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Abstract

The recently proposed saturated adaptive robust controller is integrated with desired trajectory compensation to achieve global stability with9
much improved tracking performance. The algorithm is tested on a linear motor drive system which has limited control effort and is subject to
parametric uncertainties, unmodeled nonlinearities, and external disturbances. Global stability is achieved by employing back-stepping design11
with bounded (virtual) control input in each step. A guaranteed transient performance and final tracking accuracy is achieved by incorporating
the well-developed adaptive robust controller with effective parameter identifier. Signal noise that affects the adaptation function is alleviated13
by replacing the noisy velocity signal with the cleaner position feedback. Furthermore, asymptotic output tracking can be achieved when only
parametric uncertainties are present.15
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction19

Significant research has been devoted to the globally stable
controls with input saturation due to the unavoidable actuator21
saturation for any physical devices (Bernstein & Michel, 1995).
Research has been done that focuses on either the ad-hoc tech-23
nique of anti-windup or system stabilization via account of the
saturation nonlinearities at the controller design stage. All the25
studies in Sussmann and Yang (1991), Lin and Saberi (1995),
Teel (1992, 1995) assumed that the systems under investigation27
are linear and the system parameters are all known, which is not
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true for most physical systems. Nonlinear factors such as fric-
tion and hysteresis affect system behavior significantly and are 31
rather difficult to model precisely. It is not unusual that some
of the system parameters are unknown or have variable values. 33
Unpredictable external disturbances also affect the system per-
formance. Therefore, it is of practical importance to take these 35
issues into account when solving the actuator saturation prob-
lem. Gong and Yao (2000) combined the saturation functions 37
proposed in Teel (1992) with the adaptive robust control (ARC)
strategy proposed in Yao and Tomizuka (1997), Yao (1997) and 39
achieved global stability and good performance for a chain of
integrators subject to matched model uncertainties. Recently, 41
a new saturated control structure was introduced in Hong and
Yao (2005). This new scheme is based on backstepping design 43
(Krstić, Kanellakopoulos, & Kokotovic, 1995) and ARC strat-
egy Yao (1997), Yao and Tomizuka (1997) the control law is 45
designed to ensure fast error convergence during normal work-
ing conditions while globally stabilizing the system for a much 47
larger class of modeling uncertainties than those considered in
Gong and Yao (2000). 49

The saturated ARC proposed in Hong and Yao (2005) has
been applied to a linear motor positioning system. As revealed 51
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in Yao (1998), some implementation problems were encoun-53
tered. For example, a noisy velocity measurement may restrict
the achievable performance due to the state-dependent regres-55
sor. In this paper, the desired trajectory replaces the actual state
in the regressor for both model compensation and parameter57
adaptation in order to further improve the tracking performance
while preserving global stability. Furthermore, by using the “in-59
tegration by parts” technique (Xu & Yao, 2001), the resulting
parameter estimation algorithm uses only the feedback position61
signal, which has micrometer resolution and much less noise
contamination than the velocity signal used in Hong and Yao63
(2005). Comparative experimental results show that the track-
ing error is reduced almost by half.65

2. Problem formulation

The essential dynamics of the linear motor system detailed67
in Xu and Yao (2001) are

Mÿ = Kf u − Bẏ − FscSf (ẏ) + d(t), (1)69

where M is the inertia of the payload plus the coil assembly, y
is the stage position, u is the control voltage with an input gain71
of Kf , B and Fsc represent the two major friction coefficients,
viscous and Coulomb, respectively, Sf (ẏ) is a differentiable73
with uniformly bounded derivatives, non-decreasing function
that approximates the discontinuous sign function sgn(ẏ) which75
is normally used in the modeling of Coulomb friction as in
Xu and Yao (2001), d(t) represents the lumped friction model-77
ing error, other unmodeled dynamics (e.g., the force ripples of
linear motors), and external disturbances.79

