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a b s t r a c t

This paper presents an integrated direct/indirect adaptive robust contouring controller (DIARC) for
an industrial biaxial high-speed gantry that achieves not only excellent contouring performance but
also accurate parameter estimations for secondary purposes such as machine health monitoring and
prognosis. Contouring control problem is first formulated in a task coordinate frame. A physical model-
based indirect-type parameter estimation algorithm is then developed to obtain accurate on-line
estimates of unknownmodel parameters. A DIARC controller possessing dynamic-compensation-like fast
adaptation is subsequently constructed to preserve the excellent transient and steady-state contouring
performance of the direct adaptive robust controller (DARC) designs. The proposed DIARC along with
previously developed DARC contouring controllers are implemented on a high-speed industrial biaxial
gantry to test their achievable performance in practice. Comparative experimental results verify the
improved contouring performance and the accurate physical parameter estimates of the proposed DIARC
algorithm.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

To have a higher productivity and a better quality of the
product produced, modern mechanical systems in manufacturing
applications are often required to follow certain desired contours
precisely with high speeds. The degradation of contouring
performance (Li, 1999) could be due to either the lack of
coordination among multi-axes motions (Chiu & Tomizuka, 2001)
or the effects of model uncertainties/disturbances such as the
change of payload inertia, friction (Lu, Yao, Wang, & Chen, 2009;
Xu & Yao, 2008), and ripple forces (Lu, Chen, Yao, & Wang,
2008). The former is referred to as the coordinated contouring
control problem (Koren, 1980) and the later as the disturbance
rejection/compensation. Both problems have been extensively
studied in the literature. Specifically, earlier researches on the
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coordinated contouring control use the cross-coupled control
(CCC) strategy (Koren, 1980). Later on, the contouring control
problem is formulated in a task coordinate frame by using either
(i) the concept of generalized curvilinear coordinates introduced
in Yao, Chan, and Wang (1994), as done in Chiu and Yao (1997)
and Xu and Yao (2000), or (ii) the locally defined coordinates
‘‘attached’’ to the desired contour proposed in Chiu and Tomizuka
(2001). Since then many contouring control schemes based on
task coordinate approaches have been reported (Cheng & Lee,
2007; Chen & Lin, 2008). However, all these latest publications
on coordinated control techniques cannot explicitly deal with
parametric uncertainties and uncertain nonlinearities. As a result,
they are often insufficient when stringent contouring performance
is of concern as actual systems are always subjected to certain
model uncertainties and disturbances.
During the past decade, an adaptive robust control (ARC) frame-

work has been developed in Yao (1997) and Yao and Tomizuka
(1996, 2001) to provide a rigorous theoretic framework for the pre-
cision motion control of systems with both parametric uncertain-
ties and uncertain nonlinearities. The desired compensation ARC
(DCARC) strategy has also been proposed in Yao (1998) to reduce
the effect ofmeasurement noises. In Xu and Yao (2001a,b), the pro-
posedARC strategy is experimentally tested on an epoxy core linear
motor. Global stability is also guaranteed even in the presence of
actuator saturation and short duration of very large disturbances
(Hong & Yao, 2007).
In Hu, Yao, andWang (in press-a), the ARC strategy (Yao, 1997)

and the task coordinate frame approach in Chiu and Tomizuka
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(2001) have been integrated to develop a high performance
contouring controller for high-speed machines. The effect of
cogging forces and velocity measurement noises is also carefully
addressed in Hu, Yao, and Wang (in press-b) with excellent
contouring performance seen in implementation. However, as
other direct ARC controllers (Hong & Yao, 2007; Lu et al., 2008;
Xu & Yao, 2001a,b), the parameter estimates in experiments
rarely approach to their true values, even when the persistent
exciting condition is satisfied sometimes. Though sufficient for
some applications, they are not well suited for applications which
demand not only good output tracking performance but also
accurate on-line parameter estimations for secondary purposes
such as machine component health monitoring and prognosis. To
meet the needs of these applications, in this paper, the integrated
direct/indirect adaptive robust control (DIARC) strategy proposed
in Yao (2003) will be applied to synthesize coordinated contouring
controllers that not only achieve high performance but also possess
accurate on-line parameter estimations in implementation.

2. Problem formulation

Since accurate calculation of contouring error often leads to
an intensive computation task which is hard to be realized in
practice, various approximations have been used in the contouring
controls instead. In this paper, the approximation of contouring
error in Chen and Lin (2008) and Hu et al. (in press-a) will be
used. Specifically, let X and Y , respectively, denote the horizontal
and the vertical axes of a biaxial gantry system which also forms
a Cartesian coordinate system. At any time instant t , let qd(t) =
[xd(t), yd(t)]T and q = [x(t), y(t)]T be the position vector of the
reference trajectory describing the desired contour and the actual
position vector of the system in the Cartesian coordinate frame,
respectively. Let ex and ey be the axial tracking errors of X and Y
axes, i.e. ex = x − xd(t) and ey = y − yd(t), and e = [ex, ey]T
the position tracking error vector in the Cartesian frame. Define a
task coordinate frame using the tangential and normal directions
of the desired contour at the point qd(t) and let ε = [εn, εt ]T be the
position tracking error vector expressed in such a task coordinated
frame. Then ε is related to e through a unitary transformation
matrix T by

