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Abstract-This paper considers the adaptive robust control 
of a class SISO nonlinear systems in a semi-strict feedback 
form. The systems may possess both parametric uncertainties 
and unknown nonlinear functions that may represent 
modeling errors and external disturbances. With prior 
knowledge of the bounds of the parametric uncertainties and 
the bounding functions of the unknown nonlinear functions, 
a systematic way to combine the backstepping adaptive 
control with deterministic robust control is developed. The 
method preserves the advantages of the two methods, 
namely asymptotic stability of adaptive control in the 
presence of parametric uncertainties, and guaranteed 
transient performance with prescribed precision of deter- 
ministic robust control for both parametric uncertainties and 
unknown nonlinear functions. The resulting controller is 
more flexible and versatile than either adaptive control or 
robust control alone. Simulation results verify the advantages 
of the suggested method. 0 1997 Elsevier Science Ltd. 

1. Introduction 

Control of nonlinear systems is an exciting research area 
because of its widespread applications, such as the control of 
robot manipulators, where the dynamics is described by a set 
of highly coupled nonlinear equations. Earlier results in the 
area (Isidori, 1989) require exact knowledge of the system 
dynamics. In practice, system parameters (e.g., the 
gravitational load of a robot) may not be precisely known in 
advance. The system may also be subjected to general 
uncertain dynamics and disturbances such as friction and 
actuator dynamics. To account for these effects, two 
nonlinear control methods have been popular: adaptive 
control (Sastry and Isidori, 1989; Krstic et al., 1992; Pomet 
and Praly, 1992; Kanellakopoulos, 1993: Marino and Tomei. 
1993) and deterministic robust control (Young, 1978: Corless 
and Leimann, 1981; Barmish and Leitmann, 1982; Slotine, 
1985: Zinober, 1990: Utkin, 1992: Qu, 1993). 

The adaptive control of nonlinear systems has undergone 
rapid developments in the past decade (Sastry and Isidori, 
1989; Kanellakopoulos et al., 1991; Krstic et al.; 1992; Pomet 
and Pralv, 1992: Kanellakopoulos. 1993: Marino and Tomei. 
1993). i3y using the Gackstepping design procedure, 
Kanellakopoulos et al. (1991) have presented a systematic 
design of globally stable and asymptotically tracking adaptive 
controllers for a class of nonlinear systems transformable to a 
parametric strict-feedback canonical form. The overpara- 
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metrization problem was soon eliminated by Krstic et al. 

(1992) by elegantly introducing the concept of tuning 
function. Recently, nonlinear damping was also introduced 
into the controller by Kanellakopoulos (1993, 1994) to 
improve transient performance. However, all these adaptive 
controllers deal with the case of parametric uncertainties 
only. Nonlinearities of the system are assumed to be known, 
and unknown parameters are assumed to appear linearly 
with respect to these known nonlinear functions. Further- 
more, past experience has shown that integral-type 
adaptation laws may cause instability when even a small 
disturbance appears (Reed and Ioannou, 1989). Although 
some modification techniques to the integral-type adaptation 
law, such as a-modification (Reed and Ioannou, 1989; 
Narendra and Annaswamy, 1989) can be employed to 
enhance the system robustness, tracking accuracy can no 
longer be guaranteed, since the steady-state tracking error 
can only be shown to stay within an unknown ball whose size 
depends on the disturbances. Polycarpou and Ioannou 
(1993), by using a variant of the u-modification and 
backstepping design procedure, presented a robust adaptive 
control design for a class of nonlinear systems in a 
‘semi-strict’ feedback form, allowing both parametric 
uncertainties and unknown nonlinear functions; this form 
extended the class of uncertain systems in a parametric 
strict-feedback form (Krstic et al., 1992; Kanellakoupoulos, 
1993) to which global adaptive stabilization methods can be 
applied. However, transient performance is not guaranteed, 
and asymptotic stability is lost even in the presence of only 
parametric uncertainties. 

As an alternative approach, deterministic robust control 
(Corless and Leimann, 1981: Barmish and Leitmann, 1982; 
Chen, 1988; Qu, 1993)-e.g. variable-structure control (VSC) 
(or sliding-mode control, SMC) (Young, 1978; Slotine,. 1985; 
Zinober, 19w Utkin, 1992)--has also received a great deal 
of attention because of its simplicity and guaranteed transient 
performance in the presence of both parametric uncertainties 
and unknown nonlinear functions, such as disturbances. The 
severe drawback of VSC is that it is discontinuous across 
sliding surfaces. The discontinuity leads. in practice, to 
control chattering, which involves high-frequency control 
activity and may excite neglected high-frequency dynamics. 
To remove control chattering, smoothing techniques, such as 
a boundary layer (Slotine and Li, 1991; Utkin, 1992), can be 
employed. However. such a modification can guarantee the 
tracking error within a prescribed precision only. Although 
transient performance is still preserved at large, asymptotic 
stability is lost and poor steady-state tracking errors may 
result. 

