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Coordinated Contouring Controller Design for an
Industrial Biaxial Linear Motor Driven Gantry
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Abstract—To improve overall contouring performance, it is
no longer possible to neglect dynamic coupling phenomena that
occur during contouring operations, especially for linear motor
driven systems which often move at high speeds. This paper
studies the high performance contouring control of a linear
motors driven high-speed/acceleration industrial biaxial gantry.
The gantry dynamics is first transformed into a task coordinate
frame. A discontinuous projection based adaptive robust con-
troller (ARC) which explicitly takes into account the dynamic
coupling effect is then constructed to improve the contouring
performance under both parametric uncertainties and uncertain
nonlinearities. To reduce the effect of measurement noise, a
desired compensation ARC (DCARC) scheme is also presented,
in which the adaptive model compensation part depends on
the desired contour and parameter estimates only. Comparative
experimental results of the proposed algorithms along with a
well tuned PID controller are obtained on a high-speed industrial
biaxial gantry driven by linear motors. The results verify that
both the proposed schemes outperform the PID controller and
can achieve good contouring performance even in the presence
of parametric uncertainties and uncertain disturbances, and
the desired compensation ARC achieves the best contouring
performance.

Index Terms—Contouring, coordinated control, linear motors,
task coordinates, adaptive robust control.

I. INTRODUCTION

As one of the most popular solutions to high-speed and
high-precision motion applications, linear motors driven sys-
tems have attracted significant attentions during the past
decade. A great deal of efforts have been devoted to solving
independent axial control problems of these devices [1], [2],
[3]. In those designs, each axis of motion is separately driven
and the servo controller of each axis receives no information
from other axes, which results in a collection of decoupled
single input and single output (SISO) control designs. Decou-
pled design may be preferable if the disturbance in one axis
should not affect the performance of other axes. For contouring
applications, however, decoupling is sometimes damaging to
the overall performance objective [4].
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A more appropriate approach to address the contouring
control problem is to introduce coupling actions in the servo
controllers so that the motion axes are “coordinated” to track
the desired contour. In [5], Koren first proposed the cross-
coupled control (CCC) strategy dedicated to improve the
coordination of axes. By simultaneously feeding the CCC
signal into all the axial tracking loops, the control of one axial
servomechanism was affected by other axial servomechanisms
involved in the motion and consequently the coordination of
axes was increased. Since then, many research publications on
CCC have been reported [6], [7], [8]; for instance, Koren and
Lo [6] introduced a variable-gain cross-coupled controller for
a general class of contours by estimating the magnitude and
the direction of contouring errors for further compensation.
However, they cannot effectively address the dynamic coupling
phenomena (e.g. Coriolis force) occur when tracking curved
contours, since these designs are based on the traditional
control theories for linear time-invariant systems.

In recent years, contouring control problems were studied
by using different control methods. Chiu and Tomizuka [4]
formulated the contour tracking problem in the task coordinate
frame which is "attached" to the desired contour. Under the
task coordinate formulation, a control law can be designed
to assign different dynamics to the normal and tangential
directions relative to the desired contour. Based on such a
task coordinate approach, many contouring control schemes
have been reported [9], [10]. For example, Chen, Lou and Li
[9] developed an adaptive contouring controller in the task
coordinate frame to handle bounded external disturbances and
system model uncertainties while maintaining certain contour-
ing performance. However, the principal shortcoming of these
existing control techniques is that they cannot explicitly incor-
porate parametric uncertainties and uncertain nonlinearities in
the formulation of contouring control problems. As a result,
when stringent contouring performance is of major concerns,
these methods may be insufficient.

