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ABSTRACT

This paper proposes a new model for cogging forces of lin-
ear motor systems. Sinusoidal functions of positions are used to
capture the largely periodic nature of cogging forces with respect
to position effectively while B-spline functions are employed to
account for the additional aperiodic part of cogging forces. This
model is experimentally demonstrated to be able to capture both
the periodic and non-periodic characteristics of cogging force
while having a linear parametrization form which makes effec-
tive on-line adaptive compensation of cogging forces possible. A
discontinuous projection based desired compensation adaptive
robust controller (DCARC) is then constructed for linear mo-
tors, which makes full use of the proposed cogging force model
for an improved cogging force compensation. Comparative ex-
perimental results are obtained on both axes of a linear motor
driven Anorad industrial gantry having a linear encoder resolu-
tion of 0.5 um. Experiments are done with each axis running
separately to compare the three algorithms: DCARC without
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cogging force compensation, DCARC with sinusoidal cogging
force model compensation, and DCARC with the proposed cog-
ging force model compensation. The results show that DCARC
with proposed model compensation achieves the best tracking
performance among the three algorithms tested, validating the
proposed cogging force model. The excellent tracking perfor-
mances obtained in experiments also verify the effectiveness of
the proposed ARC control algorithms in practical applications.

INTRODUCTION

The problem of linear motor controls has received signifi-
cant attentions in recent researches [1-5]. In controlling iron-
core linear motors with permanent magnets, cogging forces,
which arise due to the strong attraction forces between the iron-
core and the permanent magnets, is a common phenomenon that
cannot be ignored [4]. The control performances may deteriorate
in presence of cogging forces when they are not appropriately ac-
counted for. Thus significant research efforts have been devoted
to the modeling and compensation of cogging forces [4, 6-9].
In [4], feedforward compensation terms, which are based on an
off-line experimentally identified model of first-order approxi-
mation of cogging forces, are added to the position controller.
Since not all magnets in a linear motor and not all linear motors
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of the same type are identical, feedforward compensation based
on off-line identification model may be too sensitive and costly
to be useful. In [6-8], the cogging force is assumed to be peri-
odic functions with respect to position. Thus, Fourier expansion
has been utilized, with the choice of first few significant terms,
to represent the cogging force. Based on this, compensation al-
gorithms have been designed and implemented. In another type
of research such as [9], a neural-network-based learning feedfor-
ward controller is proposed to reduce positional inaccuracy due
to cogging forces or any other reproducible and slowly varying
disturbances. But this method simply assumes cogging force to
be a general nonlinear function with respect to position, without
considering its periodic nature. Furthermore, overall closed-loop
stability is not guaranteed. In fact, it is observed in [9] that insta-
bility may occur at high-speed movements.

Cogging forces have periodic nature, but due to the compli-
cated physical interactions between different magnets, they may
show some aperiodic characteristics. In this paper, we conduct
explicit measurement of cogging forces on both axes of a linear
motor driven Anorad industrial gantry. The measured cogging
forces exhibit certain periodic characteristics with respect to po-
sition, which can be represented by sinusoidal functions of po-
sitions with unknown weights. However, the amplitude of the
weights changes significantly with position, as can be observed
from the measurement. Based on this observation, a new model
is proposed, considering both the periodic and non-periodic char-
acteristics of cogging forces. We use sinusoidal functions of
position to be part of basis functions. B-spline functions are
then constructed to capture the changing amplitudes of sinu-
soidal functions with respect to position. The proposed model is
demonstrated experimentally to be able to approximate the mea-
sured cogging forces very well, by using a least-squares curve
fitting method.

As opposed to the traditional neural-network-based blind
modeling of cogging forces [9], the compactness and the linear-
parametrization form of the proposed model makes it a per-
fect choice for on-line adaptive cogging force compensation as
well. To this end, a suitable model-based compensation algo-
rithm should be designed. The idea of adaptive robust control
(ARC) [10, 11] incorporates the merits of deterministic robust
control (DRC) and adaptive control (AC), which guarantees cer-
tain robust performance in presence of uncertainties while hav-
ing a controlled robust learning process for better control perfor-
mance. The ARC has been extended into the desired compensa-
tion ARC (DCARC) in [12].

