
 
 

 

Abstract— Linear electrical loading system (LELS) driven 
by electrical cylinder with permanent magnet synchronous 
motor (PMSM) offers several advantages of high transmission 
efficiency and high precision positioning, however these 
advantages are obtained at the expense of larger friction in 
mechanism and added difficulties in controlling such a force 
servo system. To address the problems, the LuGre friction 
model is modified with a smooth transition function between 
low speed and high speed to make the internal state steady, 
then the modified LuGre model is applied for dynamic friction 
compensation. Then a discontinuous-projection-based desired 
compensation adaptive robust controller (ARC) is constructed, 
which makes full use of the LuGre friction model in the 
presence of dynamic friction effects. Comparative simulation 
results are conducted on a LELS simulation system. The 
simulation results illustrate the effectiveness of the proposed 
scheme. 
 

Index Terms— Adaptive Robust Control; Dynamic Friction; 
LuGre Model; Force Control 

I. INTRODUCTION 

HE high-precision/quick-response loading system is 
often required in modern mechanical system. Loading 

system is mainly used for fatigue test and dynamic test of 
material, also for test performances of actuator with load. 
Currently, loading system commonly uses electro-hydraulic 
force/torque servo system which has the biggest advantages 
of high-power and large torque output. But the electro- 
hydraulic load system has several inherent drawbacks, such 
as serious pollution, low energy efficiency and maintenance 
inconvenience. Electrical loading system (ELS) becomes a 
good choice to simulate small or medium load due to the 
improvement of torque motor and its electronic drive 
components, and the deepening research of control theory. 
Compared to electro-hydraulic load simulator, the research 
of ELS is still in its starting, and characteristics and 
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problems of ELS need to keep exploring continually. 
According to loading form, the loading system can be 
divided into the rotary loading system and the linear loading 
system, and the study object in this paper is linear electrical 
loading system (LELS) which is constructed by electrical 
cylinder driven by permanent magnet synchronous motor 
(PMSM). 

Though direct-drive linear motors has some advantages, 
such as low friction and simple structure, but its output force 
tend to be small. Compared to direct-drive linear motor, the 
solution of electrical cylinder with PMSM has larger output 
force, and it is completely sufficient in some load systems 
which demand small or medium force. Electrical cylinder 
with precision transmission mechanism of ballscrew, can 
change rotary motion of PMSM to linear motion of electrical 
cylinder, thus to form a linear loading. In general, ballscrew 
offers several advantages of high transmission efficiency 
and high precision positioning. 

Electrical cylinder can achieve high-efficiency/high- 
precision larger output force over linear motor, however 
these advantages are obtained at the expense of larger 
friction in mechanism and added difficulties in controlling 
such a force servo system. The difficulties caused by friction 
in force servo system are far greater than the affects to 
position or speed control system, as the friction can directly 
affect the accuracy of the system output force, while the 
force tracking accuracy is the most important evaluation 
index of performance. In mechanical servo systems, friction 
is a very common nonlinear phenomenon that complicates 
the control algorithm design process and reduces output 
tracking accuracy. Friction not only seriously affect the 
servo system control precision, but also would result the 
crawling phenomenon in low-speed conditions, and even 
cause limit cycle [1], affect the stability of control system. 

A suitable friction model is required to predict and to 
compensate for the friction in servo control strategy that 
attempt to compensate for the effects of friction. During the 
past two decades, numerous techniques have been studied 
to solving the difficulties in modeling and compensation of 
dynamic friction [2], [3]. One novel continuous friction 
model is LuGre model developed by Canudas de Wit et al. 
in [4] which has been widely used in control system with 
dynamic friction compensation [5], [6]. The LuGre model is 
based on the average behavior of bristles and it can describe 
dynamic friction behaviors, such as presliding displacement, 
memorial friction, variable static force, viscous friction 
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Fig.1 The diagram of system dynamic model 

and Stribeck effect. But digital implementation of LuGre 
model will become unstable if speed is larger than a critical 
value [7], so the model is modified with a smooth transition 
function between low speed and high speed to make the 
internal state stead, then the modified LuGre model is 
applied for dynamic friction compensation. 