The above system is subject to unknown parameters due to
payload variation, uncertain friction coefficients, and lumped81
neglected model dynamics and external disturbances. In this
paper, the mass term M is assumed to be known since, com-83
pared to other terms, it is unlikely to change once the payload is
fixed and easy to estimate accurately either off-line or on-line;85
it is nevertheless noted that the method presented below can be
extended to the case when M is unknown without much theo-87
retical difficult. The low frequency component of the lumped
uncertainties is modeled as an unknown constant. Therefore,89
letting x = [x1, x2]T := [y, ẏ]T be the state vector, the above
governing dynamic equations can be rewritten in a state-space91
form as

ẋ1 = x2,

ẋ2 = − Bmx2 − FscmSf (x2) + d0m + � + Kf

M
u

= �T(x)� + � + u, (2)93

where �(x) = [−x2, −Sf (x2), 1]T is the regressor, � =
[Bm, Fscm, d0m]T = [B, Fsc, d0]T/M is the vector of unknown95
parameters to be adapted on-line, in which d0m represents the
nominal value of the normalized disturbance dm(t) = d(t)/M ,97
� = dm(t) − d0m represents the variation or high frequency
components of dm(t), and u = Kf ∗ u/M is the normal-99
ized control input whose upper and lower limits can be101

calculated from the physical input saturation level. The follow-
ing practical assumptions are made: 103

Assumption 1. The extents of the parametric uncertainties are
known, i.e., 105

Bm ∈ [Bml, Bmu], Fscm ∈ [Fscml, Fscmu],
where Bm, Fscm are positive according to the real system and 107
Bml , Bmu, Fscml , Fscmu are known.

Assumption 2. The lumped disturbance dm(t) is bounded, i.e., 109

|dm(t)|��dm,

where �dm is known. 111

The desired trajectory, position x1d , velocity x2d = ẋ1d and
acceleration ẍ1d , are assumed to be known and bounded. Let 113
ubd represent the normalized bound of the actuator author-
ity. The saturation control problem can be stated as: under 115
the above assumptions and the normalized input constraint of
|u(t)|�ubd , design a control law that globally stabilizes the 117
system and makes the output tracking error z1 =x1 −x1d(t) as
small as possible. 119

3. Saturated desired compensation ARC

3.1. Controller structure 121

From Assumptions 1 and 2, it is obvious that the parameter
vector � belongs to a set �� as � ∈ �� = {�min ����max}, 123
where �min =[Bml , Fscml, −�dm]T, �max =[Bmu, Fscmu, �dm]T,
and the operation � for two vectors is performed in terms of 125
their corresponding elements. Let �̂ denote the estimate of � and
�̃ be the estimation error �̃ = �̂ − �. The following projection- 127
type parameter adaptation law (Yao & Tomizuka, 1997) is used

˙̂
� = Proj �̂(��), �̂(0) ∈ ��, (3) 129

Proj �̂(•i ) =
{0 if �̂i = �i max and •i > 0,

0 if �̂i = �i min and •i < 0,

•i otherwise,
(4)

where � is a diagonal matrix of adaptation rates and � is an 131
adaptation function to be synthesized further on. Such a pa-
rameter adaptation law has the following desirable properties 133
(Yao, 1997).

(P1) The parameter estimates are always within the known 135
bound at any time instant, i.e., �̂(t) ∈ ��.

(P2) �̃
T
(�−1Proj �̂(��) − �)�0, ∀�.

137
The controller design follows the same back-stepping proce-

dure as in Hong and Yao (2005). Define z1 = x1 − x1d as the 139
tracking error, �1 as the bounded virtual control law designed
for z1 dynamics, which is ż1 = x2 − ẋ1d . Define z2 = x2 − �1, 141
then z1 dynamics become

ż1 = z2 + �1 − ẋ1d . (5) 143
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Fig. 1. Saturated robust control term for z1.