In this paper, the adaptive robust control (ARC) strategy
developed by Yao in [11] is utilized to solve the high-
speed/accuracy contouring control problem of an industrial
biaxial linear motor driven gantry. The gantry dynamics is
first transformed into a task coordinate frame. A discontin-
uous projection based adaptive robust controller [11] is then
constructed to improve the contouring performance. This al-
gorithm may have several potential implementation limitation
since the regressor used in parameter adaptation law depends
on the actual measurement of system states. To overcome
those limitations, the desired compensation ARC strategy in
[12] is also applied to develop a coordinated ARC contouring

1810



controller in which the regressor is calculated based on the
desired contour information only. The proposed ARC and
DCARC along with a well tuned PID are all implemented
on a high-speed Anorad industrial biaxial gantry driven by
LC-50-200 linear motors with a linear encoder resolution of
0.5 wm. Comparative experimental results have been obtained
and verified that both ARC and DCARC schemes outperform
the PID controller and can achieve good contouring perfor-
mance even in the presence of parametric uncertainties and
uncertain disturbance. Comparative experimental results also
demonstrate that the DCARC achieves the best contouring
performance.

II. PROBLEM FORMULATION
A. Task Coordinate Frame

Accurate calculation of contouring error often leads to an
intensive computation task which is hard to be realized in
practice. Therefore, for the contour tracking purposes, this
definition is often replaced by approximate models [10]. A

normal direction

tangential direction
e -

i ﬁ—. -

Figure 1. An Approximate Contouring Error Model

very popular estimation of contouring error is presented in [7],
[10] as shown in Figure 1. Let x and y denote the horizontal
and the vertical axes of a biaxial gantry system. At any time
instant, there are two points P; and P, denoting the position of
the reference command and the actual position of the system,
respectively. For the point P, it possesses a set of tangential
and normal directions such that the contouring error can be
approximated by the distance from P, to the tangential line in
the normal direction. By this definition, the contouring error
€& can be approximately computed by the normal error &, as:

E N & = —SINOL - ex+ CcoSOL - ey (1)

where e, and e, denote the axial tracking errors of x and y
axes, i.e. ex = x— x4, e, =y —yy, and o denotes the angle
between the tangential line to the horizontal X-axis. In this
model, if the axial tracking errors are comparatively small to
the curvature of the desired contour, then it yields a good
approximation of the contouring error.

The tangential error & in Figure 1 can be described as

& = CosOL - ex +sinol - ey 2)

Then the tangential and the normal directions are mutually
orthogonal and hence can be taken as the new basis for the
task coordinate frame. Then the physical (x,y) coordinates can

be transformed into the task (e.,&) coordinates by a linear
time-varying transformation

g ="Te 3)
where € = [¢.,&]7; e = [ey,e,]T, and the transformation matrix
is )

—sinot  cosa
= . “)
cosa  sino

The matrix 7 is always unitary for all values of ¢, i.e., TT=T
and T"1=T.

B. System Dynamics

The biaxial linear motor driven gantry is assumed to have
the following dynamics:

M{+Bq+F(q) =u+d; 4)

where q = [x(1),y()]". q = [x(t),y()]" and § = [¥(z),5()]"
are the 2 x 1 vectors of the axis position, velocity and accel-
eration, respectively; u is the 2 x 1 vector of control input,
and d is the 2 x 1 vector of unknown nonlinear functions due
to external disturbances or modeling errors such as the force
ripple; M = diag[M,M;] and B = diag[B,,B;] are the 2 x 2
diagonal inertia and damping matrices, respectively; F(q) is
the 2 x 1 vector of nonlinear friction, and the model used in
this paper is given by F(q) = AS¢(q), where A = diag[A,A;]
is the 2 x 2 diagonal friction coefficient matrix, and S¢(-) is
a vector-valued smooth function, i.e., S¢(q) = [Sy(4),Sr(»)]".
Define the approximation error as F=F —F. Then equation
(5) can be written as

Mi + B+ AS¢(q) =u-+dy+d ©6)

where d, = [du1,dy2])T is the nominal value of dy = d+F,
and d = dy — d,. For this dynamic system, we define the
tracking error as e = [ex,ey]” = [x(t) — x4(2),y(t) — ya(t)]"
where qq(t) = [x4(t),y4(t)]" is given to describe the desired
contour. Then the system dynamics can be rewritten as

