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Abstract
This paper presents an indirect adaptive robust con-

trol (IARC) of electro-hydraulic systems driven by single-
rod hydraulic actuators. Unlike the tracking-performance-
oriented direct adaptive robust control (DARC) algorithm,
in addition to good output tracking performance, the IARC
also focuses on accurate parameter estimates for secondary
purposes such as machine health monitoring and prognos-
tics. Accurate parameter estimates are obtained through pa-
rameter estimation algorithms based on the plant dynamics
rather than the tracking error dynamics, while robust sta-
bility and performance are achieved through adaptive ro-
bust control. Comparative experimental results show that
the proposed IARC achieves good tracking performance and
accurate parameter estimation.

INTRODUCTION
Electro-hydraulic systems have been widely used in in-

dustry due to their small size-to-power ratio and the ability
to apply very large force and torque. However, precision
motion control of hydraulic systems is far from trivial. The
dynamics of hydraulic systems are highly nonlinear [1]. Fur-
thermore, the system may be subjected to non-smooth and
discontinuous nonlinearities due to control input saturation,
directional change of valve opening, friction, and valve over-
lap. Aside from the nonlinear nature of hydraulic dynamics,
electro-hydraulic systems also have large extent of model
uncertainties, which can be classified into two categories:
parametric uncertaintiesanduncertain nonlinearities. Ex-
amples of parametric uncertainties include the large change
in load seen by the actuator and large variations in the hy-
draulic parameters (e.g., bulk modulus) due to the change of
temperature, component wear, etc. Uncertain nonlinearities,
such as the external disturbances, leakage, and friction, can-
not be modelled exactly and the nonlinear functions that de-
scribing them are usually unknown. These model uncertain-
ties may cause the controlled system, designed on the nom-
inal model, to be unstable or have a much degraded perfor-
mance. Nonlinear robust control techniques, which can de-
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liver high performance in spite of both parameter uncertain-
ties and uncertain nonlinearities, are essential for successful
operations of high-performance electro-hydraulic system.

In [2] and [3], the adaptive robust control (ARC) tech-
nique proposed by Yao and Tomizuka in [4] and [5], was
applied to precision motion control of electro-hydraulic sys-
tems driven by single-rod actuators. The underline parame-
ter estimation law in ARC controller are based on the direct
adaptive control design such as the tuning function based
adaptive backstepping, in which the adaptive control law and
parameter adaptation law are synthesized simultaneously to
meet the sole objective of reducing the output tracking er-
ror. Such a design normally leads to a controller whose dy-
namic order is as low as the number of unknown parameters
to be adapted, and achieves excellent output tracking per-
formance even in the presence of model uncertainties and
external disturbances as done in [2] and [3]. However, the
direct ARC (DARC) approach also has the drawback that the
design of adaptive control law and the parameter estimation
law cannot be separated and the choice of the parameter esti-
mation algorithm is limited to the gradient type with certain
actual tracking errors as driving signals. It is well known
that the gradient type of parameter estimation law may not
have as good convergence properties as other types of esti-
mation laws (e.g., the least square method). Furthermore,
although the desired trajectory might be persistently excit-
ing and of large signal, the actual tracking errors in imple-
mentation are normally very small, and thus the parameter
adaptation is prone to be corrupted by other factors such as
the sampling delay and noise that have been neglected when
synthesizing the parameter adaptation law. As a result, in
implementation, the parameter estimates in the DARC are
normally not accurate enough to be used for secondary pur-
poses such as prognostics and machine component health
monitoring, even when the desired trajectory is persistently
exciting enough.

The paper focuses on the of precision motion control
of electro-hydraulic systems driven by single-rod actuators
while accurate parameter estimates are needed for secondary
purposes. An IARC design will be presented to overcome
the poor parameter estimation problem of the DARC designs
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Figure 1. Three Degree-of-Freedom Hydraulic Robot Arm

while preserving decent theoretical output tracking perfor-
mance. Such an objective is achieved by separating the con-
struction of parameter estimation law from the design of un-
derline robust control law. Accurate parameter estimates are
obtained through a parameter estimation algorithm based on
the physical plant dynamics, while the robust stability and
performance are guaranteed by an adaptive robust controller.
A guaranteed transient performance and final tracking accu-
racy can be achieved even in the presence of disturbances
and uncertain nonlinearities.

DYNAMIC MODEL AND PROBLEM FORMULATION
The system under consideration is depicted in Fig.