The adaptive robust control law for �1 is proposed as

�1 = �1a + �1s , �1a = ẋ1d , �1s = −�1(z1), (6)145

where �1(z1) is a saturation function and will be described in
detail further on. Substituting (6) into (5) gives,147

ż1 = z2 − �1(z1), (7)

where �1(z1) is designed to be a smooth (first order differen-149
tiable), non-decreasing, saturation function with respect to z1
and have the following four properties:

151
(i) If |z1| < L11, then �1(z1) = k1z1,

(ii) z1�1 > 0, ∀z1 �= 0,153
(iii) |�1(z1)|�M1, ∀z1 ∈ R,
(iv) ��1/�z1 �k1 if |z1| < L12, and ��1/�z1 = 0 if |z1|�L12.155

Graphically, this function is shown in Fig. 1 and L11, L12, k1,
M1 are the design parameters. From (2) and (6) the dynamics157
of z2 become

ż2 = ẋ2 − �̇1 = �T(x)� + � + u − ẍ1d + ��1

�z1
(z2 − �1). (8)

159

Let u = ua + us , where ua and us represent the model com-
pensation and the robust term, respectively. The essential idea161
is to use ua to compensate the known model dynamics and us

to deal with the model mismatch plus disturbance. Meanwhile,163
both ua and us should be bounded to make sure that the total
control effort stays within its limit.165

Naturally, it is intuitive to make the model compensation
term ua cancel the model dynamics �(x)T�̂. However, since the167
regressor depends on the actual state, it is impossible to put a
bound on ua , which contradicts the essence of saturated control.169
Furthermore, the adaptation function � has to be synthesized
as � = �z2, where both terms involve the feedback velocity171
signal. As pointed out in Xu and Yao (2001), such an adaptation
structure has potential implementation issues. For example, if173
the velocity feedback is calculated via the backward difference
method from the position signal, a slow adaptation rate has175
to be used because of the effect of severe noise and this may
degrade the achievable tracking performance. To overcome all177

these problems, it is proposed here to re-formulate the regressor 179
as a function of the desired trajectory (9) only

ua = −�T
d �̂ + ẍ1d + ��1

�z1
�1, (9)

181

where �d = �(xd) = [−x2d , −Sf (x2d), 1]T.
Given property (P1) of the parameter identifier, the known 183

desired trajectory and properties (iii) and (iv) of �1, it is easy
to determine uabd , the upper bound of |ua|. Obviously, for the 185
desired trajectory to be physically trackable, uabd has to be less
than the bound of the actuator authority, i.e., |ua|�uabd < ubd . 187
Based on this formulation, the adaptation function can be cho-
sen as �=�dz2, which is now linearly dependent on the noise- 189
contaminated velocity feedback. To further reduce the noise
effect in implementation, the cleaner high-resolution position 191
signal will be employed instead of the velocity feedback as de-
tailed later. As a result, higher adaptation rates can be used and 193
smaller steady state tracking errors are expected.

Returning to z2 dynamics (8) and applying the model com- 195
pensation ua in (9) gives,

ż2 = �(x)T� − �T
d �̂ + � + ��1

�z1
z2 + us . (10)

197

�(x)T� − �T
d �̂ can be written as [�(x)T − �T

d ]� − �T
d �̃. Fur-

thermore, by applying the Mean Value Theorem, 199

(�(x)T − �T
d )� = −Bmż1 − Fscmg(x2, t)ż1, (11)

where g(x2, t) is bounded and non-negative as Sf (x2) is a 201
non-decreasing function with uniformly bounded derivatives.
Substituting (11) and (7) into (10), 203

ż2 = (Bm + Fscmg)�1 + (−�T
d �̃ + �)

+
(

−Bm − Fscmg + ��1

�z1

)
z2 + us . (12)

In order to actively take into account the actuator satu- 205
ration problem when the control law is designed, another
non-decreasing function �2(z2) is used to construct us . Let 207
us = −�2(z2), where �2(z2) has the following properties:

(i) ∀z2 ∈ {z2 : |z2| < L21}, �2(z2) = k21z2. 209
(ii) ∀z2 ∈ {z2 : L21 � |z2|�L22}, ��2/�z2 �k21, �2(L22) =

M2 and �2(−L22) = −M2. 211
(iii) ∀z2 ∈ {z2 : |z2| > L22}, |�2(z2)|�M2.