On the second half of this paper, a DCARC algorithm is
designed making full use of the proposed cogging force model.
The algorithm is then tested on a two-axes iron-core linear motor
driven industrial gantry with severe cogging force effect. Com-
parative experimental results with each axis running separately
show an improved performance over the previously obtained re-
sults with DCARC:s [13] for both axes after using the proposed
cogging force model, though the two axes have different mea-
sured cogging force patterns which are assumed to be unknown

to users in the controller designs. These results validate the use-
fulness of the proposed cogging force model for linear motor
controls and the excellent tracking performance of the proposed
DCARC in practical applications.

MODELING OF SYSTEMS AND PROBLEM FORMULA-
TION

The dynamics of 1-DOF linear motor systems can be repre-
sented by the following equation [14, 15]:

M3i+Bi+F. (%) + F(x) =u+d (1)

where x represents the position of linear motor, with its velocity
and acceleration denoted as X and X respectively. M and B are the
mass and viscous friction coefficient, respectively. F.(x) is the
Coulomb friction term which is modeled by :

S (%) =A,S,(%) )

where A 1 Tepresents the unknown Coulomb friction coefficient
and S, (%) is a known continuous or smooth function used to ap-
proximate the traditional discontinuous sign function sgn(x) for
effective friction compensation in implementation. In Eq. (1),
F(x) represents the position dependent cogging force. u is the
control input force. d represents the lumped effect of external
disturbances and various types of modeling errors.

Traditionally, cogging forces are assumed to be continuous
periodic functions with respect to position [14]. As a result, it
can be represented by F,(x) = Y2 (S;sin(2%x) + C;cos(%Ex))
where P is the pitch of magnet pairs and S; and C; are some con-
stants. Practically, we can select the first few important terms
and ignore all higher terms, i.e. i is from O to a positive inte-
ger n. This equation can well explain the periodic phenomena of
cogging force and has been widely used in compensation algo-
rithms [6-8, 13].

However, due to many complicated physical effects, such
as the differences among magnets, the actual cogging force may
not be exactly periodic. In the experimental section of this paper,
we measure the cogging forces explicitly using a force sensor. It
can be observed that the amplitudes of sinusoidal functions vary
with the change of position. Thus, using the periodic assumption
may give an inaccurate model of cogging force and may deteri-
orate the resulting control performance. In order to capture the
actual cogging force more precisely to achieve better tracking
control performances, it is necessary to assume S; and C; to be
functions of position, namely S; = f;(x) and C; = f;(x). With
such a varying amplitude modification to periodic functions, the
cogging force model becomes:

=

F) = Y (s @sinCo0 + fo ) eos(C) )

i=1
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The selection of fg;, and f;, should also make full use of avail-
able physical characteristics of cogging forces to ease the design
of effective on-line adaptive cogging force compensation. To this
end, B-spline functions [16] are utilized to give a mathematical
model of f,; and f, respectively. Namely, f; and f; are chosen
as:

m
fsi(x) = Z Nj,k (x)S[j 4)
J=1
m
Jeilx) = ZNj,k(x)Cij ®)
=1
where
N (x) = 1 when x€[X;, X, ) fe1
7k 0 else (6)
x—X. X. ,—x
N (x) = Tlix_,.Nj,kq(x) + ﬁl\/jﬂ,kq(@ k=2

where k is the order of B-spline and m is the number of con-
trol points needed. [X,,X,,---,X, ., ;,X, ] is the knot vector,
with X, > X; defined to be as follows. Let m be the num-
ber of magnet segments on the linear motor axis. If a kth order
B-spline function is used, then X, is defined to be the position
of the first magnet and X, the last magnet, with X Ljas the
position of the j+ 1-th magnet. By the construction of linear
motor, Xk+j =X, +jP, j=1,...m. So define X;,---, X, | as
kaj =X, —jP, j=1,...k—1. Fig. 1 illustrates the linear motor
position x on the range defined by knot vector. Assuming a linear
motor of 5 magnet segments, the shapes of f;(x) for the order of
k = 1,3 with the values of control points described by the green

dots are shown in Figs. 2 to 3 respectively.