1, which represents a three degree-of-freedom (DOF) hy-
draulic robot arm. Only Swing motion will be controlled
while the other two joints (boom and stick)are kept fixed.
The goal is to have the swing angleq track any feasible de-
sired motion trajectory as closely as possible for precision
maneuver while obtaining accurate parameter estimates.

Similar to [3], the dynamics of the swing motion can be
described by (1)

(J0 +J1)q̈ =
∂x
∂q

(P1A1−P2A2)−B· q̇−A·sign(q̇)+Dn + D̃

(1)
whereJ0 andJ1 are moments of inertia of the robotic arm
and external payload respectively,P1 andP2 the pressures
of the two cylinder chambers respectively,A1 and A2 the
ram areas of the two chambers respectively,B represents the
combined damping and viscous friction coefficient,A rep-
resents the magnitude of modelled Coulomb friction force,
andDn + D̃ the lumped modelling error including external
disturbances and terms like the unmodelled friction forces,
Dn is the nominal value. As seen from (1), the effective
torque generated by the cylinder is not linear with respect to
(P1A1−P2A2) because∂x

∂q—the first order partial derivative
of cylinder displacement with respect to the swing angle—
is a nonlinear function of the swing angle and varies sig-

nificantly. Furthermore, the moment of inertial of external
payloadJ1 is unknown.

The cylinder dynamics can be written as

V1(q)
βe

Ṗ1 = −A1
∂x
∂q

q̇+Q1 + Q̃1

V2(q)
βe

Ṗ2 = A2
∂x
∂q

q̇−Q2− Q̃2 (2)

whereV1(q) andV2(q) are the total volumes of the forward
and return chamber respectively,βe is the effective bulk
modulus,Q̃1 and Q̃2 represent the modelling error for the
supply and return flow equations.Q1 andQ2 are the supply
and return flows and are related to the spool displacement of
the servo valvexv [1], by

Q1 = kq1xv

√
|∆P1|, ∆P1 =

{
Ps−P1, xv ≥ 0

P1−Pr , xv < 0

Q2 = kq2xv

√
|∆P2|, ∆P2 =

{
P2−Pr , xv ≥ 0

Ps−P2, xv < 0
(3)

wherekq1 andkq2 are the flow gain coefficients for the for-
ward and return loop respectively,Ps is the supply pressure
of the pump fluid andPr the reference pressure in the return
tank.

In general, the system is subjected to parametric uncer-
tainties due to the variations ofJ1, B, A, Dn, βe. Define a set
of the parameters as:θ1 = J0 +J1, θ2 = B, θ3 = A, θ4 = Dn,
θ5 = 1

βe
, θ6 = Q̃1 andθ7 = Q̃2. The system, (1) and (2) can

be expressed as:

θ1q̈ =
∂x
∂q

(P1A1−P2A2)−θ2q̇−θ3sign(q̇)+θ4 + D̃

θ5Ṗ1 = −A1

V1

∂x
∂q

q̇+
1
V1

Q1 +
1
V1

θ6

θ5Ṗ2 =
A2

V2

∂x
∂q

q̇− 1
V2

Q2− 1
V2

θ7 (4)

The following nomenclature is used throughout this pa-
per: •̂ is used to denote the estimate of•, •̃ is used to denote
the estimation error of•, e.g.,θ̃ = θ̂− θ, •i is the ith com-
ponent of the vector•, •mac and•min are the maximum and
minimum value of•(t) for all t respectively, and the oper-
ation < or > for two vectors is performed in terms of the
corresponding elements of the vectors.

Availablea priori knowledge would be used as much as
possible throughout the design. Since the extents of the para-
metric uncertainties and uncertain nonlinearities are nor-
mally known, the following practical assumptions are made:

Assumption 1. The unknown parameter vectorθ is
within a known bounded convex setΩθ. Without loss of



generality, it is assumed that∀θ ∈ Ωθ, θimin ≤ θi ≤ θimax,
i = 1, ...,7, whereθimin andθimax are some known constants.

Assumption 2. The uncertain nonlinearityD̃ can be
bounded byD̃ ∈ Ωd , {D̃ : |D̃| ≤ δd}, whereδd(t) is a
known bounded function.

Let qd(t) be the reference motion trajectory, which is
assumed to be known, bounded with bounded derivatives up
to the third order.Given the desired motion trajectoryqd(t),
the objective is(a) to synthesize a control input u such that
the outputq tracksqd as closely as possible , as well as(b)
to design a parameter estimation algorithm such that accu-
rate parameter estimates are guaranteed, in spite of various
model uncertainties.

INDIRECT ARC DESIGN
The proposed IARC scheme is composed of three parts:

(a) the physical model based indirect parameter estimation
algorithm, (b) the robust control law and (c) the projection
type adaptation law with rate limits which is a connection
between the control law and estimation.