Then a powerful model-based compensation algorithm is 
needed, which has features of strong disturbance rejection, 
performance robustness to model uncertainties, and the 
ability of online learning in reducing model uncertainties to 
the achievable control performance. Yao and Tomizuka 
proposed an adaptive robust control (ARC) approach for 
high- performance robust control of uncertain nonlinear 
systems in the presence of both parametric uncertainties and 
uncertain nonlinearities [8]-[10]. ARC effectively combines 
techniques of adaptive control (AC) and deterministic robust 
control (DRC) and improves performance by retaining the 
advantages of both AC and DRC. The ARC has been 
extended to the desired compensation adaptive robust 
control (DCARC) [11], [12]. 

This paper generalizes the ARC approach to the high- 
performance force control of linear electrical loading system. 
Firstly, on the basis of detailed analysis of PMSM and 
electrical cylinder driving principles, the system dynamic 
models and dynamic friction model are built up. In the 
second half of this paper, the ARC algorithm with dynamic 
friction compensation using LuGre model is designed to 
overcome the problems of parametric uncertainties, 
uncertain nonlinearities and measurement noises. Then, the 
proposed algorithm is tested on a linear electrical loading 
system with significant friction force effect. Simulation 
results show that ARC algorithm for electrical loading 
system with dynamic friction compensation has excellent 
force tracking performance. 

The paper is organized as follows. Dynamic models of 
linear electrical loading system are presented in Section 2. 
The proposed ARC controller is shown in Section 3. 
Simulation results are presented in Section 4, and 
conclusions are drawn in Section 5. 

II. FORMULATION AND DYNAMIC MODELS 

A. System Dynamic Models 

The drive component of linear electrical loading system is 
constructed by PMSM (MH series) and electrical cylinder 
(ET series), and PMSM output shaft is directly connected to 
ballscrew of electric cylinder by the form of inline, then the 
output shaft of electrical cylinder is directly linked to the 
loaded object though a force sensor, while a linear encoder is 
installed at the side of output shaft of electrical cylinder for 
measuring linear displacement. The force sensor feedbacks 
the actual loading force signal to control system, and the 
signal from linear encoder is used as compensation signal, 

then the control algorithm will give out a output signal to 
motor diver for controlling PMSM to realize force loading. 
The load application in this paper is static loading, that is, 
one end of the force sensor is connected to output shaft of 
electrical cylinder while the other end is fixed, and its main 
purpose is to study the friction of LELS without taking 
deformation of loaded object into consideration. 

For the application studied, a power amplifier with 
current-feedback vector control strategy is used to drive 
PMSM forming the electromagnetic torque. Without going 
into the details of the working mechanisms of the amplifier 
and the motor, a popular dynamics model of PMSM that 
relates the generated electromagnetic torque emT  to the 
control input voltage u  to the amplifier can be represented 
by the following equations [13]: 

 q
i u m m q E m i q

di
K K u L R i C K i

dt
     (1) 

 em T qT C i  (2) 

where: iK  is current-loop control gain; uK  is voltage 
proportional coefficient; qi  represents the quadrature axis 
current; mL  and mR are the inductance and resistance of 
motor, respectively; EC  is back-EMF coefficient, while TC  
is electromagnetic torque coefficient; m  represents the 
angular displacement of motor shaft. 

Referring to electrical cylinder specification, Ballscrew 
the mechanical transmission efficiency of ballscrew 

90%  , screw lead 0.01L m . The resulting conversion 
relationship of ballscrew between torque sT  and force 

sF can be obtained as:  

 
2

s sF T
L

    (3) 

while conversion relationship between angular displacement 

s  of screw and linear displacement lx  of nut is:  

 
2l s

L
x 


   (4) 

In addition, the force sensor is a key component to 
connect electrical cylinder and loaded object, and it can be 
treated as a proportional part within its work scope, that is: 
 l fs lF K x  (5) 

where: fsK  is proportional coefficient of force sensor, and it 
can be accurately measured through experiments. 

