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Abstract lack of knowledge of systems parameters was addressed by
the design of adaptive observers which estimate both the

To be practical, observers have to function not only in the states and parameters of a system. An extensive survey of
ideal situation of having a perfect assumed model struc- the design of adaptive observers was done in [4]. Unfortu-
ture, but also in the presence of some degrees of model un- nately, these observers can become unstable in the presence
certainties. The adaptive observer designs in the literature of unmodeled dynamics and uncertain nonlinearities.
have a major drawback in that they may destabilize in the ) N .
presence of uncertain nonlinearities which could occur in !N the presence of hard nonlinearities such as coulomb fric-
real systems. In this paper, based on the recently proposed tlpn and saturation whlch cgnnot be linearized, observer de-
adaptive robust control (ARC), robust filter structures and Signs based on the linearized model do not perform ade-
controlled parameter adaptation are effectively integrated duately and have a limited range of operation. Hence, the
to deal with some typical model uncertainties in a physical Qe5|gn of observers fprthe state_ estimation of uncertain non-
system to improve the state estimation properties of an ob- lNéar systems remains an active area of research. An ex-
server. Theoretically, the proposed adaptive robust observer {€nsive survey of thg various observer designs for nonlinear
(ARO) is shown to possess the Input-to-State-Practically SyStéms was done in [5-8].
Stable (ISpS) property. Practically, explicit on-line moni-
toring of certain persistence of excitation conditions is used
as well to obtain better and robust parameter estimates to
further improve the state estimation accuracy in implemen-
tation. Experimental results are obtained to verify the effec-
tiveness of the proposed ARO design.

It should be noted that most of the observer designs in the
literature deal with certain specific classes of nonlinear sys-
tems for which co-ordinate transformations can be found to
transform the system into an equivalent observable form.
The complexity in the nature of nonlinear systems forces
us to come up with designs based on performance require-
1 Introduction ments. Most methods deal with observer designs for sys-
tems linear in the unmeasured state. In the case of adap-
Observers are dynamical systems that act as state estima-tive observers for uncertain nonlinear systems, as with other
tors and are used in a wide range of applications such as adaptive designs, the parameter convergence can occur only

in the implementation of advanced controllers which do not  when certain persistence of excitation conditions are satis-
have the entire state vector for feedback, model based fault fied.

detection and isolation [1, 2] and virtual sensing [3].

This paper presents a novel nonlinear adaptive robust ob-
Some of the major difficulties in the design pfactical server (ARO) that estimates both the unmeasurable states
observers for most physical systems inclu¢i¢:the inher- and unknown but constant parameters for a class of systems
ent nonlinear dynamics, ar@) model uncertainties. The  which can be characterized as being in the parametric semi-
model uncertainties can be due to either constant or slow- strict feedback form. A co-ordinate transformation is first
ing changing unknown quantities such as unknown physi- used to convert the given nonlinear system into an equiv-
cal parameters or fast changing unknown quantities such as alent observable canonical form. A novel observer design
external disturbances and un-modelled nonlinearities. philosophy that is based on the recently developed adap-
tive robust control (ARC) theory [9] is employed to handle
typical model uncertainties in a physical system effectively.
Theoretically, it is shown that the proposed ARO is Input-
State-Practically-Stable (ISpS), and the state and parameter

1The work is supported in part by the National Science Foundation un- €Stimates are guaranteed to be bounded even in the presence
der the grant CMS-0220179

The extensive research work in the field of linear systems
has led to the development of extensive tools for the design
of observers for linear systems. The difficulty posed by the
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of uncertain nonlinearities such as bounded disturbances.
Practically, explicit on-line monitoring of certain persistent
excitation conditions is used to improve the parameter and
state estimation process as well. Experimental results ob-
tained on the velocity estimation of hydraulic cylinders us-
ing pressure measurement only verify the practicality and
effectiveness of the proposed ARO framework.

2 Problem Statement and Issues to be Addressed

A goal in many practical applications is to combmeriori
knowledge of the physical system with experimental data
to estimate the states and parameters of the system. In this

wherew(x,8,,) is a vector of design functions of the mea-
sured states and the set of unknown paramet&sas de-
fined in assumption 2 such that the matrix

Ag (X U) = Gy (X) = ZLq Wi (X U) (5)

is exponentially stable (i.eAT + A is a uniformly negative
definite matrix).