Indirect parameter estimation algorithm
Unlike the DARC, whose parameter estimation algo-

rithm is driven by error signals and limited to gradient type,
the IARC separates the estimation algorithm from the con-
troller design. In DARC, the unknown parameters have
to be defined asΘ = [1/(J0 + J1) B/(J0 + J1) A/(J0 +
J1) Dn/(J0+J1) βe βeQ̃1 βeQ̃2]T to accommodate to
both controller design and estimation algorithm. The draw-
back of these parameter definition is that they are not phys-
ical plant parameters, e.g., as the external pay loadΘ1

changes, other parameters,Θ2—Θ4 also change even when
the plant parameterB, A andDn don’t change. In IARC, it
is able to estimate plant parameters because the estimation
algorithm is based on the plant dynamics.

The main task in this subsection is to construct a suit-
able parameter estimation algorithm so that an improved pa-
rameter estimation can be obtained. As such, it is assumed
that the system is in the absence of uncertain nonlinearities,
i.e.,D̃ = 0 in (4). Rewrite the system dynamic equations (4),
one can get the model for parameter estimation,

∂x
∂q

(P1A1−P2A2) = θ1 · q̈+θ2 · q̇+θ3 ·sign(q̇)−θ4

−A1
∂x
∂qq̇+Q1

V1
= θ5 · Ṗ1−θ6 · 1

V1

A2
∂x
∂qq̇−Q2

V2
= θ5 · Ṗ2 +θ7 · 1

V2
(5)

The three equations in the estimation model (5) will be
processed independently with same method. The first equa-
tion is picked up and processed to show howθ1 — θ4 be

estimated. The estimation of[θ5,θ6] and[θ5,θ7] follow the
same procedure and are omitted to save space.

Let H f be a stable low pass filter with relative degree no
less than two. Apply the filter to the first equation in (5), one
obtains

H f

(
∂x
∂q

(P1A1−P2A2)
)

= θ1q̈f +θ2q̇f +θ3H f (sign(q̇))

+θ4H f (−1) (6)

whereq̈f andq̇f represent the filtered̈q andq̇, respectively.

ConsiderH f

(
∂x
∂q(P1A1−P2A2)

)
as the virtual outputyf , let

ϕ f = [q̈f q̇f H f (sign(q̇)) H f (−1)]T be a linear regres-
sor andθs = [θ1 θ2 θ3 θ4]T the parameter to be esti-
mated, a linear regression model and prediction error model
can be obtained from (6),

yf = ϕT
f θs

ε = ŷf −yf = ϕ f θ̂s−ϕ f θs = ϕT
f θ̃s (7)

With this static linear regression model, various estima-
tion algorithm can be used to identify unknown parameters,
among which the least square estimation algorithm with ex-
ponential forgetting factor [6] is given below. Adaptation
function and adaptation rate matrix:

τ =
1

1+νϕT
f Γϕ f

ϕ f ε

Γ̇ = αΓ− 1

1+νϕT
f Γϕ f

Γϕ f ϕT
f Γ (8)

whereα≥ 0 is the forgetting factor,ν≥ 0 with ν = 0 leading
to the unnormalized algorithm.

Projection type adaption law with rate limits
One of the key elements of the ARC design is to use the

practical availablea prior information to construct the pro-
jection type adaptation law for a controlled learning process
even in the presence of disturbance. As in [5, 7], the widely
used projection mappingPro jθ̂(•) [8,9]will be used to keep
the parameter estimates within the known bounded setΩθ.
The standard projection mapping is [10]:

Pro jθ̂(ζ) =





ζ, θ̂ ∈ Ω̄θ or nT
θ̂ ζ≤ 0(

I −Γ
nθ̂nT

θ̂
nθ̂ΓnT

θ̂

)
ζ, θ̂ ∈ ∂Ωθ andnT

θ̂ ζ > 0

(9)
whereζ ∈ Rp, Γ(t) ∈ Rp×p, Ω̄θ and∂Ωθ denote the interior
and the boundary ofΩθ respectively, andnθ̂ represents the
outward unit normal vector at̂θ ∈ ∂Ωθ.