X
Xl XZ X3 Xk Xk+1 Xm+k71Xm+k

Figure 1. lllustration of Linear Motor Position Range on B-Spline Interval

Using B-spline function has the following merits:

1: The increment of neighboring elements in knot vector of B-
spline function is selected as the physical pitch of magnets
on the linear motor axis, i.e., Xj+1 —Xj = P. This means
that the value of B-spline function changes with a unit of
magnets’ pitch. Physically, it can interpret the changing am-
plitude of sinusoidal function caused by difference of each
magnet.

2: B-spline function is linear to the control points (S; i and C; j).
The resulting cogging force model described by Eqgs. (3) to
(4) is thus linearly parametrized by the control points (S;;

B-spline of order 1

Amplitude (V)

Value of B-spline function
- e -Control points and convex hull

X3 X4 X5 X6
x(m)

Figure 2. B-Spline of Order 1

B-spline of order 3
4 T bt

Amplitude (V)
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x(m)

Figure 3. B-Spline of Order 3

and C;;) with known basis functions. Such a model signif-
icantly simplifies the on-line estimate of unknown control
points for adaptive compensation of cogging forces.

3: The basis function N, (x) is only active when x € [X;, X )
and is zero in other regions. Such a nice property is espe-
cially preferable for real-time adaptive controls because in
every sampling period, we only have to fetch a small por-
tion of parameter estimates from memory for compensation
and update. For example, when x € [X;, X, ) for some /,
only Si(l—k+1)7 Ci(l—k+1)’ -+, §;, C; are needed for update
and compensation. All other coefficients need not be con-
sidered. Thus the algorithm is economic, especially when k
is chosen small.

Combining Egs. (3) - (5), the cogging force F,(x) is put in a
concise form as:

Fo(x) =A]S,(x) 7
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where A, = [S,,, Cyy ..o, Siis Cjis e Sy Cpn]" € R¥™ is the

vector of unknown control points and

.27 2w
S = [Ny (%) sm(?x), Nl_’k()c)cos(F)c)7 -

Nj7k(x) Sln(?X)7 Nj7k(x) COS<?X), vy
2 2
N, (%) sin(%nx), N, . (x) cos(%nx)]r

is a vector of known basis functions. With this cogging force
model, the linear motor dynamics (1) can be linear parameterized
as:

M5+ Bi+A S (X) + Al S (x) —dp = u+d ®)

where d,, denotes the nominal value of d and d = d — d, repre-
sents the time-varying portion of the lumped uncertainties. (8)
can also be put in a state space form of

i =1, ©)

M, = u—Bx, —AS;(x,)) —AlS,(x)) +dp+d  (10)

where x; and x, are the position and velocity respectively.

Let x,(t) be the desired motion trajectory, which is assumed
to be known, bounded with bounded derivatives up to the second
order. The objective is to synthesize a bounded control input u
such that the output x, tracks x () as closely as possible in spite
of various modeling uncertainties.

ADAPTIVE ROBUST CONTROL (ARC)
Assumptions

The left hand side of equation Eq. (8) is the sum of known
functions times unknown parameters. Let us denote the unknown
parameter set as 0 = [M, B, Af, AT —a,)T € R¥2™ | with
6,=M,06,=8, 06, :Af, 6,, =A;, 65 = —d,. In order to de-
sign bounded control law with guaranteed transient performance,
the following practical assumption on parametric uncertainties is
made:

Assumption 1. The extent of the parametric uncertainties and
uncertain nonlinearities are known, i.e.,

QGQeé{G; Gmin<9<9max} (11)
deQ,2{d: |d<8,} (12)
where 6min = [elmin’ B 9(4+2mn)min]T’ emax = [Glmax’ )
9(4+2mn)mux]T, and J, are known. o

Notations and Discontinuous Projection

Let 6 denote the estimate of 6 and 6 the estimation error
(i.e., 6 =6 —0). In view of Eq. (11), the following discontinuous
projection type adaptation law will be used

