, i.e., in the presence of parametric uncertainties only, in addition to
results in A, asymptotic output tracking is also obtained for any gains k and €. A

Remark 4 In the above design, the intermediate control functions «; given by (12) and (28) have to
be differentiable. In return, the Coulomb friction compensation term Fy.(x2) used in them has to be a
differential function of xo. This requirement can be easily accommodated in the proposed ARC framework
since Fro(x2) can be chosen as any differentiable function which approzimates the actual discontinuous
Coulomb friction (e.g., replacing sgn(xs) in the conventional Coulomb friction modeling by the smooth
tanh(zg) ). The approzimation error can be lumped into the uncertain nonlinearity term d. A

Proof : From Lemma 4, V4(0) = 0. From Lemma, 3, (54) is true and thus z = [2, 23, 24]7 is bounded.
Since @ appears in all formula in the form of 57(? ) and 57(3 ) is bounded for any 6 and j, a;, Vi, is bounded.
Thus the control input u and the state z are bounded. Furthermore, from (54) and (10), e;(¢) is within
a ball whose size can be made arbitrarily small by increasing k£ and/or decreasing ¢ in a known form.
From (52) and (53), the trajectory planning error, e4(t) = x14(t) — x14(t), can be guaranteed to possess
any good transient behavior by suitably choosing the Hurwitz polynomial Gy(s) = s* + 8183 + ... + B4
without being affected by k& and . Therefore, any good transient performance of the output tracking
error e, = e1(t) + e4(t) can be guaranteed by the choice of k and € in a known form. This proves A of

Theorem 1.

In the presence of parametric uncertainties only, i.e., d=0, noting (49), B of the Theorem can be proved
by using a p.s.d. function V, = Vj + V(0,60), where Vj is a non-qudratic positive function defined in [14].
The details are tedious and can be worked out in the same way as in [14, 15]. O

4 Conclusions

In this paper, a nonlinear ARC controller is developed for the high performance robust motion control
of a typical one DOF electro-hydraulic servosystem. The controller takes into account the particular
nonlinearities associated with hydraulic dynamics and allows parametric uncertainties such as variations
of inertia load and hydraulic parameters (e.g. bulk modulus) as well as uncertain nonlinearities coming
from external disturbances, uncompensated friction forces, etc. A novel strategy is also developed to
deal with the non-differentiability of the inherent nonlinearities in hydraulic systems. The controller
achieves a prescribed transient performance and final tracking accuracy in general. In addition, zero
output tracking is achieved in the presence of parameteric uncertainties.
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