In order to achieve a complete separation of estimator
design and robust control law design, in addition to the pro-
jection type parameter adaptation law (9), it is also necessary
to use the preset adaptation rate limits for a controlled esti-
mation process. For this purpose, define a saturation func-
tion as:

saṫθM
(ζ) = s0ζ, s0 =

{
1, ‖ζ‖ ≤ θ̇M
θ̇M
‖ζ‖ , ‖ζ‖> θ̇M

(10)

whereθ̇M is a pre-set rate limit. It is proven in [11] that the
following lemma holds:

Lemma 1. Suppose that the parameter estimateθ̂ is up-
dated using the following projection type adaptation law and
a pre-set adaptation rate limiṫθM:

˙̂θ = saṫθM

(
Pro jθ̂(Γτ)

)
, θ̂(0) ∈Ωθ (11)

whereτ is any adaptation function andΓ(t) > 0 is any con-
tinuously differentiable positive symmetric adaptation rate
matrix. With this adaptation law, the following desirable
properties hold:

P1. The parameter estimates are always within the
known bounded setΩθ, i.e., θ̂(t) ∈ Ωθ, ∀t. Thus, from As-
sumption 1,θimin ≤ θ̂i(t)≤ θimax, i = 1, ...,7, ∀t.

P2. The parameter update rate is uniformly bounded by

‖ ˙̂θ(t)‖ ≤ θ̇M, ∀t.

Adaptive robust control law
With the use of projection type adaptation law with rate

limit (11), the parameter estimates and their derivatives are
bounded with known bounds, regradless of the estimation
functionτ to be used [11]. In this subsection, we will use this
property to synthesize a robust control law for the system (4)
that achieves a guaranteed transient and final tracking accu-
racy. As the system (4) has unmatched model uncertainties,
backstepping design [4,10] is used as follows:

Define a set of state variables asx = [x1,x2,x3]T ,
[q, q̇,(P1A1− P2A2)]T . The entire system (4) can be ex-
pressed as:

ẋ1 = x2

θ1ẋ2 =
∂x
∂q

x3−θ2x2−θ3Sf (x2)+θ4 + D̃

θ5ẋ3 = QL−
(

A2
1

V1
+

A2
2

V2

)
∂x
∂q

x2 +θ6
A1

V1
+θ7

A2

V2
(12)

where QL = A1
V1

Q1 + A2
V2

Q2 can be treated as the input to
the state space equation andSf (x2) is a continuously dif-
ferentiable function used to approximate the discontinuous
signum function in (4).

Define a switching-function-like quantity as

z2 = ż1 +k1z1 = x2−x2eq, x2eq , ẋ1d−k1z1 (13)

wherez1 = x1−x1d(t) is the output tracking error,x1d is the
desired trajectory to be tracked byx1, andk1 is any positive
feedback gain. SinceGs(s) = z1(s)

z2(s)
= 1

s+k1
is a stable transfer

function, makingz2 small or converging to zero is equivalent
to makingz1 small or converging to zero. So the rest of the
design is to makez2 as small as possible with a guaranteed
transient performance. Differentiate (13) and note (12),

θ1ż2 =
∂x
∂q

x3−θ2x2−θ3Sf (x2)+θ4 + D̃−θ1ẋ2eq (14)

Design a virtual control lawα2 for x3,

α2 = α2a +α2s = α2a +α2s1 +α2s2

α2a =
1
∂x
∂q

[
θ̂1ẋ2eq+ θ̂2x2 + θ̂3Sf (x2)− θ̂4

]

α2s1 = − 1
∂x
∂q

k2z2, α2s2 =− 1
∂x
∂q

k2sz2 (15)

wherek2 is a positive feedback gain andk2s is chosen to
satisfied the following inequalities:

z2

(
∂x
∂q

α2s2 + D̃+ϕT
2 θ̃

)
≤ ε2

z2
∂x
∂q

α2s2 ≤ 0 (16)

whereϕ2 = [ẋ2eq ẋ2 Sf (x2) −1 0 0 0]T .
Let us call the discrepancy betweenx3 and α2 as z3.

Differentiatez3 while noting (12) and (15), the followingz3

dynamics is obtained:

θ5ż3 = θ5ẋ3−θ5α̇2

= QL− (
A2

1

V1
+

A2
2

V2
)

∂x
∂q

x2 +
A1

V1
θ6 +

A2

V2
θ7

−θ5α̇2c−θ5α̇2u (17)

whereα̇2c andα̇2u represent the calculable and incalculable
part of the derivative ofα2.