The objective is to design an observer such that the esti-
mated state vectay is as close as possible to the true state
n in spite of the parametric uncertainties and the uncertain
nonlinearities. Specifically, the observer should exhibit the

paper an adaptive robust observer is designed that estimatesfollowing desirable properties:

the states and parameters of a class of nonlinear systems.
Specifically system dynamics in the following form are con-
sidered in this paper:

n = FRud+Gy(x)n+A4A,
X = OTF(xUu)+@ (x,u,0)n+Ay (1)
y = X

wherex = [x,...,X)|T € R"is a vector of states that can
be measured) € R" is a vector of states that are unmea-
surable and € RP is a vector of constant but unknown
parameters that also need to be estimafg(ik,u) € R"*P,

Gn € RN, Ky (x,u) € RP and@(x,u,0) € R" are matri-

ces or vectors of known smooth functions which are used
to describe the nominal model of the systefy, and Ay
represent the lumped unknown nonlinear functions such as
disturbances and modelling errors. The following practical
assumptions are made:

Assumption 1 The extent of the parametric uncertainties
and uncertain nonlinearities are known. Specifically,

e E Qe:e:emin<9<emax
D € Qa, =0y |0y <8

whereBmin, Omax O, and dy are known. |-|) denotes the
usual Euclidean norm.

Assumption 2 There exists a vector of functioagx, 8,) €
RN that can be linearly parameterized by a set of unknown
parameter$,, € R P» and satisfies

L (u,0) = i (xu) 3)

aXi

wherey; (x, u) is @ matrix of known functions afandu and
independent d.

Assumption 3 There exists a co-ordinate transformation of
the form

(4)
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€ =n—w(x,00)

1. The observer is Input-to-State-Practically stable
(ISPS) with the plant states and inputs of the actual
system as inputs and the observer states as the states.

. In the absence of uncertain nonlinearities i.e., when
A, = Ay =0, the observer estimates of the transformed
states converge to their true values.

3. When certain persistence of excitation conditions are
satisfied and\, = Ay, = 0, both the parameter esti-
matesO and the state estimatésasymptotically con-

verge to their true values.

In the following, an adaptive robust observer (ARO) frame-
work is presented to solve the above observer design prob-
lem. The framework is based on the recently developed
adaptive robust control (ARC) philosophy [9] that empha-
sizes the use of bottobust filter structuresand em con-
trolled parameter adaptation in dealing with typical model
uncertainties in a physical system. Specifically, robust fil-
ter structures are used to reduce the effect of various model
uncertainties as much as possible while controlled parame-
ter adaptation is used to reduce the model uncertainty for an
improved state estimation accuracy.

3 Definitions and Mathematical Preliminaries

3.1 Projection Mapping and ISPS Stability _

Let 6(t) denote the estimate of the parameleand 6 the
estimation error (i.eQ = 6(t) — 8). Defining the discontin-
uous projection as:

Definition 1 Let Qg be a convex set with the interior of the

set denoted byie and its boundary byQg. Letng be the
unit outward normal aB € 0Qg. The standard projection

mapping [10] is:
if éede ornEZgO
6 caQq andnlZ>0
(6)

wherel € R P is any function and (t) € K P*P can be any
time-varying positive definite symmetric matrix.

¢,

Projg(Q) = (a-r

T
Nang
T na
nél'ne

)¢,
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Lemma 1 By using the projection type adaptation law
given by

0(0) € Qg (7)

it can be shown [11] that the projection mapping in equa-
tion (6) has the following desirable properties

P1. The parameter estimates are always within the known
closed sefg, i.e.,B(t) € Qp, V.

P2. If the true parameters are within the known convex set
Qg, then for any adaptation functionandr (t) > O,
eT(r

“IProjs(rt) —1) <0, V1, (t),and6 € Qq, (8)

Definition 2 A systenx = f(x,u) is Input to State Practi-
cally Stable (ISpS) if there exists a cla&s. functionf3, a
classX functiony, and a non-negative constashsuch that,
for any initial conditionx(0) and each inputi € L,[0,1), the
corresponding solutiom(t) satisfies

X(t)] < B(X(O)].) +y(lu®)]]) +d, ¥t>0 (9)
whereu(t) is the truncated function afatt and|| - || repre-
sents the’., supremum norm.

3.2 Mathematical Preliminaries
If Ae R™M B e RS then, the Kronecker product as de-
fined in [12] is,

A11B  AoB AinB

AR)B= Az_lB AZ_ZB — matrix/Aj B]
AmB  AnB AmnB

(10)

whereAQB e R"<Ms,

Lemma 2 Consider the following matrix producABCD
whereA € R1*Po B e RPoxl Ce R1*P andD e R P*1.
Then

(BQCH)

ABCD= (A)D")- (12)

Proof: The proof follows from the definition.