Recently, some papers (Qu et al., 1992; Yu et al., 1993; 
Datta, 1993) have tried to overcome the above drawbacks of 
adaptive control and SMC. However, they all fail to achieve 
the goal in one way or another. Qu et al. (1992) presents an 
exponentially stable trajectory following scheme to deal with 
the transient problem of the adaptive system; however, as 
pointed out and shown by simulation (Qu et al., 1992), the 
control law may approach a discontinuous control as time 
approaches infinity. Thus it essentially shares the same 
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property as SMC laws, and the control chattering problem is 
not solved. The role of the adaptive part is not clear, and the 
result is locally valid under the continuous adaptation law 
being used. A combined direct, indirect and variable- 
structure adaptive method has been suggested by Narendra 
and Boskovic (1992) for linear plants, and has been extended 
by Yu et al. (1993) for application to robot manipulators. 
However, transient performance is still not guaranteed, and 
unknown nonlinear functions are not addressed. Datta and 
Ho (see Datta, 1993) have presented an adaptive computed 
torque method with improved transient performance under 
parametric uncertainties, but the controller is quite 
complicated and requires the measurement of joint 
accelerations. 

In Yao and Tomizuka (1994a-c), we presented a 
systematic design procedure to combine the adaptive control 
and the smoothed SMC for the trajectory tracking control of 
robot manipulators, where the design is essentially for a 
relative degree one MIMO nonlinear system. Comparative 
experimental results (Yao and Tomizuka, 1994) have shown 
the effectiveness of the proposed adaptive robust control 
(ARC). In this paper, by using the same idea, we shall 
consider the adaptive robust control of a class of SISO 
nonlinear systems in a ‘semi-strict’ feedback form with 
arbitrary known ‘relative degrees’, allowing both parametric 
uncertainties and unknown nonlinear functions (e.g. 
modeling errors and external disturbances). By assuming 
prior knowledge of the bounds of parametric uncertainties 
and the bounding functions of unknown nonlinear functions 
and by using a simple smooth projection technique (Teel, 
1993) in modifying adaptation laws, we combine backstep- 
ping adaptive control (Krstic et al., 1992; Kanellakopoulos, 
1993) with conventional deterministic robust control to 
obtain an ARC controller. Simulation results will be given to 
illustrate the proposed method. 

2. Adaptive robust control of SlSO nonlinear systems 
2.1. Problem formulation. We consider SISO nonlinear 

systems transformable to the following semi-strict-feedback 
form 

*,=x,+1 + BTp,(r,, ,x,, t) +A,(x, t), 1 sisn -- 1, 

j,,, = c(x)u + @~,,(r, t) + A&, t), (1) 

y=x,, 

where x = [.r,, , x,,]l‘_ y is the system output, u is the 
control input. p,(x,, . ,x,, t) E RJ’, i = 1,. . . , n, are the 
known shape functions, which are assumed to be sufficiently 
smooth, 0 = [t?,, , e,,]’ E UP’ is the vector of unknown 
constant parameters. and A,@, t), i = 1,. , n, are the 
unknown nonlinear functions that represent all the terms that 
cannot be modeled or linearly parametrized (e.g. external 
disturbances). We make the following reasonable assump- 
tions about the prior knowledge of the plant. 

Assumption 1. 0 lies in a known bounded set Q, and A, is 
bounded by a known function 8,(x,, . , x,, t), i.e. 

eERB~{e:e,min~e,~e,max,j=i ,..., p}, 

jA,(x, r)l% &(x,, ,I,, I), i = 1,. , n. (2) 

For simplicity, denote X, = [x,, ,x,]‘. In this paper, all 
functions involved in the design are assumed to be bounded 
with respect to (w.r.t.) time f (e.g., for S(x, t), there exists a 
function 6,(x) such that 16(x. t)l I 6,(x) Vr). Equation (1) is 
called a semi-strict-feedback form in that the bounding 
function of the unknown nonlinear function A,@, t) is 
required to be the function of x,, j 5 i, and t only, and A,(x, t) 
can contain a bounded function of x,, j >i. When 
A,(x, t) =OVi, i.e., in the absence of unknown nonlinear 
functions, (1) reduces to the strict-feedback form in Krstic er 
al. (1992) and Kanellakopoulos (1993). Some examples of (1) 
can be found in Polycarpou and Ioannou (1993). The control 
problem is stated as that of designing a control law for the 
input u such that, under Assumption 1, the system is stable 
and the output y tracks the desired output yd(t) as closely as 

possible. We assume that yd(r) has bounded derivatives up to 
nth order. 