Now, design a control law forQL as

QL = QLa +QLs = QLa +QLs1 +QLs2

QLa =
(

A2
1

V1
+

A2
2

V2

)
∂x
∂q

x2− ∂x
∂q

z2 + α̇2cθ̂5− A1

V1
θ̂6− A2

V2
θ̂7

QLs1 = −k3z3, QLs2 =−k3sz3 (18)



wherek3 is a positive feedback gain andk3s is chosen to
satisfy the following inequalities:

z3
(
QLs2 +ϕT

3 θ̃− α̇2uθ5
) ≤ ε3

z3QLs2 ≤ 0 (19)

whereϕ3 = [0 0 0 0 α̇2c − A1
V1

− A2
V2

]T .
Finally, the control inputu can be solved from the fol-

lowing nonlinear mapping as in [3].

u =
QL

A1
V1

kq1
√
|∆P1|+ A2

V2
kq2

√
|∆P2|

(20)

Performance
Theorem 1. Under Assumption 1 and 2, with the adaptive
control law (20), (15), (18) and rate limited adaptation law
(11)and(8), the closed loop system has all signals bounded
and the following properties:

A. In general, the positive definite functionV =
1
2θ1z2

2 + 1
2θ5z2

3 is bounded above by

V ≤ e−λtV(0)+
ε
λ

(
1−e−λt

)
(21)

whereλ = 2·min{ k2
θ1

, k3
θ5
} andε = ε2 + ε3.

B. If after a finite timet0, if there exist parametric
uncertainties only (i.e.,̃D = 0), then, in addition to results
in A, asymptotic tracking is also achieved, i.e.V → 0 as
t → 0.

Proof: DifferentiateV while noting (14) and (17), one
can obtain:

V̇ = θ1z2ż2 +θ5z3ż3

= z2{∂x
∂q

(z3 +α2)−θ1ẋ2eq−θ2x2−θ3Sf (x2)+θ4 + ∆̃}

+z3{QL− (
A2

1

V1
+

A2
2

V2
)

∂x
∂q

ẋ2+
A1

V1
θ6 +

A2

V2
θ7

−θ5α̇2c−θ5α̇2u} (22)

Substituteα2 andQL into (22), one would be able to obtain:

V̇ = −k2z2
2 +z2(

∂x
∂q

α2s2 +ϕT
2 θ̃+ ∆̃)−k3z2

3

+z3(QLs2 +ϕT
3 θ̃− α̇2uθ5)

≤ −k2z2
2−k3z2

3 + ε2 + ε3

≤ −λ ·V + ε (23)

By comparison Lemma, (21) is proven.
The proof of part B for general SISO nonlinear systems

in semi-strict feedback forms can be found in [11].
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COMPARATIVE EXPERIMENTAL RESULTS

Both DARC and IARC controllers are tested for com-
parison. The design of DARC can be found in [3]. Some
simplifications have been made when implementing the pro-
posed IARC control strategy. The solutions ofk2s andk3s to
(16) and (19) are not unique. One example ofk2s andk3s is:

k2s ≥ 1
2ε2

(‖θM‖2‖ϕ2‖2 +δ2
d

)

k3s ≥ 1
2ε3

(‖θM‖2‖ϕ3‖2 + |α̇2u|2maxθ
2
5max

)
(24)

The selection of the specific robust control terms by (24) is
rigorous and should be the formal approach to choose. How-
ever, it increases the complexity of the resulting control law
considerably since it may need significant amount of compu-
tation time to calculate the lower bounds. As an alternative,
let α2s = α2s1 + α2s2 = − 1

∂x
∂q

K2z2 andQLs = QLs1 + QLs2 =

−K3z3, a pragmatic approach is to simply chooseK2 andK3

large enough without worrying about the specific values of
k2s andk3s. By doing so, (16) and (19) will be satisfied at
least locally around the desired trajectory.

Both controllers are tested for a point-to-point motion
trajectory shown in Fig. 2, which has maximal angular ve-
locity and acceleration as0.6rad/s and 5rad/s2, respec-
tively. A 50lb payload is added during the experiments. The
initial values of all parameters are set with guess and are
within the parameter bounds. The IARC gains used in ex-
periments are:k1 = 15, K2 = 15∗200andK3 = 15/(4∗108).
The tracking errors and some of the parameter estimates of
both DARC and IARC are shown in Fig. 3 through Fig. 6.

Experiment results show that both DARC and IARC
have decent tracking performance. But the parameter esti-
mates in IARC scheme are much more superior than what
in DARC. All parameters converge to the offline estimated
value.
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CONCLUSION
In this paper, an indirect adaptive robust controller are

synthesized for precise motion control of electro-hydraulic
systems driven by single-rod hydraulic actuator. The pro-
posed IARC focuses on accurate estimation of unknown pa-
rameter while keeps decent tracking performance. Compar-
ative experiment results show that the IARC have superb
parameter estimates than DARC while their tracking perfor-
mances are comparable.
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