ε = Te, T =
[
− sinα cosα
cosα sinα

]
, (1)

where α denotes the angle between the tangential line of desired
contour and the horizontal X-axis. Note that TT = T and T−1 = T
for all values of α. With this definition of task coordinate frame,
the actual contouring error εc(t), the shortest distance between
the desired contour and the actual contour at the point q(t), can
be approximated reasonably well by εn, i.e., εc ≈ εn, when the
axial tracking errors are comparatively small to the curvature of the
desired contour. The dynamics of the biaxial linear-motor-driven
gantry can be described by (Xu & Yao, 2001a)
Mq̈+ Bq̇+ Fc(q̇) = u+ d, (2)
where M = diag[M1,M2] and B = diag[B1, B2] are the
2 × 2 diagonal inertia and viscous friction coefficient matrices,
respectively. Fc(q̇) is the 2 × 1 vector of Coulomb friction
which is modeled by Af Sf (q̇), where Af = diag[Af 1, Af 2] is
the unknown diagonal Coulomb friction coefficient matrix, and
Sf (q̇) = [Sf (ẋ), Sf (ẏ)]T is a known vector-valued smooth function
used to approximate the traditional discontinuous sign function
sgn(q̇) in the traditional Coulomb friction modeling for effective
friction compensation in implementation (Xu & Yao, 2001a). u =
[u1, u2]T is the vector of control inputs and d is the lumped
unknown nonlinear functions due to external disturbances and
other modeling errors.
Denote dl as the lumped modeling errors and disturbances in

(2), i.e., dl = d + Af Sf (q̇) − Fc(q̇). Let dN = [dN1, dN2]T be the

nominal value of dl and d̃ = dl − dN the time-varying portion of
dl. The system dynamics then become as

Më+ Bė+ Af Sf (q̇)+Mq̈d + Bq̇d = u+ dl = u+ dN + d̃. (3)

From (1),

ė = Tε̇+ Ṫε, ë = Tε̈+ 2Ṫε̇+ T̈ε. (4)

The system dynamics in the task coordinate frame can thus be
obtained as

Mt ε̈+ Bt ε̇+ 2Ct ε̇+ Dtε+Mqq̈d + Bqq̇d
+ AfqSf (q̇) = ut + dt + ∆̃,

(5)

where

Mt = TMT, Bt = TBT, Ct = TMṪ,
Dt = TMT̈+ TBṪ,ut = Tu, dt = TdN , ∆̃ = T̃d,
Mq = TM, Bq = TB,Afq = TAf .

(6)

It is straightforward to verify that the Eq. (5) has the following
properties1 (Yao et al., 1994): (P1) Mt is a symmetric positive
definite (s.p.d.) matrix with µ1I ≤ Mt ≤ µ2I where µ1 and
µ2 are two positive scalars; (P2) the matrix Nt = Ṁt − 2Ct
is a skew-symmetric matrix. In other words, sTNts = 0,∀s;
(P3) Mt , Bt , Ct , dt , Mq, Bq, Afq and dt in (5) can be linearly
parameterized by a set of unknown parameters defined as θ =
[θ1, . . . , θ8]

T
= [M1,M2, B1, B2, Af 1, Af 2, dN1, dN2]T . In general,

the parameter vector θ cannot be known exactly. For example,
the payload of the biaxial gantry depends on tasks. However,
the extent of parametric uncertainties can be predicted and the
following practical assumption can be made.

Assumption 1. Extent of parametric uncertainties and uncertain
nonlinearities is known. More precisely,

θ ∈ Ωθ , {θ : θmin ≤ θ ≤ θmax}

∆̃ ∈ Ω∆ ,
{
∆̃ : ‖∆̃‖ ≤ δ∆

}
,

(7)

where θmin = [θ1min, . . . , θ8min]T , and θmax = [θ1max, . . . , θ8max]T
are known constant vectors and δ∆ is a known function.

3. Direct adaptive robust control (DARC)

In this section, the DARC contouring law in Hu et al. (in press-
a, in press-b) is briefly reviewed and will be compared with the
proposed DIARC later. Let θ̂ denote the estimate of θ and θ̃ denote
the estimation error (i.e., θ̃ = θ̂ − θ ). In view of (7), the following
adaptation law with discontinuous projection modification can be
used
˙̂θ = Proĵθ (Γ τ), (8)

where Γ > 0 is a diagonal matrix, τ is an adaptation function
to be synthesized later. The projection mapping Proĵθ (•) =
[Proĵθ1(•1), . . . , Proĵθ8(•8)]

T is defined as

Proĵθi(•i) =

0 if θ̂i = θimax and •i > 0
0 if θ̂i = θimin and •i < 0
•i otherwise

(9)

which has the following properties (Yao & Tomizuka, 1996)

(P4) θ̂ ∈ Ωθ ,
{̂
θ : θimin ≤ θ̂ ≤ θimax

}
(P5) θ̃ T (Γ −1Proĵθ (Γ τ)− τ) ≤ 0, ∀τ.