8 = Proj,(I't) (13)

where I > 0 is a diagonal matrix, 7 is an adaptation function
to be synthesized later. The projection mapping Pro jé(o) =

[Proji, (e)),-+-,Projs (e5)]" is defined in element as
1 5

0if, =0, .
Projév(oi) =4 0 if6,=9,,,
! o, otherwise

and e, >0
ande; <0 (14)

Adaptive Robust Control (ARC) Law Synthesis
Define a switching-function-like quantity p as:

A, A .
p:e—l—kle:xz—xZeq, xzeq:xd—kle, (15)

where e = x| —x,(t) is the output tracking error and k; > 0 is a
positive gain. If p is small or converges to zero, then the output

tracking error e will be small or converge to zero since G (s) =
e(s) _ 1

p(s) — stk
is to make p as small as possible. Differentiating (15) and noting

Eq. (10), one obtains

is a stable transfer function. So the rest of the design

Mp = u— Bty — 0y, — 0,5, — 6, S, — 05 +d,

=u+¢'0+d (16)

. o e . T o
where Xppy = A=k, — ké and 0] =

[—Xypqr —X3, —Sp(xy), —Sp(x;), —1].  We propose the
following ARC control law:

U=uq+us, ug=—¢"0, (17)

where u, is the adjustable model compensation needed for per-
fect tracking, and u; is a robust control law to be synthesized
later. Substituting Eq. (17) into Eq. (16), and then simplifying
the resulting expression, one obtains

Mp=u;—"0+d. (18)
The robust control function u; has the following structure:

Us =gy +u527 Ug = 7kslp7 19)
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where u is a simple proportional feedback to stabilize the nomi-
nal system and u, is a robust performance feedback term having
the following properties [11]:

plu,—@T0+d}<e 20)
pugy, <0

where € is a design parameter that can be arbitrarily small. The

exact forms of u, satisfying the above properties can be found

in [11]. With the proposed control law, we have the following

theorem.

Theorem 1. If the adaptation function in Eq. (13) is chosen as

T=¢p, 2y

then the ARC control law Eq. (17) guarantees that [14]:
A. In general, all signals are bounded. Furthermore, the
positive definite function V; defined by

Vo= sMp? 22)
is bounded above by
Vy < exp(—At)V;(0) + ;[1 —exp(—A1)], (23)

where A =2k, /6,

B. If after a finite time 1, there exist parametric uncertain-
ties only (i.e., d = 0, Vt > t,), then, in addition to results in A,
zero final tracking error is also achieved, i.e, e — Q0 and p — 0
ast — oo,

Desired Compensation Adaptive Robust Control
(DCARC)

DCARC uses desired trajectory signals to form regressor,
which has been shown to outperform ARC in terms of all indexes
[15]. Following the same design procedure as in [13], a DCARC
law using the proposed cogging force model is also constructed
as follows:

By applying the Mean Value Theorem, we have

= gf<x27t)é 24
Sr(x) = Sr(x,) = g-(x;,t)e (25)

where g (x,,1) and g,(x, ) are certain nonlinear functions. The
control law is thus given by:

U =ug+ ug, ua:—q)gé (26)
Us = Ug +us2’ Ug = _kslp (27)
6= Projé (Te,p) (28)

Figure 4. Gantry Type Linear Motor Drive System

where ¢F = [—%,, —%,,, —Sp(%,), =Sr(x,), —1]is the regressor
using the desired trajectory signals. k; is a nonlinear gain large
enough such that the matrix below is positive definite

1’%1_91"14‘92‘*‘93&‘ _%(k102+1kle3gf_9£7gr) 29)
—3(ky 0, +k 638, — 0),2/) Mk}

ug, is a robust feedback term satisfying

p{usz—(pdTé —|—a7} <eg

pit, <0 30)

where € is a design parameter that can be arbitrarily small. It
can be proved using the same technique as in [15] that the results
like Theorem 1 still hold. Due to the page limits, the details are
omitted and can be obtained from the authors.