Remark 1. If A, is a function of xi, j 5 i only, the system (1) 
has relative degree n. Strictly speaking, since Ai is unknown 
and could be a function of x,, j > i, the relative degree of the 
system (1) is not defined. However, in view of Assumption 1, 
the controller design will be similar to that for a 
relative-degree-n system. In this sense, the system (1) is said 
to have a known ‘relative degree’ n. 

2.2. Smooth projection. The main idea of the methodology 
in Yao and Tomizuka (1994~) is that we can use a 
deterministic robust control (DRC) technique such as SMC 
to design a baseline controller to guarantee transient 
performance and prescribed final tracking accuracy for borh 
parametric uncertainties and unknown nonlinear functions. 
On top of this, instead of using a fixed parameter estimate as 
in DRC, we introduce parameter adaptation to update the 
parameter estimate on-line to reduce the model uncertainties 
coming from parametric uncertainties, and thus we can 
obtain an improved tracking performance-asymptoric track- 
ing in the presence of parametric uncertainties as in adaptive 
control (AC). For doing so, we have to solve the conflict 
between the design techniques of DRC, and AC-DRC 
allows only bounded uncertainties but the parameter 
estimates in AC may be unbonded in the presence of 
unknown nonlinear functions. In general, this conflict can be 
solved by modifying the conventional integral adaptation law 
structure. In Yao and Tomizuka (1994c), two ways are given 
to modify the adaptation law: one is a discontinuous 
modification by projection (Goodwin and Mayne 1989) the 
other is a continuous modification by generalizing (T- 
modification (Reed and Ioannou, 1989). Here we shall 
generalize the smooth projection used in Tee1 (1993) to solve 
the conflict, since the backstepping design procedure will be 
used for ‘relative-degree’-n nonlinear systems, and a smooth 
modification is needed. 

Define a smooth projection II: [WV+ I@’ by 

II(v) = [n,(v,), > fq7(v,,1’ (3) 

for each vector v E UV’, with v = [v, , . , v,,]‘, in which each 
rr,: R+ W is defined as follows. Let .sgi be an arbitrarily small 
positive real number. There exists a real-valued, sufficiently 
smooth nondecreasing function K, such that 

a,(~,) = vi vv, E IO,,,,, e,,,,l, 

rr,(v,) c “6, A ie,m,, - se,, e,,,, + 6,3, vv, E R, 
(4) 

with bounded derivatives up to order n - 1. Thus 

II(v) = v Vv E Rg, 

II(V)En~~{p:p,ER&Vi} VVERP, (5) 

II(‘)(v) E tin, A {p : Ip,I 5 c~,,} Vv E UT, j 5 n, 

where f& is a known bounded compact set and Qr, is 
a bounded compact set. Let ori by the smooth pcojection 
of 8, the estimate of 0, defined by &, = II(e), and 
@I = [II(t?), W(8)]‘. Define t? = 8 - 8, 8, = 8, - 6 
and 

~~(6, e) = ,z i 4 [~f,(v, + 6) - e,l dv,, -Y$ ’ 0. (6) 

From the assumptions_(2) and (5), V..(e, 0) is positive- 
definite (p.d.) w.r.t. 0 for each f3 E Q, (Tee], 1993). 
Furthermore (Tee], 1993) 

where I = diag {v,, , y,,}. 

Remark 2. The smooth projection (3) is defined in Tee1 
(1993). where it is only required to be smooth. Here we also 
require it to have bounded derivatives up to a sufficiently 
high order. 
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2.3. Backstepping design procedure. The design follows the 
recursive backstepping procedure in Krstic et al. (1992) and 
Kanellakopoulos (1993), which proceeds in the following 
steps. At each step, the ARC idea (Yao and Tomizuka, 
1994~) is applied to synthesize a control law. 