(10)

1 The following nomenclature is used throughout this paper: •min and •max are
the minimum value and maximum value of • respectively, •̂ denotes the estimate
of •, •̃ = •̂−• denotes the estimation error, e.g., θ̃ = θ̂−θ , •i is the ith component
of the vector •, and the operation ≤ for two vectors is performed in terms of the
corresponding elements of the vectors.
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Define a switching-function-like quantity and a positive semi-
definite (p.s.d.) function as

s = ε̇+Λε, V (t) =
1
2
sTMts, (11)

whereΛ > 0 is a diagonal matrix. From (5),

V̇ = sT
[
ut + dt + ∆̃−Mqq̈d − Bqq̇d − AfqSf (q̇)

− Bt ε̇− Ct ε̇− Dtε+ CtΛε+MtΛε̇
]

= sT [ut + Ψ (q, q̇, t)θ + ∆̃], (12)

where (P2) is used to eliminate the term 1
2 s
T Ṁts in the derivation

of the first equation and (P3) to obtain the expression of 2 × 8
matrixΨ (q, q̇, t) of known functions, commonly referred to as the
regressor. The DARC law in Hu et al. (in press-a) has the structure
of

ut = ua + us, ua = −Ψ (q, q̇, t )̂θ , (13)

where ua is the adjustable model compensation needed to achieve
perfect output tracking and us is a robust control law consisting of
two terms:

us = us1 + us2, us1 = −Ks (14)

in which us1 is a simple proportional feedback to stabilize the
nominal systemwith K being a symmetric positive definite matrix
for simplicity, and us2 is a feedback used to attenuate the effect
of model uncertainties to a certain level for a guaranteed robust
performance. Specifically, noting Assumption 1 and (P4), there
exists a us2 such that the following two robust performance
conditions are satisfied (Yao, 1997; Yao & Tomizuka, 2001):

i. sT [us2 − Ψ (q, q̇, t )̃θ + ∆̃] ≤ η

ii. sTus2 ≤ 0,
(15)

whereη is a designparameter quantifying the level of uncertainties
attenuation.

4. Integrated direct/indirect adaptive robust control (DIARC)

In this section, the DIARC control strategy in Yao (2003) is
applied to synthesize a contouring control law for the system
(5). As in DARC in the previous section, the first step is to use a
projection-type adaptation law structure to achieve a controlled
learning or adaptation process. But unlike DARC designs, the
least-squares-type adaptation law will be used to achieve better
convergence of parameter estimations and the adaptation rate
matrix will be time-varying and non-diagonal. As such, the simple
discontinuous projection mapping (9) used in DARC designs
cannot be used theoretically since such a discontinuous projection
mapping is valid only for diagonal adaptation rate matrix Γ .
Instead, the following standard projection mapping in adaptive
control (Goodwin & Mayne, 1987) should be used to keep the
parameter estimates within the known bounded set Ωθ , the
closure of the setΩθ :

Proĵθ (ζ ) =


ζ , if θ̂ ∈ Ω̌θ or

(
θ̂ ∈ ∂Ωθ and nTθ̂ ζ ≤ 0

)(
I − Γ

nθ̂n
T
θ̂

nT
θ̂
Γ nθ̂

)
ζ , if θ̂ ∈ ∂Ωθ and nTθ̂ ζ > 0

(16)

where ζ ∈ Rp is any function and Γ (t) ∈ Rp×p can be any time-
varying positive definite symmetric matrix. In (16), Ω̌θ and ∂Ωθ

denote the interior and the boundary of Ωθ respectively, and nθ̂
represents the outward unit normal vector at θ̂ ∈ ∂Ωθ . It can be
verified that the projection-type adaptation law (8) with such a
projection still has the (P4) and (P5) in (10) (Yao&Tomizuka, 1996).

4.1. Integrated DIARC contouring control law synthesis

Through use of the projection-type adaptation law, parameter
estimates are bounded with known bounds, regardless of the
estimation function τ to be used. This property will be used in this
subsection to synthesize an integrated DIARC contouring control
law that achieves a guaranteed transient performance and steady-
state contouring accuracy regardless how the physical parameters
will be estimated. Specifically, the proposed DIARC control law has
the following form:

ut = ua + us, ua = ua1 + ua2, us = us1 + us2,
ua1 = −Ψ (q, q̇, t )̂θ , us1 = −Ks,

(17)

whereua1 is the adjustablemodel compensationneeded for perfect
tracking with θ̂ being the on-line estimates of physical parameters
to be detailed later, ua2 is a fast dynamic compensation term
synthesized below, and us1 and us2 have the same meanings as in
DARC designs. For V given by (11), substituting (17) into (12) and
simplifying the resulting expression lead to

V̇ = sT [ua2 + us − Ψ (q, q̇, t )̃θ + ∆̃]. (18)
Define a constant dc and time varying function d̃∗(t) such that

Tdc + d̃∗(t) = −Ψ (q, q̇, t )̃θ + ∆̃. (19)
Conceptually, (19) lumps the disturbance and the model uncer-
tainties due to parameter estimation error together and divides
it into the low frequency component dc and the higher frequency
components d̃∗(t), so that the low frequency component dc can be
compensated through the fast dynamic compensation-type adap-
tation as in the previous DARC design as follows. Substituting (19)
into (18),