The output shaft of motor is connected to ballscrew of the 
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electrical cylinder directly, so angular displacements are 
synchronous between motor shaft and screw if the stiffness 
of screw is large enough, while the output torque can be 
passed directly to the screw. In the following analysis, m  
and emT  are used to replace s  and sT , respectively. 

The diagram of system dynamic model is showed in Fig.1, 
and the system dynamics can be presented as [14]: 

 
2 1

[( ) ]
2 2

l
em d m s l l f

m L L
T T J J x F T

L


   

          (6) 

where: mJ  and sJ are moments of inertia of motor rotator 
and ballscrew, respectively; lm  is total mass of electrical 
cylinder linear motion parts; lx represents the displacement 
of electrical cylinder output shaft, while lF  represents the 
loading force; fT  represents the combination of stiction, 
Coulomb friction and viscous friction, and it will be 
formulated later; dT  represents the lumped effect of external 
disturbances. 

In the application of electrical loading system, the 
amplifier of the motor has a current-loop with the bandwidth 
higher than 1 kHz and this electrical dynamics can be 
neglected compared to the closed-loop bandwidth which the 
mechanical system can achieve. The power amplifier of 
PMSM thus can be treated as proportion during the design of 
control law, as: 
 em mT K u  (7) 

where mK  is proportional coefficient from the input control 
voltage u  to the torque emT  generated by PMSM, and it can 
be calculated based on the specifications provided by the 
manufacturer. 

Substituting (7) into (6), the following can be obtained: 
 n l n lu d M x K F f     (8) 

where: d

m

T

K
d  , ( )2 / /2m s l

m

J J L m L
n K

M    , 
2m

L
n K

K    , and 
f

m

T

K
f  . 

B. Dynamic Friction Model 

Loading System is a kind of typical force servo system, 
the system’s output is the loading force, so the friction effort 
of mechanical system can be directly reflected in the output 
feedback system, thus seriously affect the loading system 
control precision, and even affect system stability. So it 
should be necessary to compensate for the friction effects 
with dynamic friction model which can describe friction 
phenomena at low speed, especially, at crossing zero 
velocity. LuGre model proposed in [4] has been widely used 
in control system, and will be studied in this paper. Theories 
and experiments have shown that LuGre model can describe 
mostly dynamic friction behaviors synchronously, such as 
presliding displacement, variable static force, viscous 
friction and Stribeck effect synchronously. LuGre model 
considers the dynamic effects of the friction as a result of the 
deflection of bristles modeling the asperities between two 
contacting surfaces. The friction state essentially captures 
the average behavior of these bristles. 

With LuGre model, the friction is given by 
 0 1 2 lf z z x       (9) 

 | |

( )
l

l

x
l g x

z x z  
  (10) 

 
2( / )

0 0 0 0 1( ) l sx v
lg x e         (11) 

where 0 1,   are dynamic friction parameters and 
represents the stiffness coefficient and the damping 
coefficient respectively. Static parameters are given by 2 , 

0 0  , 0 0 1( )   , and sv  which represent viscous 
coefficient, Coulomb friction, stiction friction and Stribeck 
velocity respectively. z is the dynamics of the friction 
internal state, and 0 ( )lg x   describes the Stribeck effect. 

Then a decreasing 1( )lx   with respect to velocity is 
shown to be necessary in [15]. Thus we denote 1( )lx   as 

1 ( )lh x  , where ( )lh x  is a decay function with respect to 
velocity, satisfying the above conditions for passivity. With 
this modification, (9) can be rewritten as [16]:  
 0 1 2( )l lf z h x z x       (12) 

However, the model still has some implementation 
problems that the internal state z  is immeasurable and it 
makes dynamic friction compensation design very difficult. 
Namely, in order to compensate for the dynamic friction 
using LuGre model, it is necessary to build observers to 
estimate the unknown internal state z . With LuGre model, 
the observer dynamics would be of the form of 

 | |

( )
ˆ ˆl

l

x
l z zg x

z x z    


   (13) 

where z  is the observer gain and z  is the observer error 
correction function to be selected later. 