Step 1. Let A,@, f) = A,@, t). The first equation of (1) can be 
rewritten as 

“1, =x2 + BT&,, t) + 6,(x, t). (8) 
In (8), by viewing x2 as a virtual control, we can design for it 
a control law a, such that x, tracks its desired trajectory 
xid(t). This process can be done by using the idea of adaptive 
robust control in Yao and Tomizuka (1994c), except that the 
resulting control law here has to be sufficiently smooth. The 
smoothness of the control law can be easily be achieved by 
using the smooth tanh (.) function, instead of the continuous 
saturation function sat (.) used in Yao and Tomizuka 
(1994c), to approximate the discontinuous sign (.) function 
used in SMC. tanh (.) function has the following nice 
properties (Polycarpou and Ioannou, 1993): 

Oslvl-vtanh f SK& VVER and E>O, 
0 (9) 

where K = 0.2785. The resulting control law (Y, is given by 
^ 

al(Z,* 811, r) = alf + ais. 
a,f(z,, @n, 1) = ild(l) - t%,(z, + Xl,(f), t), 

a,,(~,, &, t) = -k,z, - hl(zl, b, t) tanh 
[ 

h,(z,, &I, t)z, 
I E,(l) ’ 
(10) 

where z, =x, - .xld(r) is the output tracking error, E, is a 
bounded positive scalar (i.e. O<&,(t) 5 clmax for some 
&lrnax 7 ) and h, is any function with continuous partial 
derivatives up to (n - l)th order. h, is required to satisfy 

h,(z,, &, t) 2 ,“,“,” I - Gcp,(z, + Xl& 1) + 6(x, t)l, (11) 
e 

which is possible since RB is a known compact set and the 
bounding function of A is known. For example, let h, be any 
sufficiently smooth function satisfying 

h,(z, r ‘%I 1) z f: e,M kb’,,(z, + Xldr [)I + g,(zl + Xldr t)> (12) 
,=1 

where EJ,, = elmax - e,,,, + Fe, and 8, = 6,. 

Remark 3. An easy way to obtain a smooth h, is to use (12). 
Noting that the right-hand side of (12) is continuous but may 
not be sufficiently smooth owing to the non-differentiability 
of the absolute operation 1-1 at the origin, h, can be chosen to 
be equal to the right-hand side of (12) by replacing the 
operation I*1 by any sufficient smooth operation A,(*) 
satisfying A,(*) 2 I*/, V* E Iw. For example, a simple smooth 
A, is given by 

A,(v) = /v2 + r Vv E Iw, (13) 

where r is any positive scalar. 

Lemma 1. Define the difference between the actual value of 
xZ and its desired value a, given by (10) to be the second 
error variable 

z2 =x2 - a,(z,, en, t). 114) 

The first error subsystem S, can then be written as 

i, + k,z, + h, tanh s = z2 - @&,(z,, 1) + &,(x, t), 
[ 1 

(15) 
I 

and the time derivative of the p.d. function V,, = :z: is given 
by 

ri,,=z,z,- k,z:+h,z,tanh hlzl -6,(x,t)z, 
i [ 1 m I -.I- - ed,h a (16) 

where 

ProoJ Substituting (10) and (14) into (8), (15) is obtained, 
and (16) is thus obvious. 

Step i. We shall use mathematical induction to explain the 
remaining intermediate design steps. At step i, we shall 
design an ARC law ai for x,,, so that x, will track its desired 
ARC control law ai_, synthesized at step i - 1 (for 
simplicity, let a,,(t) =x,,(t)) with a desired transient 
performance. In the following, we define the tracking error 
as z, = X, - (Y,_, and treat xi, j I i, as a function of z,, . , z,, 
8 and 1, i.e. X, = z, + aj-,(Z;-,, 0:-‘), 1). Thus we can 
recursively define the following functions for step j from 
those in previous steps: 

+,,(q, eE-2’, l) = cP,(Zl +Xld, . .> Zj + aj-1, t) 

&,(x, t) = Aj(x, t) - ;$I +A,(, t), 
I 

(18) 

pji(q, @-‘)v 1) =p,-) + WjZ,P,, PI =Ot 

Z,(Z,, 3$-“9 t) = Zj-1 + WjZjd,, 

where II@(6), f <j, appears in these expressions because of 
the term &+,/a@ 

Lemm_a 2. At step j’i, choose the desired control function 
a (t e;-‘), t) as I I’ 

a, = a,&, tip, f) + a,,(z;, a;-I), t), (19) 

where 

(20) 