V̇ = sT [ua2 + us + Tdc + d̃∗(t)]. (20)
Choose the fast dynamic compensation term ua2 as

ua2 = −T̂dc, (21)
where d̂c represents the estimate of dc updated by
˙̂dc = Proĵdc (γdTs), |̂dc(0)| ≤ d̂cmax, (22)

inwhich d̂cmax is a pre-set bound for d̂c(t) and γd is a 2×2 constant
diagonal matrix. As in DARC designs in Section 3, the projection
mapping in (22) guarantees that |̂dc(t)| ≤ d̂cmax,∀t . Thus, similar
to (15), one can choose a robust feedback term us2 to meet the
following two conditions for a guaranteed robust performance:

i. sT [us2 − T̃dc + d̃∗(t)] ≤ η
ii. sTus2 ≤ 0,

(23)

where d̃c = d̂c − dc and η is a design parameter quantifying
the level of attenuation to be achieved. For example, one smooth
example of us2 satisfying (23) is given by us2 = − 1

4ηh
2s, where h is

any smooth function satisfying h ≥ ‖̂dcmax‖+‖θM‖‖Ψ (q, q̇, t)‖+
δ∆, and θM = θmax − θmin (Yao, 2003).

Theorem 1. Consider the DIARC control law (17) in which the
physical parameter estimates θ̂ are updated by the projection-
type adaptation law (8) with projection (16) and the dynamic
compensation d̂c is updated by (22)with projection (9). Regardless the
estimation function τ to be used, in general, all signals in the resulting
closed loop system are bounded and the contouring error and output
position tracking error are guaranteed to have a prescribed transient
performance and steady-state accuracy in the sense that V (t) defined
by (11) is bounded by

V (t) ≤ exp(−λt)V (0)+
η

λ
[1− exp(−λt)], (24)

where λ = 2σmin(K)/µ2 in which σmin(·) denotes the minimum
singular value of a matrix and µ2 is defined in property (P1).
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4.2. Estimation of physical parameters

Regardless of the estimation function τ to be used, the
above DIARC control law achieves a guaranteed transient and
steady-state performance even in the presence of uncertain
nonlinearities. Thus, this subsection focuses on the construction
of suitable estimation functions τ so that an improved steady-
state performance—asymptotic output tracking or zero steady-
state contouring and position tracking error—can be obtained
even when all physical parameters are unknown. In addition, it
is desirable to have on-line parameter estimates converge or stay
close to their true values so that they canbeused for other purposes
such as machine component health monitoring. To this end, in
this subsection, it is assumed that the system has parametric
uncertainties only, i.e., assuming d̃ = 0 in (5). To avoid the need
of acceleration feedback in the following estimation of physical
parameters, let Hf (s) be the transfer function of any filter with a
relative degree larger than or equal to 1 (e.g., Hf (s) = 1/(τf s+ 1))
and apply the filter to both sides of (3) to obtain the parameter
estimation model as follows. When d̃ = 0, one obtains

uf = Υ Tf θ,

uf =
[
u1f
u2f

]
, Υ Tf =

[
ẍf , 0, ẋf , 0, Sff (ẋ), 0,−1f , 0
0, ÿf , 0, ẏf , 0, Sff (ẏ), 0,−1f

]
,

(25)

in which •f represents the filtered value of •. Define the prediction
error vector as ς = ûf − uf where ûf = Υ Tf θ̂ . Then the prediction
error vector ς is related to the parameter estimation error as

ς = Υ Tf θ̂ − uf = Υ Tf θ̃ (26)
which is in the standard linear regression model form. Thus,
various well-known parameter estimation algorithms can be used
to obtain the estimates of θ . For example, when the least-squares-
type estimation algorithm with co-variance limiting is used, ˙̂θ is
updated by the adaptation law (8) with the adaptation function
given by (Yao, 2003)

τ = −
1

1+ υtr{Υ Tf Γ Υf }
Υf ς (27)

and the adaptation rate matrix given by

Γ̇ =

κΓ −
1

1+ υtr{Υ Tf Γ Υf }
Γ ΥfΥ

T
f Γ , if λmax (Γ ) ≤ ρM

0, otherwise
(28)

where κ ≥ 0 is the forgetting factor, ρM is the pre-set upper bound
for ‖Γ (t)‖, υ ≥ 0 with υ = 0 leading to the unnormalized
algorithm. With these practical modifications, Γ (t) ≤ ρM I, ∀t .
The following theorem summarize the improved performance of
the proposed DIARC (Yao, 2003):

Theorem 2. Consider the situationwhere only parametric uncertain-
ties exist after a finite time t0, i.e., d̃ = 0, ∀t ≥ t0 in (5). Then, when
the DIARC control law (17) and the projection-type adaption law (8)
are used with the least-squares-type estimation function (27), in ad-
dition to the robust performance results stated in Theorem 1, an im-
proved steady-state contouring performance – asymptotic contouring
tracking (i.e., ε → 0 and s → 0 as t → ∞) – is also achieved
along with the convergence of physical parameter estimates to their
true values when the following PE condition (29) is satisfied: there ex-
ist κp > 0 and T > 0 such that∫ t+T

t
ΥfΥ

T
f dτ ≥ κpIp, ∀t. (29)