In [7], it is shown that digital implementation of the 
observer (13) will become unstable if speed is larger than a 
critical value which is proportionally related to the sampling 
rate. A modified model was proposed in [16], which is 
essentially equivalent to LuGre model at low speed and the 
static friction model at high speed, with a transition between 
these two models from low speed to high speed, but it is a 
difficulty to identify the exact value of Coulomb friction. 
Indeed, z will converge to zero when the speed exceeds a 
critical value, that mean z will be a stead value. A smooth 
transition of z for the modified LuGre model is proposed as: 

 | |

( )
(| |)( )l

l

x
l l g x

z s x x z  
   (14) 

where (| |)ls x  is a smooth transition function designed as: 

 1

2 1

1

(| | )
1 2

2

1 | |

(| |) cos[ ] 0.5 | |

0 | |

l

l

x v
l lv v

l

x v

s x v x v

x v

 


 


   







 



 (15) 

where 2 1 0v v   are the cutoff velocities to be selected 
based on the particular characteristics of system studied and 
the sampling rate of digital implementation. The character of 
this modified LuGre model is stopping update the internal 
state when speed is high enough and this solves the 
instability problem of the original LuGre model. 
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III. ARC OF LINEAR ELECTRICAL LOADING SYSTEM 

A. Design Models and Assumptions 

With the modified LuGre model proposed in Section 2, 
the system dynamics can be linearly parameterized as: 

 0 1 2( )n l n l l l nu d M x K F z h x z x d             (16) 

where nd  denotes the nominal value of d  and nd d d   
is the time-varying portion of the lumped uncertainties. 

Defining the force and velocity as the system state 
variables, i.e. 1 2[ , ] [ , ]T T

l lx x x F x  , from (16), the system 
can be expressed in state space form as: 

2

2

| |
2 2 ( )

(| |)( ) (17)x

g x
z s x x z   

1 2 (18)fsx K x  

2 1 0 1 2 2 2( ) (19)n n nM x u K x z h x z x d d            

Given the desired loading force trajectory ( )dF t , which is 
assumed to be known and bounded. With the assumed 
dynamic friction model having known structural 
information but unknown friction parameters (i.e., shape 
functions 2( )g x  and 2( )h x  are assumed to be known but 
the model parameters 0 1 2, ,    are unknown), the 
objective is to synthesize a control input u  so that the output 

1y x  tracks ( )d dx F t  as closely as possible in spite of 
various modeling uncertainties. 

In general, the system is subject to parametric 
uncertainties due to variations of mJ , sJ , lm , and the 
nominal value of the lumped disturbance d . In order to use 
parameter adaptation to reduce parametric uncertainties to 
improve the control performance, it is necessary to linearly 
parameterize the state space equations in terms of a set of 
unknown parameters. 

The right side of (16) is a sum of known functions times 
unknown parameters. Define the unknown parameter set as 

6
0 1 2[ , , , , , ]T p

n n nM K d R       , with 1 nM  , 

2 nK  , 3 0  , 4 1  , 5 2   and 6 nd   . In order 
to design a bounded control law with guaranteed transient 
performance, the following practical assumption is made: 

Assumption 1: The extents of the parametric uncertainties 
and uncertain nonlinearities are known and given by: 
 min max{ : }        (20) 

 | | { :| | }d dd d d      (21) 

where min 1 min 2 min 3 min 4 min 5 min 6 min[ , , , , , ]T        and 

max 1 max 2 max 3 max 4 max 5 max 6 max[ , , , , , ]T        are known 
lower and upper bound vectors of  , and d  is a known 
function. 