Mé + Bé+ AS¢(q)+Mig +Bga =u+dy+d (7

Noting (3) and (4) and the unitary property of T, the time
derivatives of the tracking error states can be derived as

e=Té+Te 6 =TE+2Te+Te (8)

Then the system dynamics can be represented in the task
coordinate frame as

M + Beé + 2Ceé + Die + Mgiia + Bqda + AgSt(d)

- 9
=w+di+A ©)
where
M; = TMT,B; = TBT,C; = TMT,
D; = TMT + TBT,u; = Tu,d; = Td,,A = Td, (10)

My = TM, By = TB,A, = TA

It is well known that equation (9) has several properties:
(P1) In the finite work space q €4, My is a symmetric
positive definite (s.p.d.) matrix with

MIISMlSMZIv vq 6qua (11)

1811



where () and U, are two positive scalars.

(P2) The matrix N = M — 2C; is zero.

(P3) The task space dynamics (9) is linear in terms of a
set of parameters, such as inertia M, damping coefficient B,
friction coefficient A and nominal disturbance d, i.e.,

M + By + 2C¢& + Dy + Mgda + BqQa + AqSt(q) — d¢
= —(p(q,q,t)e
(12)
where ¢ is a 2 x 8 matrix of known functions, known
as the regressor, and 6 1is an 8-dimensional vector
of unknown parameters defined as 6 = [0,...,65]7 =
[My,M3,B1,B,A1,A2,dy1,dyo]" .

In general, the parameter vector 8 cannot be known exactly.
For example, the payload of the biaxial gantry depends on
tasks. However, the extent of parametric uncertainties can be
predicted. Therefore, the following practical assumption is
made. (For simplicity, the following notations are used: e; for
the i-th component of the vector e, e ,,;,, for the minimum value
of e, and e,,,, for the maximum value of e. The operation <
for two vectors is performed in terms of the corresponding
elements of the vectors.)

Assumption 1: The extent of the parametric uncertainties
and uncertain nonlinearities is known, i.e.,

0eQy = {6 D 0nin <0< Gmax} (13)

ZeQAé{Z: ||Z||§5A} (14)
where 0, = [elmim ceey 98min]Ta and Oy = [elmam ey 98max]T
are known. O, is a known function.

The control objective is to synthesize a control input u such
that q = [x,y]” tracks a desired contour qq(t) = [x4,y4]” which
is assumed to be at-least second-order differentiable.

III. DISCONTINUOUS PROJECTION

Let~5 denote the estimate of 6 and 6 the estimation error
(i.e., 6 =0 —0 ). In view of (13), the following adaptation
law with discontinuous projection modification can be used

6 = Proj(I'r) (15)

where I" > 0 is a diagonal matrix, 7 is an adaptation function
to be synthesized later. The projection mapping Proj;(e) =
[Projé1 (q),...,ij(;8 (eg)]" is defined in [11] as

0 if 6; = Oyay and e; >0
Projg (o) =40 if 6 = Oyin and ¢; <0
e, otherwise

(16)

It can be shown that for any adaptation function 7, the
projection mapping used in (16) guarantees
(P4)

~

QEQQé{é\Zeimmgé\S eimax} (17)

(P5)

6" (I''Projz(I't) — 1) <0, vt (18)

IV. ADAPTIVE ROBUST CONTROL (ARC) LAW

Define a switching-function-like quantity as
s =E&+Ae (19)

where A > 0 is a diagonal matrix. Define a positive semi-
definite (p.s.d.) function

V()= 1s"Ms (20)
Differentiating V' yields
V=sT[u+d¢+A— Mga — BqQa — AqSe(q)
—Bi& — Cié — Dt€+CtA€+MtAé] 21

where (P2) is used to eliminate the term %STMtS. Furthermore,
following (P3), similarly we can define

Mqda +Bqqa +AqSe(q) +Bié+ Cié +Dye

—CiAe—MAé —di = —¥(q,,1)6 (22)

where ¥ is a 2 x 8 matrix of known functions, known as the
regressor. Equation (21) can be rewritten as