5. Experimental setup and results

A biaxial Anorad HERC-510-510-AA1-B-CC2 gantry from
Rockwell Automation has been set up in Zhejiang University as a

Fig. 1. A Biaxial linear motor driven gantry system.

test-bed for contouring control problems. As shown in Fig. 1, the
two axes powered by Anorad LC-50-200 iron core linear motors
are mounted orthogonally with X-axis on top of Y -axis. The po-
sition sensors of the gantry are two linear encoders with a reso-
lution of 0.5 µm after quadrature. The velocity signal is obtained
by the difference of two consecutive position measurements.
Standard least-square identification is performed to obtain the pa-
rameters of the biaxial gantry and it is found that nominal val-
ues of the gantry system parameters without loads are M1 =
0.12(V/m/s2),M2 = 0.5(V/m/s2), B1 = 0.5(V/m/s), B2 =
0.7(V/m/s), Af 1 = 0.1(V), Af 2 = 0.15(V), dN1 = 0, dN2 = 0;
these values are a little different from those in Hu et al. (in press-
a, in press-b) because some lubricant has been added to the
bearings of both axes for preventive maintenance since then. In
addition, through direct measurement of input voltages and the
resulting forces when the motor is blocked, the gain from the in-
put voltage to the force applied to the load is found to be kf =
69 N/V. The bounds of the parametric variations are chosen as
θmin = [0.05, 0.45, 0.35, 0.5, 0.05, 0.08,−0.5,−1]T and θmax =
[0.20, 0.6, 0.55, 0.8, 0.15, 0.25, 0.5, 1]T , which cover the entire
range of various loading conditions of the system. The following
performance indexes will be used to quantify the quality of each
control algorithm: (i) ‖εc‖rms = ( 1T

∫ T
0 |εc |

2dt)1/2, the root-mean-
square (RMS) value of the contouring error where T is the duration
of the time period interested; (ii) εcM = maxt {|εc |}, the maximum
absolute value of the contouring error during the time period of
interest; and (iii) θ̂iv = max{|

θ̂ic−θiN
θiN
|, |

θ̂ie−θiN
θiN
|}, the maximum per-

centage variations of on-line steady-state parameter estimates to
their off-line estimated values, as measures of the accuracy of pa-
rameter estimations, in which θ̂ic and θ̂ie are the steady-state value
of the ith parameter estimate in circular contouring experiment
and in elliptical contouring experiment respectively, and θiN the
off-line estimated value of θi.
The control algorithms are implemented using a dSPACE

DS1103 controller board executing programs at a sampling period
of Ts = 0.2 ms, resulting in a velocity measurement resolution of
0.0025m/s. The following three control algorithms are compared:

C1: direct adaptive robust control (DARC)—the control law
presented in Section 3.

C2: integrated direct/indirect adaptive robust control (DIARC)—
the proposed control law in Section 4.

C3: deterministic robust control (DRC)—the DARC control law
without using on-line adaptation (i.e., set Γ = 0I8 in C1).

For a fair comparison, the controller parameter values of all
controllers are chosen the same if they have the same physi-
cal meanings. Specifically, for all controllers, Sf (ẋ) and Sf (ẏ) are
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Table 1
Circular contouring results (The first row below the controllers are for ‖εc‖rms in
µm and the second row for εcM in µm).

Set 1 Set 2 Set 3
C1 C2 C3 C1 C2 C3 C1 C2

2.03 1.99 7.33 2.18 2.02 8.36 2.36 2.30
7.31 7.14 21.0 8.16 6.85 19.78 26.81 28.43

chosen as 2
π
arctan(9000ẋ) and 2

π
arctan(9000ẏ) respectively, and

Λ = diag[100, 30]. Mathematically, one should use the form of
us2 = −Ks2(q, q̇, t)swith Ks2 being a nonlinear proportional feed-
back gain (e.g., Ks2 = 1

4ηh
2 for the specific example given below

Eq. (23) so that robust performance conditions like (23) can be sat-
isfied globally. In implementation, a large enough constant feed-
back gain Ks2 can be used instead to simplify the resulting control
law. With such a simplification, though the robust performance
condition (23) may not be guaranteed globally, the condition can
still be satisfied in a large enough working range which might
be acceptable to practical applications as done in Yao, Bu, Reedy,
and Chiu (2000). With this simplification, noting (17), we choose
us = −Kss in the experiments where Ks represents the combined
gain of K and Ks2; the specific values used in both controllers are
Ks = diag[100, 60]. The adaptation rates in C1 are set as Γ =
diag[10, 10, 10, 10, 1, 1, 10 000, 10 000] with initial parameter
estimates chosen to be θ̂ (0) = [0.1, 0.55, 0.35, 0.5, 0.1, 0.15, 0,
0]T for all experiments. The bounds of d̂c in (22) is set as d̂cmax =
[0.5, 1.5]T with γd = diag[10 000, 10 000]. Second-order trans-
fer functions of damping ratio of 0.7 and natural frequencies of
250 Hz for X-axis and 150 Hz for Y -axis are used for the filters in
Section 4.2. In (28), a forgetting factor of κ = 0.1 and a normaliza-
tion value of υ = 0.1 are used. The initial adaptation rates are set
as Γ (0) = diag[10, 10, 10, 10, 10, 10, 5000, 5000] and ρM = 500
and the same initial parameter estimates as in C1 are used in C2.
The following test sets are performed.
Set 1: Experiments are run without payload, which is equivalent