B. Notations and Discontinuous Projection 

Let ̂  denote the estimate of   and   denote the 
estimation error (i.e., ˆ    ). Viewing (20), the 
parameter estimate ̂  is updated through a parameter 
adaptation law having the form of 

 ˆ
ˆ=Proj ( )


 

 (22) 

where 0  is an adaptation rate diagonal matrix and   is 
an adaptation function to be synthesized later. The 
discontinuous projection mapping ˆProj ( )


  can be defined 

as: 

 

max

ˆ min

ˆ0 if and 0

ˆProj ( ) 0 if and 0

otherwise


 

 

   
    


 (23) 

C. Adaptive Robust Control Law Synthesis 

Following the adaptive robust control (ARC) in [17], the 
control law is developed as follows: 
 1 2 2 2 1( ) / , ( ) /fs eq eq d fsp e k e K x x x x k e K       (24) 

where 1l d de F F x x     is the output tracking error and 

1 0k   is any positive gain. Making p  small or converging 
to zero is equivalent to making e  small or converging to 
zero since 1( ) ( )/ ( ) /( )s fsG s e s p s K s k    is a stable transfer 
function. So the rest work of the design is to make p  as 
small as possible with a guaranteed transient performance. 

Differentiating (24) and substitute into (19), the following 
function can be obtained: 

 1 2 1 3 4 2 5 2 6( )n eqM p u x x z h x z x d                 (25) 

For the state z  can’t be measured directly, let ẑ  denote 
the estimate of z , and ˆz z z   denotes the estimation 
error, then two projection-type observers to estimate the 
unknown z  constructed: 

 
 
 

2

1 12

2 2 2

2 22 2

| |
ˆ1 2 2 1( )

| | ( )| |
ˆ2 2 2 2( ) ( )

ˆ ˆ=Proj (| |)

ˆ ˆ=Proj (| |)

x
z zg x

x h x x
z zg x g x

z s x x z p

z s x x z p





   

   




 (26) 

The observation bounds are set as max 0 1z    , minz   

0 1   , which corresponds to the physical bounds of 
internal state. 

With the parameter adaptation law (22) and the above 
observer (26), the following ARC control law is proposed:  

 ˆ, T
a s au u u u       (27) 

where 2 1 1 2 2 2ˆ ˆ[ , , , ( ) , , 1]T
eqx x z h x z x        , and au  is 

the adjustable model compensation needed for perfect 
tracking and su  is the robust control function designed in 
the following. 

In electrical loading system, due to the presence of motor 
driver, the feedback signals are normally contaminated with 
electromagnetic interference (EMI) and measurement noise, 
especially the analog signal lF . This in turn reduces the 
effectiveness of parameter adaptation with online regressor 
 . Replace 1 lx F  in   with the desired d dx F  [11], but 
still use the feedback velocity for 2 lx x  . Then the 
strengthened control law is thus given by 

 ˆ, T
a s a du u u u       (28) 

 1 2 1 1,s s s s su u u u k p     (29) 

 ˆ
ˆ=Proj ( )d p


 

 (30) 

911



 
 

where 1 2 2 2ˆ ˆ[ / , , , ( ) , , 1]T
d d fs dx K x z h x z x         is the 

regressor using the desired trajectory signal, 1su  is a simple 
proportional feedback to stabilize the nominal system with 

1sk  being a nonlinear gain large enough. Further, 2su  is a 
robust feedback term used to attenuate the effect of model 
uncertainties, and this term is required to satisfy robust 
performance conditions: 

 
2

2

i 0

ii { [ ]}
T

s

s d

pu

p u d  




      (31) 

where   is a parameter that can be arbitrarily small. One 
smooth example of 2su  satisfying (31) is 1 2

2 4su h p  , 
where h  is any function satisfying || || || ||M d dh     , and 

max minM    . 
With the proposed control law, we have the following 

theorem that can be proved using the technique as in [18]. 
Theorem 1: The DCARC control law (28) guarantees the 

following: 
(a) In general, all signals are bounded. Furthermore, the 

positive-definite function sV  defined by 

 2 2 2
1

1 1

2 2s n nV M p M k e   (33) 

is bounded above by 

 ( ) exp( ) (0) [1 exp( )]s sV t t V t
 


      (34) 

where 1 1max 1min{2 / , }sk k  . 
(b) If after a finite time 0t , there exist only parametric 

uncertainties (i.e., 00,d t t   ), then, in addition to 
results in (a), zero final tracking error is also achieved, 
i.e., 0 and 0 ase p t   . 