V=s"u+¥(q.q.1)0 + 4] (23)

Noting the structure of (23), the following ARC law is
proposed:

~

u =u, +ug; uy, =—¥(q,q,1)6; (24)

where u, is the adjustable model compensation needed for
achieving perfect tracking, and ug is a robust control law
to be synthesized later. Substituting (24) into (23), and then
simplifying the resulting expression lead to

V="s"[u—¥(q,q,)6 + 4 (25)
The robust control function ug consists of two terms:
Us = U1 + Uy, Uy = —Ks (26)

where ug; is used to stabilize the nominal system, and it is
a simple proportional feedback with K being a symmetric
positive definite matrix in this case. And ug is a robust
feedback used to attenuate the effect of model uncertainties.
Noting Assumption 1 and (17) of (P4), there exists a ugp such
that the following two conditions are satisfied

i sT{ug—¥(q,q,)0+A}< 1

ii sTug <0 (27)

where 1 is a design parameter that can be arbitrarily small.
One smooth example of ug, satisfying (27) is given by
uszz—‘%hzs, where h is a smooth function satisfying
h > [|6m][[['¥(q,q,1)|[ + O, and Oy = Onax — Opin-

Theorem 1: Suppose the adaptation function in (15) is
chosen as

t=%"(q,q.1)s (28)

Then, the ARC control law (24) guarantees that:

A. In general, all signals are bounded. Furthermore, the
positive semi-definite function V() defined by (20) is bounded
above by

V(1) < exp(—A1)V(0) + [l — exp(—Ar)] (29)
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where A = 20 (K) /U2, and Opn(-) denotes the minimum
eigenvalue of a matrix. Note that 0, (K) is real and positive
since K is symmetric positive definite.

B. Suppose there exist parametric uncertainties only after a
finite time 1y, i.e., A= 0, Vt > ty. Then, in addition to result A,
zero final tracking error is also achieved, i.e, e — 0 and s — 0

as t — oo,

V. DESIRED COMPENSATION ARC (DCARC) LAwW

In the ARC design presented in section IV, the regressor
Y(q,q,?) in the model compensation u, (24) and the adap-
tation function 7 (28) depend on states q and §. The idea
of desired compensation ARC design in [12] was constructed
to solve some implementation problems and complication of
ARC. In the following, the desired compensation ARC is
applied on the biaxial linear motor driven gantry.

The proposed DCARC law and adaptation function have the
same form as (24) and (28), but with the regressor ¥(q, q,7)
substituted by the desired regressor Wq(qq,qq,?):

U = Uy +Ug; Uy = —‘I’dg; T= ‘Pgs 30)
Choose a positive semi-definite function:
V(t) = 1s"™™is+ 1eTK,e €3]

where K¢ is a s.p.d. matrix. Differentiating V(¢) and substi-
tuting (30) into the resulting expression yields

V=s"[us +¥0 — ¥q0+A] + £ K¢ (32)

where ¥ = Y(q,q) — Wa(qa,qa) is the difference between
the actual regression matrix and the desired regression matrix
formulations. As shown in [13], ¥ can be quantified as

1961] < Cullell + Callel* + Eallsl] -+ Callslll el

where {,8,8; and {; are positive bounding constants that
depend on the desired contour and the physical properties of
the biaxial gantry. Similar to (26), the robust control function
ug consists of two terms given by:

(33)

us = ug 4 ug, ug = —Ks—Kee—Kylle|]>s  (34)

where the controller parameters K, K, and K, are s.p.d.
matrices satisfying 0iu(Ka) > & + &4 and the following
condition
Omin (K.SA) - %CZ _%Cl

—%Cl Omin(K) — & — %C4

Specifically, it is easy to check that if
Gmin(KsA) > %Cl + %CZ; Gmin(K) > %Cl + C3 =+ ZI;C4

the matrix Q defined in (35) is positive definite. The robust
control term ug; is required to satisfy the following constrains
similar to (27),

Q= >0 (35

(36)

i ST{usz—‘Pd§+Z}§ n
ii sTug <0 (37)

One smooth example of ug, satisfying (37) is ugy = —%hfls,
where hy is any function satisfying iz > ||Om||||Pal| + gA.