toM1 = 0.12 andM2 = 0.5.
Set 2: A 5 kg payload ismounted on the gantry,which is equivalent

toM1 = 0.19 andM2 = 0.57.
Set 3: A step disturbance (a simulated 0.6 V electrical signal) is

added to the input of Y axis at t = 1.86 s and removed
at t = 4.86 s to test the performance robustness of each
controller to input disturbances.

5.1. Circular contouring with constant velocity

The biaxial gantry is first commanded to track a circle having
a radius of 0.2 m and a desired velocity of v = 0.4 m/s on
the contour. The circular contouring experimental results in terms
of performance indexes after running the gantry for one period
are given in Table 1. Overall, both DARC and DIARC achieve
good steady-state contouring performance during fast circular
movements. Specifically, for both Set 1 and Set 2, the contouring
errors of DARC andDIARC aremostlywithin 5µmand roughly one-
third of those in DRC, demonstrating the significantly improved
performance of using on-line adaptation and the performance
robustness of the proposed controllers to parameter variations.
The contouring errors of Set 3 for DARC and DIARC are given in
Fig. 2. As seen from the figures, the addeddisturbances donot affect
the contouring performance much except the transient spikes
when the step disturbances occur. These results demonstrate the
strong performance robustness of the proposed algorithms to
disturbances as well.

5.2. Elliptical contouring with constant angular velocity

To test the contouring performance of the proposed algorithms
for non-circular motions, the biaxial gantry is also commanded

Fig. 2. Circular contouring errors of Set3 (disturbances).

Table 2
Elliptical contouring results (the first row below the controllers are for ‖εc‖rms in
µm and the second row for εcM in µm).

Set 1 Set 2 Set 3
C1 C2 C3 C1 C2 C3 C1 C2

2.63 2.61 7.00 2.89 2.66 11.4 3.10 2.91
9.35 8.19 18.17 10.31 8.96 30.1 25.4 26.0

Fig. 3. Elliptical contouring errors of Set2 (loaded).

to track an ellipse described by qd = [0.2 sin(3t), − 0.1 cos(3t)
+ 0.1]T which has a time-varying contouring velocity of
0.3
√
1+ 3 cos2(3t)m/s though a constant angular velocity ofω =

3 rad/s. The elliptical contouring experimental results in terms of
performance indexes after running the gantry for one period are
given in Table 2. Again, both DARC and DIARC achieve good steady-
state contouring performance during the fast ellipticalmovements.
For Set 1, the contouring errors of DARC and DIARC are mostly
within 5 µm as well, significantly less than in DRC, demonstrating
the need of using on-line adaptation. For Set 2, the contouring er-
rors are shown in Fig. 3, revealing almost the same level of steady-
state contouring performance as without the payload. This again
demonstrates the strong performance robustness of the proposed
contouring controllers to parameter variations. Though not shown
due to the page limit, the contouring errors of Set 3 are similar to
those in circular experiments. All these results further demonstrate
the strong performance robustness of the proposed schemes to
disturbances.
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Table 3
Physical parameter estimations of DIARC without load.

M1 M2 B1 B2 Af 1 Af 2

θiN 0.12 0.5 0.5 0.7 0.1 0.15
θ̂ic 0.111 0.483 0.522 0.730 0.102 0.150
θ̂ie 0.115 0.505 0.464 0.670 0.104 0.147
θ̂iv 7.5% 3.4% 7.2% 4.3% 4.0% 2.0%

Table 4
Physical parameter estimations of DIARC with 5 kg load.

M1 M2 B1 B2 Af 1 Af 2

θiN 0.19 0.57 0.5 0.7 0.1 0.15
θ̂ic 0.182 0.562 0.500 0.642 0.102 0.163
θ̂ie 0.188 0.578 0.462 0.720 0.105 0.15
θ̂iv 4.2% 1.4% 7.6% 8.3% 5.0% 8.7%

Fig. 4. Y -axis parameter estimates of Set1 (no load).

5.3. Parameter estimation results

Though both DARC and DIARC achieve excellent contouring
performance, unlike DARC, the proposed DIARC has good on-line
parameter estimations as well. To see this, the steady-state values
of the parameter estimates of the proposed DIARC during both
the circular and elliptical contouring motions are given in Table 3
for no-load experiments and in Table 4 for loaded experiments
respectively. Typical histories of on-line parameter estimates can
be seen from Fig. 4, the parameter estimates of Y -axis during
no-load experiments, and from 5, the parameter estimates of
X-axis during loaded experiments. As shown, on-line estimates of
physical parameters all converge and stay close to their off-line
estimated values with maximum estimation errors less than 9% in
all cases, which might be accurate enough for them to be used for
other purposes such as the component healthmonitoring. All these
results demonstrate the potential accurate on-line parameter
estimation capability of the proposed DIARC contouring controller
in implementation.