Notice this is the last channel of the system and us is a part of the 213
real control input, therefore �2(z2) only needs to be continuous
instead of smooth.Fig. 2 shows an example of �2(z2) that has 215
all the required properties. The reason that two linear segments
with different gains are used for �2(z2) is because low noise 217
effect at steady-state tracking and high disturbance attenuation
during transient could both be achieved in this way, as detailed 219
in Remark 1 in the following. The design parameters are L21,
k21, L22, k22. The complete form of control input is thus as 221
follows:

u = −�T
d �̂ + ẍ1d + ��1

�z1
�1 − �2(z2). (13)

223
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Fig. 2. Saturated robust control term for z2.

Remark 1. �2(z2) has two regions with different gains whereas
�1(z1) only has one linear gain. This is because model mis-225
match and uncertainties only appear in z2 dynamics. The region
with moderate gain k21 represents the normal operation of the227
system and is selected to achieve high performance like short
transient periods and small tracking errors while remaining in-229
sensitive to noise effects. When |z2| is between L21 and L22,
for example under some unexpected disturbance or large model231
mismatch, more aggressive gain k22 is employed to improve
the disturbance rejection performance. This high gain k22 could233
also be designed as a certain nonlinear function for further im-
provement. When an emergency happens, such as an overpow-235
ering random strike on the positioning stage that drags system
states far away from the normal operation region, i.e.|z2|?L22,237
�2 can be a constant as the example Fig. 2 so that the overall
control effort is always guaranteed to stay within the physical239
limit of the actuator. Or, for better transient performance, no
upper bound is imposed on �2 and when large error occurs,241
just let the actuator get saturated since no integral action is in-
troduced to this part of the control law.243

3.2. Global stability and constraints on design parameters

Combining (7) and (12), the error dynamics can be rewritten245
as follows:

ż1 = z2 − �1(z1),

ż2 = (Bm + Fscmg)�1︸ ︷︷ ︸ +(−�T
d �̃ + �)

+
(

−Bm − Fscmg︸ ︷︷ ︸ +��1

�z1

)
z2 − �2(z2). (14)

247

It can be seen that the underbraced terms in (14) are new com-
pared to the error dynamics in Hong andYao (2005). The global249
stability of such a system is proved as follows. The essential
idea is to divide the plane into four regions and analyze the251
error dynamics in each region. The conclusion is that no mat-
ter where the initial state starts, the trajectory will converge to253
a preset region �c = {z1, z2 : |z1|�L11, |z2|�L22} in finite
time with the upper bound of the convergence time estimated255
accordingly.

As to the additional terms, (Bm + Fscmg)�1 can be lumped257
with the model mismatch −�T

d �̃+� and the total effect can be

Fig. 3. z1–z2 plane.

found bounded by a constant h, i.e., |(Bm +Fscmg)�1 −�T
d �̃+ 259

�|�h, since all the signals involved are bounded. Furthermore,
(−Bm−Fscmg)z2 actually acts as a damping term, which helps 261
to preserve stability even though its effect is trivial compared
to the high gain robust term. 263

To prove the global stability of the controlled system,
the following constraints are required for design parameters: 265
(a) k21 > k1, (b) k1L11 > L22, (c) h < M2 − k1M1, and (d)
M2 �ubd − uabd . 267

Theorem 1. With the proposed controller (6), (13) satisfying
conditions (a)–(d), all signals are bounded. Furthermore, the 269
error state [z1, z2]T reaches the preset region �c in a finite time
and stay within thereafter. At steady state, the final tracking 271
error is bounded above by |z1(∞)|� h

k1(k21−k1)
.