+‘$Qp,r(r, - 7,) +3&k,, 
,=, at 

a”& -41i=1z,-,-kjzj-h,tanh P 
w/ 

and h-(F., &-“, t) is any positive function that is specified at 
each it,/,. Then the jth error subsystem is 

2, = z,+, + a;: - e$#J, + b,(x, t) -p,(i - r?,), (21) 

and the derivative of the augmented p.d. function 

V, = V$(j-1) + iw,Zfr w, >O, (22) 

is given by 

ti,, = WjZjZj+ I - 2 w,z,[ k,z, + h, tad (2) - &(x, t)] 
- @T, - pj(Q - rq. (23) 

Proof It is easy to check from step 1, that the lemma is true 
for j = 1. So we assume that it is valid for step j, Vj 5 i - 1, 
and show that it is also true for step i to complete the 
induction process. From (2) and (18), 

I&(X, r)15 &(z;, ip’, t) 5 6,(X,, r) 

+c ‘--I aa,_, - I I az, 
a,@, @f2), I). 

,=I 
(24) 

There exists a known function h,(&, efi-“, t) with continuous 
partial derivatives up to (n - i)th order such that 
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From (1) and (18), noting (19) 
have 

z, =x,+, + @@,, 1) + A,@. r) 

and (21) for step j<i, we 

+ A,(xt f) -PA@ - rz,)l + 
aa_ i aa _ Le+-d 

ae at I = z,+, + a; - (Y,f - a: - i&Q, + B,(x, t) -p,(6 -I-T,), 

(26) 

where 1y,r and a:, are as defined by (20), and 4i and p, are 
given by (18). If (Y, is chosen to be of the form (19) then (26) 
reduces to the form (21), from which the derivative of v,, has 
the form (23). This completes the induction process. 

Step n. This is the final design step. By letting x,,,, = u(x)u, 
the last equation of (1) has the same form as intermediate 
steps i 5 n - 1. Therefore Lemma 2 applies to step n. Since II 
is the actual control input, we can choose it as 

u = &““(“’ ,I;--? t), (27) 

where (I,, is given by (19) in which h, is detetermined from 
(25) with j = n. 

Lemma 3. If the control law (27) with the adaptation law 

Q = TT,, (28) 

is applied then 

VW,(t) 5 exp (-2k,,r) V,,(O) + K 
I 

exp [-2k,(t - v)]~v) dv 
0 

sexp(-2&I) v,(O) -I%[1 -exp(-2k,t)] (29) 
” 

where 

k, A min {k,, , k,,}, q,(t) A i q(t), E,,,, = max s”(t). 
,=I I 

Proof. From (27), a,,+, = 0. Thus the nth error subsystem 
becomes 

i,, = a::, - &%A + Ux, f), (30) 

and the derivative of the augmented p.d. function V,,, is given 

by 

1’,,, = - i w,z, k,z, + h, tanh 
,=I [ 

~~)-6,(x,*)]-8:1s, 

(31) 

From (18) r=C;‘, w,z,+,. Noting (25), (24) and (9). (31) 
becomes 

p’,, = -2 w,z, k,z, + h, tanh 
[ ( 1 

Q e$$ I 
I= I p/ 

- 6,(x, t) + 
1 

5 - 2 w{k,z: + h,z, tanh y - h,/z,]} 
( 1 

s- i w,k,z: + K i E, % -2k,V<,, + K&,(t), (32) 
I=, ,=I 

which leads to (29). 0 

2.4. Guaranteed transient performance. From (29). the 
exponential converging rate is 2k, and the final tracking 
accuracy is 11 V,,,(m)ll 5 KEvmax/2kv. They can be freely 
adjusted by control parameters k = [k,, , k,,lT and 
E = [E,, , E,,]~ in known form. However, V,,,(O) also 
depends on k and E, and thus the transient behavior of the 
error system may not be improved by increasing k and 
reducing E if Vs:,(0) increases instead. To deal with this 
problem, the idea of trajectory initialization in Kanellako- 
poulos (1994) will be used to render z(0) = 0 independently 

of the choice of k and E. Let xld(r) be created by the 
following nth order stable system: 