EXPERIMENTAL RESULTS
Experimental Setup

In the Precision Mechatronics Laboratory at Zhejiang Uni-
versity, a two-axes commercial Anorad HERC-510-510-AA1-B-
CC2 Gantry by Rockwell Automation has been set up, as shown
in Fig.4. Both axes of the gantry are powered by Anorad LC-
50-200 iron core linear motors and have a travel distance of 0.51
m. Linear encoders provide both axes a position measurement
resolution of 0.5um. To implement real-time control algorithm,
the above system is connected to a dSPACE DS1103 controller
board.

System Identification

Experiments have been conducted on the X-axis and Y-axis
separately. Off-line parameter identification is first carried out
and it is found that nominal values of the system parameters
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Comparison, x-axis
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Figure 5. Measured Cogging Forces of X-Axis And Its Curve Fitting

without loads are M = 0.12volt /m/sec?, B = 0.166volt /m/sec,
Ay = 0.15volr for X-axis, and M = 0.64volt /m/sec*, B =
0.24volt /m/sec, A = 0.66volr for Y-axis, in which all values
shown are normalized with respect to the input voltage in terms
of volt sent to the linear motors.

Explicit measurement of cogging force is then conducted for
both axes by blocking the motor and using an external force sen-
sor to measure the blocking forces at zero input voltages. This
measurement is done for various positions with 1mm incremental
distance. The measured cogging forces are shown in Fig. 5 for
X-axis, and Fig. 6 for Y-axis respectively. As can be seen from
the figures, both axes of cogging forces have periodic character-
istics with respect to position, with the fundamental period corre-
sponding to the pitch of the magnets (P = 50mm). However, it is
also observed that the amplitude of this largely periodic function
vary significantly in the travel range.

The method proposed in this paper is then used to approxi-
mate the measured cogging forces. After applying FFT to Fig. 5
and 6, it is observed that the harmonic terms of cogging forces for
both axes have significant values at frequencies corresponding to
i=1,2,3,6,12 in (3). So these five frequencies are kept when
approximating cogging forces. Third order B-spline functions
are used to capture the change of amplitudes of cogging forces
during the travel range. A curve fitting using the standard Least
Square Method (LSM) is then performed to obtain the values of
B-spline control points in (7) that best approximate the measured
cogging forces. The output of the resulting cogging force models
are plotted against the measured ones in Fig. 5 for X-axis and in
Fig. 6 for Y-axis respectively. As can be seen from the figures,
the proposed cogging force model well captures the largely pe-
riodic nature as well as the changing amplitude of cogging force
with respect to position.

Comparison, y-axis

— Curve fitted using LSM ‘
81 - - ~Real measurement ! 7
[ |
|

| [ 1
| |

Force (N)

0.15 0.2 0.25 0.3 0.35
y (m)

Figure 6. Measured Cogging Forces of Y-Axis And Its Curve Fitting

Comparative Experimental Results for X-axis

For X-axis, the dSPACE controller’s sampling frequency is
selected as f; = 5kHz, which results in a velocity measurement
resolution of 0.0025 m/sec for the linear encoder feedback. The
following three control algorithms are compared:

C1: DCARC without cogging force compensation.

C2: DCARC with cogging force compensation based on peri-
odic cogging force models [6, 13].

C3: DCARC with cogging force compensation based on the
proposed model.

To have a fair comparison, all the controller parameters of
the above three algorithms are chosen the same when they have
the same meaning. Namely, the lower and upper bounds of the
parameter variations for M, B, A I d for X-axis are chosen as
[0.1, 0.15, 0.1, —0.5] and [0.2, 0.35, 0.3, 0.5], respectively.
The upper and lower bounds of coefficients in A, in both the
algorithms C2 and C3 are set as 0.1 and —0.1 respectively. For
all control algorithms, the feedback gains are set at k; = 200 and
k;, =400%0.12 with the adaptation gains for M, B, A T d chosen
as [1, 10, 10, 1000]. The adaptation gains for all coefficients in
A, are chosen as 100. For the algorithm C3, third order B-spline
along with the first three harmonic frequencies (i = 1,2,3) are
used for the on-line cogging force compensation model.