Proof. With conditions (b) and (c), there exist positive 	1,	2 and 273
	3, such that h+ k1(M1 + 	1)+ 	2 < M2 and L22 + 	3 < k1L11.
Noting M1 > k1L11 > L22, as shown in Fig. 3, the entire z1–z2 275
plane is divided into four regions �1–�4 defined as follows:

�c = {z : |z1|�L11, |z2|�L22}, 277

�1 = {z : |z2|�M1 + 	1},
�2 = {z : z2(z1 − sign(z2)L12) > 0, |z2| > M1 + 	1}, 279

�3 = {z : |z1|�L12, |z2| > M1 + 	1},
�4 = {z : z2(z1 + sign(z2)L12) < 0, |z2| > M1 + 	1}. 281

Notice that �c ⊂ �1.

Claim 1. Any trajectory starting from �1 will enter �c ıin a 283
finite time t1c and stay within thereafter.

Proof. Consider the trajectory with the state satisfying 285
L22 � |z2(t)|�M1 + 	1 first. Then, noting the properties of
�1(z1) and �2(z2), the following inequality can be established 287
according to the error dynamics (14):

z2ż2 � |z2|(h − (Bm + Fscmg)|z2| + k1|z2| − |�2(z2)|)
� |z2|(h + k1(M1 + 	1) − M2)� − 	2|z2|. (15) 289
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Eq. (15) indicates that any trajectory starting with an initial
state of L22 � |z2(0)|�M1 + 	1 will reach the region �5 = {z :291
|z2(t)|�L22} in a finite time t1c,2 and stay within �5 thereafter.
Furthermore, the upper bound of the reaching time t1c,2 is293

t1c,2 � max

{
0,

|z2(0)| − L22

	2

}
. (16)

Within the region �5, i.e., |z2(t)|�L22, if |z1(t)| > L11, from295
(14) and properties (i) and (ii) of the non-decreasing function
�1(z1),297

z1ż1 � |z1|L22 − |�1(z1)|� |z1|(L22 − k1L11)� − 	3|z1|. (17)

Thus, any trajectory starting within �5 with |z1(0)| > L11 will299
reach the region �c in a finite time t1c,1 and stay within �c

thereafter. Furthermore, the upper bound of the reaching time301
t1c,1 can be obtained from (17) as,

t1c,1 � max

{
0,

|z1(t1c,2)| − L11

	3

}
. (18)303

Combine (16) and (18), the upper bound of the reaching time
for the trajectory starting within �1 to �c is obtained305

t1c = t1c,2 + t1c,1

� max

{
0,

|z2(0)| − L22

	2

}

+ max

{
0,

|z1(t1c,2)| − L11

	3

}
. (19)

Via similar analysis as above, the following Claim 2–4 can be307
proved. The details are skipped due to the page limit.

Claim 2. Any trajectory starting from �2 will enter �1 in a309
finite time t21 �(|z2(0)| − (M1 + 	1))/M2 − h.

Claim 3. Any trajectory starting from �3 will enter ei-311
ther �1 in a finite time t31, or �2 in a finite time t32, with
t31 � t32 � |L12 sign(z2) − z1(0)|/	1.313

Claim 4. Any trajectory starting from �4 will enter either �1
in a finite time t41 �(|z2(0)| − (M1 + 	1))/M2 − h, or �3 in a315
finite time t43 �(|z1(0)| − L12)/2M1 + 	1.

In all, with Claims 1–4, no matter where the trajectory starts,317
it will enter �c in a finite time and stay within thereafter. As
shown in the upper half plane of Fig. 3, little black arrows319
represent the phase portrait and big hollow arrows indicate the
state travelling from one region to another with the reaching321
time marked on. The global stability is thus proved.