IV. SIMULATION RESULTS 

A. Simulation Setup 

In order to illustrate the proposed ARC algorithm with 
LuGre model based dynamic friction compensation, 
comparative simulation results are obtained for the 
mechanical system described by equation (6), in which the 
numerical values of the parameters are 3 28.0 10mJ Kg m  , 

3 24.6 10sJ Kg m  , 40lm Kg . Then set 6.3 /mK Nm V , 
71.25 10 /fsK N m  , the parameters in (8) can be got as: 

21.27 / /nM V m s , 42.8 10 /nK V N  . 
The parameters of modified LuGre model are given as: 

4
0 1.2 10 /V m   , 1 840 / /V m s  , 2 0.2247 / /V m s  , 

2| /0.0039|
0 2( ) 0.1875 0.1603 xg x e    , 

2

0.00015

0.00015 | |2( )
x

h x


 . 
The ARC controller parameters are chosen as: the lower 

and upper bounds of the parameter variations are 
4 4

min [1.0, 2 10 ,1.0 10 , 600, 0.1, 0.5]T      and max   
4 4[1.5, 4 10 ,1.5 10 , 1000, 0.3, 0.5]T  , the gains of the 

controller are 1 1600, 1000sk k  , and the adaptation rates 
are 4 3 11 8 4{5 10 ,1 10 ,1 10 , 8 10 , 8 10 ,4000}diag        . 
The initial parameter estimates are chosen as: ˆ(0) [1.2,   

4 42 10 ,1.2 10 , 80, 0.2, 0]T  . Then parameters for dynamic 

friction compensation are chosen as 5
1 2 2 10z z     , 

initial parameter estimates are chosen as: ˆ(0) 0z  . 
In the following, the simulation results by three control 

algorithms are compared: (C1) PID control without dynamic 
friction compensation, (C2) ARC without dynamic friction 
compensation, and (C3) ARC with dynamic friction 
compensation. 

B. Comparative Simulation Results 

The ARC control algorithm with dynamic friction 
compensation is implemented in the simulation program 
with sampling time of 0.2ms. 

The desired loading force trajectory ( )dF t is selected to 
be a cyclic loading signal with amplitude of 5000N as shown 
in Fig.2. 

In order to simulate the measurement noise on force 
feedback signal and test the performance robustness of the 
controllers, a random signal is injected to the simulation 
system. The comparative simulation results are presented to 
show the improved performance after using the ARC with 
dynamic friction compensation in the LELS. The tracking 
errors of three controllers in two loading periods are shown 
in Fig.3. It is seen from Fig.3 that the tracking errors are 
quite different during tracking the desired force signal 
between the peaks and troughs. Overall, the tracking error is 
substantially reduced in ARC C2 when compared to C1, and 
the tracking error is further reduced in ARC C3 with the 
proposed modified LuGre model based dynamic friction 
compensation. 

The LuGre friction and internal state z  in the simulation 
system is shown in the first and second plots of Fig.4, while 
the estimates 1z  and 2z  of internal state z are shown in the 
third and forth plots in Fig.4, and the results reveal a 
well-behaved projection-type observers. 
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Fig.2 Desired loading force trajectory 
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Fig.3 Tracking errors of three control algorithms 
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Fig.4 LuGre friction and estimates of internal state 

V. CONCLUSION 

In this paper, the dynamic system model of linear 
electrical loading system is constructed, and the LuGre 
friction model is modified with a smooth transition function 
between low speed and high speed, then an ARC controller 
with modified LuGre model based dynamic friction 
compensation is researched for high precision and large 
scale force servo control of a linear electrical loading system. 
The controller makes full use of the modified LuGre friction 
model to eliminate the efforts of friction in the force servo 

system. Comparative simulation results show that the 
proposed ARC with modified LuGre model based dynamic 
friction compensation has improved tracking performance. 
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