.clnd) + PlX,d (n-l) + . . . +PnXld=y:n)+p,y~-‘)+...+P,yd, 

(33) 

where yd(t) is the desired output. The initial condition of the 
system (33) will be specified in the following to render 
z(O) = 0. First, let us recursively define the following 
functions: 

fa,(xl. 0, t) = @P,(XI, 0, 

f$(,F,, 0, f) = Vc+3;(X,, t) + ‘2 afal-i(;;-l’ e, t, Ix,+, (34) 
I= I / 

+ e’rdx,, t)l + 
~fdn,-l~w iz2 

at 

Lemma 4. The control functions (Y, = (~,r + (Y,, can be written 
in the form 

(Y,f = xl:: - faj(X,, e,, t) +fh,(Z,, e:i-“. t), 

where every term in fb, contains either z, or tanh (h,z,/c,) 

as a factor for some I C j; (35a) 

every term in LY,~ contains either z, or 

tanh (h,z,/E,) as a factor for some I sj. (35b) 

Proof: From (lo), (err satisfies (35a) for fb, = 0, and (35b) is 
obviously satisfied. Thus we assume that (35a.b) are valid 
Vj 5 i - 1. and we shall prove that they are also valid for i. 
From (35b), Vji’i - 1 and Vr, all the terms in Xa,,/at’ 
contain either z, or tanh [h,(&, t)z,/c,(t)] as a factor for some 
15 j. Thus, from (18) and (20), cy,, satisfies (35b). So (35b) is 
true for i. From (2:) and (35a) Vj si - I and noting that 
ax,/& = i)(~,_,(z;_~, , @rj2, t)/at, we have 

,-I . 

- afd,- 4x,-, , 6,,, 2) + dfhc,-,)(q, P, r) 
at dl 

=xW -fn,(c 6,,, t) +fhr(c erl -(‘-2)P th (36) 

where 
c 

= -p?p(;,+,+~,~_~) 

+ afb~,_,~(z;, K",r) 
at (37) 

It is thus obvious that (35a) is satisfied for j = i, since every 
term in LY,, and dcu,+,,/i)t contains either z, or tanh (h&r,) 
as a factor for some r 5 1. 

Lemma 5. If the initial values ~~~(0). ,xI’;-“(O) are 
chosen as 

X,d(O) =x,(O), 

x~;-“(o)=x,(o)+f,,~,(x,..,(o),~~,(o),o), i=2 ,..., fl, 

(38) 

then z,(O) = 0 Vi. 

Proof: We prove this lemma by induction. Obviously, 
z,(O) = 0 by (38). Thus we assume that z,(O) = 0 Vj 5 i - 1 has 
been achieved by choosing xld(0), , xl;-*‘(O) according to 
(38). From Lemma 4, 

So z,(O) = 0 if xlb_‘)(O) is as given by (38). which completes 
the induction process. 0 
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Remark 4. From (l), in the absence of unknown nonlinear either re-initialization or switching off adaptation can be used 
functions, the ith derivative of the output is in case that unbearable wrong adaptation is observed. 

y(i)14=o = xi +f&;, e, t). (40) 

Thus the above trajectory initialization (38) can be 
considered as placing the initial condition xy,&O) at the best 
initial estimate of y(‘)(O) by substituting an(O) for 0. A 
similar implication was first observed in Krstic et al. (1995) 
for adaptive control of parametric strict-feedback systems. 
Also, from this implication, trajectory initialization can be 
performed independently of the choice of controller 
parameters such as k and E. 

Theorem 1. Given the desired trajectory xl&t) generated by 
(33) with initial conditions (38), under Assumption 1, the 
following results hold if the control law (27) with the 
adaptation law (28) is applied. 

Proof of Theorem 1. From Lemma 5, V,(O) =O. _From 
Lemma 3, (41) is true and thus z is bounded. Since a’ is 
bou_nded for any a and 6 appears in all formulas in the form 
of OH), Vi, a, is bounded, and thus the control input u and 
the state x are bounded. Furthermore, from (41). z,(r) is 
within a ball whose size can be made arbitrarily small by 
increasing k and/or decreasing E in known form. From (33) 
and Remark 5, the trajectory planning error e&) = 
xl&) - y&) can be guaranteed to possess any good transient 
behavior by suitably choosing the Hurwitz polynomial 
G,,(s) = s” + /3&-l + . + pn without being affected by k 
and E. Therefore any good transient performance of the 
output tracking error e =y -yd = z,(t) + e,,(t) can be 
guaranteed by the choice of k and E in known form, which 
proves part (a). 

(a) In general, the control input and the system state x are 
bounded. Furthermore, 

v&) 5 K 
I 

exp [ -2k,(t - v)] e,(v) dv 
0 

In the presence of para?etric uncertainties only, i.e. 
Ai(x, 1) = 0 Vi, from (18), Ai& t) = OVi. Choose a p.d. 
function V,, as V,, = VW + V,(fl, 0). Noting (7), (31) and 
(28), we have 

<F[l - exp (-2k,t)], - 
” 

(41) 

and the output tracking error can be made arbitrarily 
small with a guaranteed transient performance by 
increasing k and/or decreasing E. 