Once the trajectory enters �c = {z : |z1|�L11, |z2|�L22},323
the error dynamics become

ż1 = z2 − k1z1,

ż2 = (−
T
b �̃ + �) + (−Bm + k1)z2 − �2(z2). (20)325

Define a positive semi-definite function V2 = z2
2/2 and let

ks = k21 − k1. From the second equation of (20), the derivative327

of V2 is given by 329

V̇2 = z2ż2 � |z2|(h + k1|z2| − k21|z2|)
� − ks

2

(
|z2| − h

ks

)2

+ h2

2ks

− ks

2
z2

2

� − ksV2 + h2

2ks

(21)

which leads to the following inequality: 331

V2(t)� exp(−kst)V2(0) + h2

2k2
s

[1 − exp(−kst)]. (22)

From (22), the steady state of z2 is bounded by |z2(∞)|�h/ks . 333
Then, according to the first equation of (20), the steady state
tracking error z1 is bounded by |z1(∞)|�h/k1ks = h/k1 335
(k21 − k1).

Remark 2. Constraint (a) requires the gain in the second chan- 337
nel to be greater than k1 in order to overpower the term ��1/�z1
in z2 dynamics (14). Constraint (b) guarantees that once z2 is 339
bounded within a pre-set range, z1 is ensured to decrease and
be bounded accordingly. Constraint (c) implies that, for the de- 341
sign problem to be meaningful, the level of lumped modeling
error and disturbance should be within the limit of the control 343
authority available for robust feedback. Constraint (d) implies
that a trade-off has to be made between the amount of model 345
uncertainties to which the system can be made robust, and the
aggressiveness of the trajectory that it can follow. Overall, these 347
constraints are easy to meet practically and are favorably posed
to attain global stability as well as good local performance. To 349
be more specific, theoretically there is no absolute restriction
on how large the feedback gains (k1, k21, k22) can be. Ideally, 351
this means the steady-state tracking error can be made arbitrar-
ily small as seen from Theorem 1. In terms of robustness, the 353
controlled system can tolerate a large class of modeling error
and external disturbances, even those with the magnitude close 355
to M2. Whereas in Gong and Yao (2000), significant conserva-
tiveness exists on this matter. 357

3.3. Asymptotic tracking

If the considered system is subject to only parametric un- 359
certainties, better performance such as zero final tracking error
can be achieved. To prove the asymptotic tracking, a strength- 361
ened constraint denoted as (a∗) is posed along with constraints
(b)–(d): 363

(a∗) k21 − k1 > 1
2 (Bm + Fscmg + 1)2.

Theorem 2. With the proposed controller (6), (13) satisfying 365
conditions (a∗), (b)–(d) and the adaptation law (3), (4), asymp-
totic output tracking is achieved if the system is only subject to 367
parametric uncertainty, i.e., � = 0, ∀t .

Proof. Following Theorem 1, the trajectory will eventually en- 369
ter �c = {z : |z1|�L11, |z2|�L22}, then the asymptotic track-
ing under condition � = 0 is proved as follows. Define a 371
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positive semi-definite function Va = 1
2z2

2 + 1
2 �̃

T
�−1�̃ + 1

2k1z
2
1,

with property (P2) of the parameter estimation law, its deriva-373
tive V̇a becomes

V̇a = z2ż2 + �̃
T
�−1 ˙̃� + k1z1ż1

= z2((Bm + Fscmg)k1z1 − (Bm + Fscmg − k1)z2 − �2

− 
T
d �̃) + �̃

T
�−1Proj �̂(�
dz2) + k1z1(z2 − k1z1)

� − z2
2(Bm + Fscmg + k21 − k1)

+ z1z2(k1(Bm + Fscmg + 1)) − z2
1k

2
1. (23)375

Define matrix A as follows:

A=
(

Bm+Fscmg+k21−k1−ka − 1
2k1(Bm+Fscmg+1)