6. Conclusions

In this paper, an integrated DIARC contouring controller that
possesses not only excellent contouring performance but also
accurate parameter estimations is developed and tested on a
biaxial linear-motor-driven industrial gantry system. The unique
feature of the proposed DIARC contouring controller is that the
parameter estimation process is completely independent of the
control law design, allowing the use of estimation algorithms
having better convergence properties such as the least-squares
type and the explicit on-line monitoring of signal excitation
levels for accurate parameter estimations. In addition, dynamic

Fig. 5. X-axis parameter estimates of Set2 (loaded).

compensation-type fast adaptations similar to those in DARC
designs are also introduced to preserve the excellent contouring
performance of DARC designs. Comparative experimental results
verify the excellent contouring performance and the accurate
estimations of physical parameters of the proposed DIARC
contouring controller in practice.

Appendix

Proof of Theorem 1. Substituting (21) into (20) and noting i of
(23),

V̇ = sT [−Ks+ us2 − T̃dc + d̃∗(t)] ≤ −sTKs+ η
≤ −λV + η (30)

which leads to (24) by the comparison lemma. The rest of
Theorem 1 can thus be verified easily. �

Proof of Theorem 2. Choose a positive function as

Va = V +
1
2
d̂Tc γd

−1d̂c (31)

where V is given by (11). Noting the assumption that ∆̃ = 0, from
(18) and (21),

V̇a = sT [−T̂dc + us − Ψ (q, q̇, t )̃θ ] + d̂Tc γd
−1 ˙̂dc

= −sTKs+ sTus2 − sTΨ (q, q̇, t )̃θ + d̂Tc [γd
−1 ˙̂dc − Ts]. (32)

Noting (22) and ii of (23),

V̇a ≤ −sTKs− sTΨ (q, q̇, t )̃θ + d̂Tc
[
γd
−1Proĵdc (γdTs)− Ts

]
≤ −sTKs− sTΨ (q, q̇, t )̃θ (33)

in which the projection property (P5) is used by treating dc =
0. When the PE condition (29) is satisfied, it can be shown that
the standard estimation algorithm leads to the convergence of
parameter estimates to their true values and θ̃ ∈ L2[0,∞). Since
Ψ (q, q̇, t) is bounded due to Theorem 1, Ψ (q, q̇, t )̃θ ∈ L2[0,∞)
as well. From (33), s ∈ L2[0,∞). By Barbalat’s Lemma, asymptotic
contouring tracking can be proved. �

References

Cheng, M-. Y., & Lee, C-. C. (2007). Motion controller design for contour-following
tasks based on real-time contour error estimation. IEEE Transactions on
Industrial Electronics, 54(3), 1686–1695.

Chen, C.-L., & Lin, K.-C. (2008). Observer-based contouring controller design of a
biaxial stage system subject to friction. IEEE Transactions on Control System
Technology, 16(2), 322–329.



Author's personal copy

C. Hu et al. / Automatica 46 (2010) 701–707 707

Chiu, G. T. C., & Tomizuka, M. (2001). Contouring control of machine tool feed drive
systems: a task coordinate frame approach. IEEE Transactions on Control Systems
Technology, 9(Jan.), 130–139.

Chiu, T. C., & Yao, B. (1997). Adaptive robust contour tracking of machine tool feed
drive systems - A task coordinate frame approach. In Proc. of American Control
Conference (Vol. 5) (pp. 2731–2735).

Goodwin, G. C., & Mayne, D. Q. (1987). A parameter estimation perspective
of continuous time model reference adaptive control. Automatica, 23(1),
57–70.

Hong, Y., & Yao, B. (2007). A globally stable saturateddesired compensation adaptive
robust control for linear motor systems with comparative experiments.
Automatica, 43(10), 1840–1848.

Hu, C., Yao, B., & Wang, Q. (2009a). Coordinated adaptive robust contouring
controller design for an industrial biaxial precision gantry. IEEE/ASME
Transactions on Mechatronics. in press (doi:10.1109/TMECH.2009.2032292).
Part of the paper was presented in 2009 IEEE/ASME conference on advanced
intelligent mechatronics (pp. 1810–1815), Singapore, July 2009.

Hu, C., Yao, B., & Wang, Q. (2009b). Coordinated adaptive robust contour-
ing control of an industrial biaxial precision gantry with cogging force
compensations. IEEE Transactions on Industrial Electronics, in press
(doi:10.1109/TIE.2009.2030769).

Koren, Y. (1980). Cross-coupled biaxial computer control for manufacturing
systems. ASME Journal of Dynamical Systems, Measurement, and Control, 102,
265–272.

Li, P. Y. (1999). Coordinated contour following control for machining operations —
A survey. In Amer. control conf. (pp. 4543–4547).

Lu, L., Chen, Z., Yao, B., & Wang, Q. (2008). Desired compensation adaptive robust
control of a linear motor driven precision industrial gantry with improved
cogging force compensation. IEEE/ASME Transactions on Mechatronics, 13(6),
617–624.