Theorem 2: The desired compensation ARC law (30) guar-
antees that:

A. In general, all signals are bounded. Furthermore, the
positive semi-definite function V() defined by (31) is bounded
above by

V(1) < exp(—At)V(0) + [l — exp(—Ar1)]

— 2Gmin(Q)
Where A= max[”bama,_\'(KE)]
eigenvalue of a matrix.

B. Suppose there exist parametric uncertainties only after a
finite time f, i.e., A= 0, V¢ > (. Then, in addition to result A,
zero final tracking error is also achieved, i.e, € — 0 and s — 0

as t — oo,

(38)

, and Oyac(+) denotes the minimum

VI. EXPERIMENTAL SETUP AND RESULTS

A. Experiment setup

Figure 2.

A Biaxial linear motor driven gantry system

To test the proposed controllers’ effectiveness and study
contour-following motion control of the biaxial gantry system,
a biaxial Anorad gantry from Rockwell Automation is set
up as a test-bed. As shown in Figure 2, the two axes of
the gantry are mounted orthogonally with X-axis on top of
Y-axis. The position sensors of the gantry are two linear
encoders with a resolution of 0.5um after quadrature. The
velocity signal is obtained by the difference of two consecutive
position measurements. Standard least-square identification is
performed to obtain the parameters of the biaxial gantry and it
is found that nominal values of the gantry system parameters
without loads are 8 = [0.12,0.64,0.166,0.24,0.1,0.36,0,0] 7.
The bounds of the parametric variations are chosen as:

0.06,0.5,0.15,0.1,0.05,0.08,—0.5, — 1]
0.20,0.75,0.35,0.3,0.15,0.5,0.5,1]7

emin =

(39)

Gmax

B. Performance Index

The following performance indexes will be used to measure
the quality of each control algorithm:

o [|&e]rms = (+ fOT |e.|>dr)"/?, the rms value of the contour-
ing error, is used to measure average contouring performance,
where T represents the total running time;

o €m = max{|e.|}, the maximum absolute value of the
contouring errtor is used to measure transient performance;

o [[uil[rms = (% [ ui|?dr)'/?, the average control input of
each axis, is used to evaluate the amount of control effort.
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C. Experimental Results

The control algorithms are implemented using a dSPACE
DS1103 controller board. The controller executes programs
at a sampling period Ty = 0.2ms, which results in a velocity
measurement resolution of 0.0025m/sec. The following con-
trol algorithms are compared:

C1: PID controllers for each axis separately. The control
parameters are set as K, K;, K;. For X-axis, K, = 18000,
K; = 300000, K; = 60; for Y-axis, K, = 15000, K; = 700000,
K, = 100.

C2: ARC presented in section IV. The smooth func-
tions Sy(x) and S;(y) are chosen as Zarctan(9000x) and
2 arctan(9000y). A is chosen as: A = diag[100,30]. ug in
(26) is theoretically given in section IV. In implementa-
tion, a large enough constant feedback gain is used in-
stead to simplify the resulting control law as done in [14].
With this simplification, the feedback gain in (26) is cho-
sen as: K = diag[100,60] with ignoring ug;. The adapta-
tion rates are set as I' = diag([10, 10, 10, 10, 1, 1, 10000, 10000].
The initial parameter estimates are chosen as: 6(0) =
[0.1,0.55,0.20,0.22,0.1,0.15,0,0] 7.

C3: DCARC presented in section V. The smooth func-
tions Sy(x;) and Sy(ys) are chosen as %arctan(9000xd)
and %arcmn(9000yd). A is chosen as: A = diag[100,30].
And the controller parameters in (34) are chosen as:
K = diag[100,60], K, = diag[10000,10000], and K. =
diag[5000,5000]. The adaptation rates are set as I =
diag[10,10,10,10,1,1,10000,10000]. For comparison pur-
pose, the same initial conditions as those in ARC are used.