− 1
2k1(Bm+Fscmg+1) 1

2k2
1

)
,377

where ka is a positive constant. As long as k21 is large enough
to satisfy the following inequality:379

k21 � 1
2 (Bm + Fscmg + 1)2 + k1 + ka − Bm − Fscmg (24)

which is guaranteed by condition (a∗), matrix A is positive381
semi-definite. Therefore (23) can be rewritten as,

V̇a � − kaz
2
2 − 1

2k2
1z2

1. (25)383

As a result, both z1 and z2 approach to the origin asymptotically.
�385

4. Comparative experiments

4.1. System setup387

The linear motor system under study is described in Xu and
Yao (2001). The saturated desired compensation ARC algorithm389
is designed and tested on the Y -axis of the stage. The mass of
the stage and coil assembly is 3.34 kg and the input gain Kf391
is 27.79. The corresponding bound ubd is 83.32. The sampling
frequency is 2.5 kHz and the resolution of the position sensor393
is 1 �m.

4.2. Implementation issues and design parameters395

As mentioned in the controller structure section, there are
two main issues which need further consideration in implemen-397
tation. The motor system is normally equipped with a high-
resolution encoder which provides very clean position feed-399
back in contrast to a noisy velocity signal. To further alleviate
the noise effect, the parameter estimates can be updated as in401
Xu and Yao (2001), with position measurements only.

Another modification is made to function �2. The example403
�2 as shown in Fig. 2 has a constant control effort as |z2| > L22,
which introduces a certain degree of conservativeness. In other405
words, the actual amount of control effort for the model com-
pensation ua during most of the running period is much smaller407
than the estimated upper bound. Therefore the actuator has not
put in all available power to attenuate the disturbance although409
the robust control term reaches its maximum value. To improve
the system’s ability to cope with large disturbances, the mag-411
nitude restriction on function �2 is removed so that �2 keeps
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Fig. 4. Tracking error W/O disturbance.
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Fig. 5. Tracking error W/O disturbance (zoomed in portion).

increasing monotonically and the physical actuator becomes 413
saturated naturally. Such a �2 still satisfies properties (i)–(iii)
and thus the overall system’s global stability is guaranteed. 415

Design parameters are determined from conditions (a)–(d)
described before. Furthermore, with a clean position signal em- 417
ployed in the parameter adaptation law, higher robust gain and
adaptation rates can be utilized for this scheme. 419

The control parameters are selected as follows, L11 =25 �m,
L12 = 30 �m, k1 = 750, M1 = 0.0206, L21 = 0.0094 m, k21 = 421
k1 +600, k22 =k21 +200, M2 =0.99(ubd −uabd), L22 =(M2 −
k21L21)/k22 + L21. It can be verified that these parameters 423
satisfy the design constraints (a)–(d).

4.3. Comparative experiment results 425

The desired trajectory is a point-to-point movement, with a
distance of 0.4 m, a maximum velocity of 1 m/s and a maxi- 427
mum acceleration of 12 m/s2. In implementation, the system is
at rest and there is no control input during roughly the first 20 s. 429
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The comparative experiments are conducted with three con-
trollers under two different conditions, with no disturbances and431
with 1V input disturbance, respectively. The controllers are:
(i) the conventional PID with similar closed-loop bandwidth433
Xu and Yao, 2001, (ii) the saturated ARC (SARC) described
in Hong and Yao (2005), and (iii) the saturated DCARC (SD-435
CARC) proposed in this paper. The tracking errors with three
controllers under different conditions are compared in Figs. 4437
and 7. Figs. 5 and 8 are the magnified views over one moving
period. The control inputs are shown in Figs. 6 and 9. Under439
both conditions, it is seen that the proposed SDCARC achieves
the best position tracking performance. In order to gain more441
insight in a quantitative manner, the performance indexes used
in Xu and Yao (2001) are listed in Table 1 to make the compar-443
ison more apparent. These results verify the high-performance
nature of the proposed SDCARC, and the performance robust-445
ness to disturbances and modeling uncertainties under normal
working conditions.447
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22 24 26 28 30 32 34 36 38