= -2 ,,,,z,{ k,z, + h, tanh [ 21) 5 -z w/k/z:. 
(42) 

(b) In the presence of parametric uncertainties only, i.e., 
A(x, t) = 0, in addition to the results in (a) asymptotic 
output tracking is also obtained for any gains from k 
and E. 

Therefore z = [z,, , z,JT E I!$. It is also easy to check that 
i is bounded. So z + 0 as r + m by Barbalat’s lemma, which 
leads to part (b). 

3. Simulation 

Remark 5. Note that, compared with adaptive control 
algorithms (Sastry and Isidori, 1989; Kanellakopoulos et al., 
1991; Krstic et al., 1992; Pomet and Praly, 1992; 
Kanellakopoulos, 1993; Marino and Tomei, 1993), the above 
theorem guarantees transient performance and final tracking 
accuracy even in the presence of unknown nonlinear 
functions (results in (a)). Compared with deterministic robust 
control (Young, 1978; Corless and Leimann, 1981; Barmish 
and Leitmann, 1982; Slotine, 1985; Zinober, 1990, Utkin, 
1992; Qu, 1993), the method achieves asymptotic tracking 
without using switching or discontinuous control (results in 
(b)). 

Consider a system in (1) with n = 2, p = 2, cp, = [x:, OIT, 
(p2 = [0, (XT +x:) sin” tlT. Ad.4 = d, sin (rIxz). AZ(X) = 
d2 cos (r,x,x,) and (T = 1. 0 belongs to RB = {e: -3 < 0, < 0, 
-4 < e2 < 0}, r, and r, are assumed to be unknown, and d, 
and dz are also unknown but are bounded by d, =~d,~ = 2 
and d2 I dzM = 2 respectively. This system is not in strict 
feedback form but in the semi-strict feedback form (I), since 
IA,( 5 6, = 6,, and IA2(x)l 5 6, = SzM. From (12), we 
choose h,(z,, I) = &,,(z, + xld)* + 6, where c0 = [l, llT. (Y, is 
then determined by (lo), where k, = 5 and E, = 0.5, and the 
projection IC, is specified by 

Jr,(%) = 

c e ,max + h( 1 - exp [ - d (b - ~lmax)]] (4 > e,,,,). 

Remark 6. The above design method can be extended to the 
case of bounded time-varying parameters with bounded 
derivatives up to a sufficiently high order. Similar results as in 
(a) of Theorem 1 can be obtained. Robustness to the 
neglected high-frequency dynamics may also be obtained, 
since our controller guarantees exponential stability at large. 

(ennin - h( 1 - exp [i (8, - ei,i,]] 

(43) 
which is monotonically increasing and has a continuous first 

Remark 7. If W, = 1 Vi and if parameter projection is not 
used, the adaptation law (28) reduces to that used in Krstic ef 
al. (1992) and Kanellakapoulos (1994). The reason for 
introducing the weighting W, is to give the designer more 
freedom in shaping the transient performance, since only the 
tracking error z, is of concern. 

Remark 8. In the absence of adaptation (i.e. r =O), the 
proposed ARC law reduces to a DRC law, and the results in 
part (a) of Theorem 1 still hold. Thus the adaptation loop 
can be switched off at any time without affecting the stability. 
However, asymptotic tracking in part (b) of Theorem 1 is 
lost. 

Remnrk 9. Although the internal variable 6 is not 
guaranteed to be bounded in the presence of unknown 
nonlinear functions, the stability and the performance of the 
controller is not affected, since only the bounded projection 
is used in the design. Furthermore, from (28), L? is bounded. 
Thus, for any finite time, e(t) is bounded. In applications, the 
execution time is always finite, so the issue of boundedness of 
0 is not essential here. In addition, in view of Remark 8, 
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Fig. 1. Tracking errors in the presence of parametric 
uncertainties. 
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Fig. 2. Estimated parameters in the presence of parametric 
uncertainties. 

derivative. aZfr (Y&. &, rz and pz can be obtained from (18) 
and (20), where W, = 0.5. h2 is determined by (25) and is 
given by h2 = @, [&I + & + 6, j&r,/&l. Therefore (Y* can 
be determined by (19) where k2 = 5 and c2 = 1, and the 
control law is given by (27). The estimated parameters are 
updated by (28), where r = diag {So0 000,150 000). 