The following test sets are performed:

Setl : To test the nominal contouring performance of the
controllers, experiments are run without payload;

Set2 : To test the performance robustness of the algorithms to
parameter variations, a 5 kg payload is mounted on the
gantry;

. A large step disturbance (a simulated 0.6 V electrical
signal) is added to the input of Y axis at t=1.86 sec and
removed at t=4.86 sec to test the performance robustness
of each controller to disturbance.

Set3

1) Circular contouring with constant velocity: The biaxial
gantry is first commanded to track a circle given by

E AR

which has a desired velocity of v =0.4m/sec on the contour.
2) Elliptical contouring with constant angular velocity:
The gantry is also commanded to track an ellipse given by

| xae) | 0.2sin(3t)

Q4= { ya(t) ] a { —0.1cos(3t) +0.1 }

which has an angular velocity of w = 3rad/sec.
The experimental results of circular and elliptical contouring
in terms of performance indexes after running the gantry for
one period are given in Table I. Overall, both ARC and
DCARC achieve good steady-state contouring performances
which are quite better than those of PID. And as seen from
the tables, DCARC performs better than ARC in terms of

(40)

(41)

Circular contouring results
| (1€ [1rms () | Ecp (1m) | [[ttx[[rms (V) | [[tty [[rms (V)
C1 (Setl) 4.06 18.02 0.23 0.44
C2 (Setl) 1.95 6.86 0.29 0.48
C3 (Setl) 1.77 6.33 0.30 0.50
C1 (Set2) 4.10 19.24 0.27 0.47
C2 (Set2) 2.13 8.55 0.30 0.51
C3 (Set2) 1.87 7.29 0.32 0.51
C1 (Set3) 451 41.84 0.24 0.44
C2 (Set3) 2.34 26.89 0.29 0.48
C3 (Set3) 2.06 23.28 0.30 0.49
Elliptical contouring results
[ ecllims(um) [ enr(um) T Teeellms(V) T Toty[lrms (V)
C1 (Setl) 5.03 16.17 0.30 0.44
C2 (Setl) 2.67 9.55 0.36 0.49
C3 (Setl) 2.14 8.21 0.37 0.51
C1 (Set2) 5.29 17.90 0.36 0.48
C2 (Set2) 2.90 10.62 0.40 0.52
C3 (Set2) 2.35 9.31 0.40 0.53
C1 (Set3) 5.54 35.20 0.30 0.44
C2 (Set3) 3.07 24.56 0.36 0.49
C3 (Set3) 2.50 21.94 0.37 0.50
Table 1

CONTOURING RESULTS

all the indexes. It also can be seen that ARC and DCARC
controllers use almost the same amount of control efforts
for every test set. Figure 3-5 show the circular contouring
performances for the three sets. It’s seen that both ARC and
DCARC controllers achieve good contouring performances
even in spite of the change of inertia load and uncertain distur-
bances. Figure 6-8 show the elliptical contouring performances
which further illustrate that the proposed ARC and DCARC
controllers achieve good contouring performances even there
are parametric uncertainties and uncertain nonlinearities exist.

VII. CONCLUSIONS

This paper considers contour tracking controller design for
a biaxial linear motor driven precision gantry in the presence
of both parametric uncertainties and uncertain nonlinearities
including unmodeled cogging forces and external disturbances.
An ARC controller and a desired compensation ARC con-
troller have been developed under the task coordinate frame-
work formulation. The proposed controllers explicitly take into
account the effect of model uncertainties coming from the iner-
tia load, friction forces, and external disturbances. Extensive
comparative experimental results for quite high speed both
circular and elliptical motions have demonstrated the good
contouring performance of the proposed ARC schemes in
actual applications and the strong performance robustness to
parameter variations and disturbances.
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