Lu, L., Yao, B., Wang, Q., & Chen, Z. (2009). Adaptive robust control of linear motors
with dynamic friction compensation using modified lugre model. Automatica,
45(12), 2890–2896.

Xu, L., & Yao, B. (2008). Adaptive robust control of mechanical systems with
nonlinear dynamic friction compensation. International Journal of Control, 81(2),
167–176.

Xu, L., & Yao, B. (2000). Coordinated adaptive robust contour tracking of linear-
motor-driven tables in task space. In Proc. of IEEE conf. on decision and control.
Sydney (pp. 2430–2435).

Xu, L., & Yao, B. (2001a). Adaptive robust precision motion control of linear
motorswith negligible electrical dynamics: Theory and experiments. IEEE/ASME
Transactions on Mechatronics, 6(4), 444–452.

Xu, L., & Yao, B. (2001b). Output feedback adaptive robust precision motion control
of linear motors. Automatica, 37(7), 1029–1039.

Yao, B. (1997). High performance adaptive robust control of nonlinear systems: a
general framework and new schemes. In Proc. of IEEE conference on decision and
control, San Diego (pp. 2489–2494).

Yao, B. (1998). Desired compensation adaptive robust control. In The ASME
International Mechanical Engineers Congress and Exposition (IMECE). DSC-Vol. 64,
pp. 569–575. Anaheim. Revised full paper will appear in Transactions of ASME,
Journal of Dynamic Systems, Measurement and Control, 2009.

Yao, B. (2003). Integrated direct/indirect adaptive robust control of SISO nonlinear
systems transformable to semi-strict feedback forms. In American Control
Conference (pp. 3020–3025). The O. Hugo Schuck Best Paper (Theory) Award
from the American Automatic Control Council in 2004.

Yao, B., Bu, F., Reedy, J., & Chiu, G. T. C. (2000). Adaptive robust control of single-
rod hydraulic actuators: Theory and experiments. IEEE/ASME Transactions on
Mechatronics, 5(1), 79–91.

Yao, B., Chan, S. P., & Wang, D. (1994). Unified formulation of variable structure
control schemes to robot manipulators. IEEE Transactions on Automatic Control,
39(2), 371–376.

Yao, B., & Tomizuka, M. (1996). Smooth robust adaptive sliding mode control of
robot manipulators with guaranteed transient performance. Transactions of
ASME, Journal of Dynamic Systems, Measurement and Control, 118(4), 764–775.

Yao, B., & Tomizuka, M. (2001). Adaptive robust control of MIMO nonlinear systems
in semi-strict feedback forms. Automatica, 37(9), 1305–1321.

Chuxiong Hu is currently a direct Ph.D. student in
Mechatronic Control Engineering at Zhejiang University in
China, from which he received his B.Eng. degree in 2005.
His research interests include coordinatedmotion control,
precision mechatronics, adaptive control, robust control
and nonlinear systems.

Bin Yao received his Ph.D. degree inMechanical Engineer-
ing from University of California at Berkeley in February
1996 after obtaining the M.Eng. degree in Electrical En-
gineering from Nanyang Technological University, Singa-
pore, in 1992, and the B.Eng. in Applied Mechanics from
Beijing University of Aeronautics and Astronautics, China,
in 1987. He has been with the School of Mechanical Engi-
neering at Purdue University since 1996 and promoted to
the rank of Professor in 2007. He was honored as a Kuang-
piu Professor at the Zhejiang University in China in 2005.
Dr. Yao was awarded a Faculty Early Career Develop-

ment (CAREER) Award from the National Science Foundation (NSF) in 1998 and
a Joint Research Fund for Outstanding Overseas Chinese Young Scholars from the
National Natural Science Foundation of China (NSFC) in 2005. He is the recipient
of the O. Hugo Schuck Best Paper (Theory) Award from the American Automatic
Control Council in 2004 and the Outstanding Young Investigator Award of ASME
Dynamic Systems and Control Division (DSCD) in 2007. He has chaired numer-
ous sessions and served in the International Program Committee of various IEEE,
ASME, and IFAC conferences. From 2000 to 2002, he was the Chair of the Adap-
tive and Optimal Control Panel and, from 2001 to 2003, the Chair of the Fluid
Control Panel of the ASME Dynamic Systems and Control Division (DSCD). He is
currently the Chair of the ASME DSCD Mechatronics Technical Committee. He was
a Technical Editor of the IEEE/ASME Transactions on Mechatronics from 2001 to
2005 and an Associate Editor of the ASME Journal of Dynamic Systems, Measure-
ment, and Control from 2006 to 2009. More detailed information can be found at:
https://engineering.purdue.edu/~byao

Qingfeng Wang received his Ph.D. and M.Eng. degrees in
Mechanical Engineering from Zhejiang University, China,
in 1994 and 1988 respectively. He then became a faculty
at the same institution where he was promoted to the
rank of Professor in 1999. He was the Director of the State
Key Laboratory of Fluid Power Transmission and Control
at Zhejiang University from 2001 to 2005 and currently
serves as the Director of the Institute of Mechatronic Con-
trol Engineering. His research interests include the electro-
hydraulic control components and systems, hybrid power
system and energy saving technique for construction ma-

chinery, and system synthesis for mechatronic equipments.