The desired output is yd = 0.1 sin (OSxt), and x,, and & are 
calculated from (33), with initial values given by (38), where 
PI = 80 and pz = 1600. The actual plant parameters are 
6J, = -2, & = ~3, r, =2 and r, = 3, with initial estimates 
O,(O) = 0 and e,(O) = 0. The sampling time is 1 ms. Three 
controllers are run for comparison: 

ARC: the proposed adaptive robust controller as described 
in the above; 

DRC: the same control law as in ARC, but without using the 
parameter adaptation law (28)-in this case, the 
proposed control law is equivalent to the conventional 
DRC law; 

AC: by setting h, = 0 and letting B(V) = v (i.e. with no 
robust control term and no projection), the suggested 
control law is equivalent to the nonlinear adaptive 
control law in Krstic et al. (1992). 

To test the nominal performance, simulations were run for 
parametric uncertainties only, i.e. d, = dr = 0. The tracking 
error z, is shown in Fig. 1, from which we can see that all 
three controllers have very good tracking ability. ARC has a 
much better final tracking accuracy than DRC, since the 
estimated parameters approach their desired values as shown 
in Fig. 2, and has a better transient response than AC. This 
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Fig. 3. Control input in the presence of parametric * Only the input during the first 0.8 s is presented, in order 
uncertainties. to show the large transient of the initial input clearly. 
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,_’ ! 

I ’ 8’ 
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, 
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Fig. 4. Tracking errors in the presence of parametric 
uncertainties and small disturbances (d, = dz = 0.02). 

result substantiates the advantage of using parameter 
adaptation to improve tracking performance. As shown in 
Fig. 3, the control inputs do not exhibit chattering.* 

To test the performance robustness, small disturbances 
d, = d2 = 0.02 were first added to the system. Figure 4 shows 
the tracking error z,. Roughly speaking, the tracking 
performance of DRC remains unchanged but the AC 
performance degrades a lot because of the wrong 
fast-changing parameter estimates shown in Fig. 5. Although 
the ARC performance also degrades, it still achieves the best 
tracking performance. The control inputs shown in Fig. 6 do 
not exhibit chattering. 

Finally, large disturbances, d, = dz = 2, were also added to 
the system. As shown in Fig. 7, ARC achieves the same 
tracking performance as DRC, although its estimated 
parameters vary wildly (Fig. 8). AC has the worst tracking 
ability and a large control effort, since its estimated 
parameters are unbearably large. Figure 9 presents the 
control inputs for ARC and DRC, which do not exhibit 
control chattering. All these results illustrate the 
effectiveness of the proposed ARC. 

Although not shown here because of space limitations, 
simulation results also show that a smaller adaptation rate 
results in a larger transient and a longer settling time for both 
ARC and AC in the presence of parametric uncertainties. 
Thus a reasonably large adaptation rate is desirable. 

3 
! ‘, 1 

2 Sdi theta1 (ARC) Dash& IheW? (AFIC) 

1 
DIuhdot: Uwbl (AC) Ddtmd: ma”2 (AC) 

,’ 

,’ 

-5 

0 0.5 1 1.5 2 2.5 3 3.5 4 
nm(*l 

Fig. 5. Estimated parameters in the presence of parametric 
uncertainties and small disturbances (d, = dz = 0.02). 
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Fig. 6. Control input in the presence of parametric Fig. 9. Control input in the presence of parametric 
uncertainties and small disturbances (d, = d2 = 0.02). uncertainties and large disturbances (d, = d2 = 2). 

4. Conclusions 
We have presented a systematic design of adaptive robust 

controllers for a class of SISO nonlinear systems 
transformable to semi-strict feedback form in the presence of 
both parametric uncertainties and unknown nonlinear 
functions. This approach preserves the advantages of both 
adaptive control and DRC, namely asymptotic stability of 
adaptive control in the presence of parameter uncertainties 
and guaranteed transient performance with prescribed 
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Fig. 7. Tracking errors in the presence of parametric 
uncertainties and large disturbances (d, = dz = 2). 
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Fig. 8. Estimated parameters in the presence of parametric 
uncertainties and large disturbances (d, = dz = 2). 
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precision of DRC for both parametric uncertainties and 
unknown nonlinear functions. The resulting controller is 
more flexible and versatile than either adaptive control or 
robust control alone. Simulation results have substantiated 
the analysis. 
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