The desired trajectory used represents point-to-point move-
ments, typical in manufacture industry, with a travel distance of
0.4m, a maximum velocity of 0.5m/sec and a maximum accel-
eration of 10m/sec®. Fig. 7 shows the tracking error of three
algorithms, with the magnified plot over a single running period
shown in Fig. 8. From these error plots, it is observed that the
tracking errors are quite different during the constant speed mo-
tion period. Namely, with the periodic cogging force compen-
sation, the tracking error is substantially reduced in DCARC C2

Copyright © 2008 by ASME
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Figure 7. Comparison of Tracking Errors, X-Axis
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Figure 8. Magnification in One Running Period

when compared to DCARC C1 with no cogging force compen-
sation. The tracking error is further reduced with the proposed
cogging force compensation, with the cogging force shape of
tracking error plot no longer evident revealing a smoother con-
stant speed movement. Tab. 1 shows the performance indexes
for the three algorithms. It is also evident from these quantitative
measures that the proposed algorithm outperforms the other two.

Comparative Experimental Results for Y-axis

The above three DCARC algorithms are also tested and
compared on Y-axis of the Anorad gantry, which has a quite dif-
ferent measured cogging force pattern than that of X-axis. The
sampling frequency is also selected as f; = SkHz. In all the three
algorithms, the lower and upper bounds of the parameter vari-
ations for M, B, Af, d are chosen as [0.5, 0.1, 0.3, —0.8] and

Table 1. Performance Index, X-Axis.

Algotithms [lelle (m) [, (m)
C1 1.6500e-005 8.3408e-006
C2 1.1000e-005 3.1064e-006
C3 6.9996e-006  2.3043e-006
x107°
E 2 ]
5 0
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0 5 10 15 20 25 30 35
x107
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& 2] ‘ ‘ ‘ ‘ | ‘ ]
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Figure 9. Comparison of Tracking Errors in Normal Speed, Y-Axis

[0.75, 0.3, 0.8, 0.8], respectively. As to A, we select all the up-
per bounds of its coefficients as 0.2, and lower bounds as —0.2,
for both algorithms C2 and C3. k; = 100 and k; = 150 % 0.64
for all algorithms. The adaptation gains for M, B, A T d are cho-
sen as [1, 10, 10, 1000]. The adaptation gains for coefficients
in A, are 100. For algorithm C3, third order B-spline with three
harmonic frequencies (i = 1,6,12) are used for cogging force
compensation. A desired trajectory with 0.1m/sec as the maxi-
mum velocity and 1m/sec? as the maximum acceleration is used
in all experiments.

Fig. 9 shows the tracking error of three algorithms with the
magnified plot of errors over a single running period shown in
Fig. 10. As seen from these figures, the tracking error is reduced
a little bit after using algorithm C2. But the shape of cogging
force is still evident in the tracking error plot. However, such
a shape cannot be observed in the tracking error plot with algo-
rithm C3 anymore, indicating a smoother constant speed motion.
Tab. 2 shows the performance indexes for the three algorithms.
Again, a significantly improved control performance is seen for
the proposed algorithm C3. All these results demonstrate the ef-
fectiveness of the proposed cogging force compensation in prac-
tical applications.
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Table 2. Performance Index, Y-Axis.

Algorithms —[lefl (m) el (m)
C1 8.0002e-006  3.0642e-006
C2 9.0003e-006  2.5790e-006
C3 4.5002e-006  1.5096e-006
CONCLUSION

In this paper, a new cogging force model capable of cap-
turing both the periodic and non-periodic characteristics of cog-
ging forces is proposed. The linearly parameterized form and
the computational efficiency of the model also lends itself an
ideal choice for on-line adaptive cogging force compensation.
Adaptive robust control algorithms making full use of the pro-
posed cogging force model are also developed for linear motor
controls. The proposed algorithms have been implemented on a
linear motor driven two-axes commercial gantry system. Com-
parative results show that smaller tracking error and smoother
constant speed motion are obtained using ARC with the pro-
posed cogging force compensation than the ones with periodic
cogging force compensation, demonstrating the effectiveness of
the proposed algorithms in practical applications.
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