-6
-4
-2
0
2
4

time (sec)

C
o
n
tr

o
l 
in

p
u
t 
(V

)
PID

24 26 28 30 32 34 36 38 40

-6
-4
-2
0
2
4

time (sec)

SARC

24 26 28 30 32 34 36 38 40

-6
-4
-2
0
2
4

time (sec)

SDCARC
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Table 1

W/o disturbance W/disturbance

Controller PID SARC SDCARC PID SARC SDCARC

eM(�m) 23.1 27.6 11.1 33.0 31.0 15.2
eF (�m) 22.5 26.8 10.4 23.0 26.7 11.4
L2[e](�m) 3.89 5.06 1.82 4.57 5.18 2.45
L2[u](V ) 1.02 1.09 1.02 1.41 1.34 1.26
Cu 0.191 0.146 0.352 0.138 0.118 0.285

To illustrate the global stability of the proposed SDCARC,
as well as how effectively the controlled system deals with the 449
practical scenario of experiencing an accident, such as a strong
but short disturbance, experiments are conducted as follows. 451
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Fig. 11. SDCARC W/6V disturbance (the whole process).

The actual input limit of the hardware is 10V, therefore the
physical limit of the control input is purposely set at 4V, so that453
a step input, with the amplitude of 6V and a duration of 0.1 s,
can be injected as a disturbance and realized by the hardware.455
The desired trajectory is also changed to be less aggressive due
to the reduced control input authority, with a distance of 0.1 m,457
a maximum velocity of 0.02 m/s and a maximum acceleration
of 0.1 m/s2.459

When applying the PID controller with the striking distur-
bance, in simulation the system goes unstable as shown in461
Fig. 10 due to “integration wind-up”. With the other two con-
trollers it is stable and shows similar performance. Experimen-463
tal results for the proposed SDCARC are shown in Figs. 11–13.
Fig. 11 provides an overall view of the tracking error and con-465
trol input during total operation time. Fig. 12 emphasizes the
period when the strong input disturbance is added. As seen from467

25.5 26 26.5 27 27.5 28 28.5 29

-0.02

0

0.02

0.04

0.06

time (sec)

p
o
s
it
io

n
 e

rr
o
r 

(m
)

25.5 26 26.5 27 27.5 28 28.5 29

-4

-2

0

2

4

time (sec)

c
o
n
tr

o
l 
in

p
u
t 
(v

)

Fig. 12. SDCARC W/6V disturbance (in the presence of the disturbance).
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Fig. 13. SDCARC W/6V disturbance (zoomed in portion at steady-state).

the plots, when the strong input disturbance is inserted around
25.8584 s, the control input is not sufficient to overpower the 469
disturbance, hence it saturates at the 4V limit and large tracking
error accumulates to around 50 mm. However, after the strong 471
input disturbance is removed 0.1 s later, the tracking error re-
duces to the encoder resolution level of 1 �m after reaching 473
steady state, Fig. 13. These results verify the guaranteed global
stability of the proposed SDCARC. 475

5. Conclusion

A saturated desired compensation adaptive robust control al- 477
gorithm has been proposed. It is designed to improve tracking
performance as well as to preserve global stability for the lin- 479
ear motor system which is subject to limited control authority,
model uncertainties, and external disturbances. Such a goal is 481
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accomplished by utilizing a pre-calculated desired trajectory
instead of actual state feedback in the regressor and replac-483
ing the use of the velocity signal by the position signal in the
adaptation law. This reduces the noise effect and increases the485
closed-loop bandwidth. Experiments are presented, which com-
pare the improved algorithm with the previous work in Hong487
and Yao (2005). The results confirm the superiority of the pro-
posed scheme: guaranteed global stability, and excellent track-489
ing performance under normal working conditions.
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