4 Adaptive Robust Observer

Since then subsystem is not measurable, a nonlinear adap-
tive robust observer will be designed to provide estimates of
then subsystem. Motivated by the research work in [13,14],
a transformation of co-ordinates is introduced. Define a vec-
tor

€=n—w(X 8) (12)
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wherew(x,8,,) is the vector of design functions satisfying
Assumptions 2 and 3. Its derivative is computed as

E = Nn-6(x0y)
ow.
= (F(x,u)8+Gyn+4y) —ZL 1555 (13)
_ (Rkxus - T 5267 Ry) + (Gn ZLdi(x,u)n
+(8y — 2L 1ax, % Ox)
For simplicity, let
Ag (X, u) = (Gn (%) — ZLyWi(x, u)) (14)
and .
Ag(x,u) = (8y — 2L 13% |AX') (15)

Substituting (14) and (15) into (13), we have

096TE, (x,u)) + Ag (x.U)n + A

Lox;
(16)
Substituting (12) into (16) and utilizing the assumption that
w(Xx,0,) can be linearly parametrized in terms @&, i.e.,

€= (F(xu)—3,

(X, 8,) = 0(X)8, for some matrixo(x) € R7*Pe, we have
E = Ag(xU)E+Ag(X,U)o(X)Be +
do
Fp(x,u)0 -, 5 IemeTFyq (x,u)+4Ag (17)

Using (11) we have

lile)
I].aI

n

sn 99g.07 Fy (X, U)

®FXT (%,1))(6,(X) 6)

zin:lq)iT(X» U)Bnew (18)

whered[ (x,u) € RPPo andBpey, € R PPo*L. Substituting
(18) into (17) we get,

d Ag (X, U)E + Ag (X, U)T(X)B + Fy (x, )0
_zin:lq)iT (X, U) enew-i- Ag

(19)

If 8 andB, were known, we would design a nonlinear ob-
server

£ Ag (%, U)E + Ag (X, 1) T(X)B + Fiy (%, 1) 8 — =1 &7 (X, U)Brew
= AE X,u E + Xf'l (X7 )900 + Fr] (X7 u)B - z:ﬁ:lq)lT (Xa u)enew (20)
wherexp (x,u) = A (x,u)a(x) € R"*Pe. Then, the state es-
timation errorg = & — & would be governed by the following
dynamic system
E = AE(Xv U)E _AE

SinceB andB,, are not known, the observer in equation (20)
is not implementable but it provides motivation for the de-
sign of the following nonlinear filters:

(21)

'rej = Ax u)tgj +Fyj(xu) (22)
"l'ewj = A (X, U)Tewj +Xnj (x,u) (23)
T = AUt -0/ (x ) (24)
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whereFy , Xqj(x,u) and¢]; represent thgth column off,,

where@] = [07,0]] € R 1*(P+P(P+PutPRa)) and@T (x,u) =

Xn and¢[ matrices. The state estimate can thus, be repre- [Fx (X, u),Ai(x,u)] € R (PTP(P+PutPPw))

sented by

E =
= 196+ 716,00+ T6new (25)

wheretg € R"P, 19, € R"Po andt € R1*PP. From

(22), (23), (24) and (25), it can be verified that the observer
error dynamics are still represented by (21). Therefore, the

equivalent expression for the unmeasurable stase

190 + Tg, 06 + TBhew+ W(X, Bcy) — E

160 + Tg,, 00 + TBnew+ 0(X)B — & (26)

n =

But since information aboud and 8y, is not available, we

need to use the parameter estimates for the estimation of the

unmeasured statesi.e.,

A = 160+ (Ta, +0(X))80+TOnew
= Yo, (27)

whereYT = [1q, (Tg,, +0(X)), T € RN (PPt PRo) andfy =
6,60, eneV\JT € RPHPutPRo,

Now an adaptation law needs to be designed to estimate the

The dynamics (31) is linear in terms of unknown parame-
ter vectorfy, from which parameter estimation can be con-
structed. To by-pass the need for the derivatives of the mea-
sured states, the following filters are proposed:

AQT +O(x,u) (32)
A(Qo+X) (33)

or =
0o =

whereA is any exponentially stable matrix to be specified
later,Q € R 2 (P+P(P+PotPR)) andQq € R 1. Now define

Z=X + Qo (34)

which is calculable. By substituting equations (31) and (33)
into the derivative of (34),

2= Az+O(x,u)80 — 87 & (X, U)E + Ay (35)
Lete = x; + Qo — QT 6y, thenz can be written as
z=Q"6p+¢ (36)
whereg is governed by

&= Ae— 075 (x u)§ + Ay (37)

system parameters so that these estimates can be used inAs the last two terms in (37) can be bounded by known non-
the implementation of the adaptive robust observer. Con- linear functions, a nonlinear filter matrican then be con-

sider the dynamics of thg subsystem in (1), using (26),
the equation for the dynamics can be rewritten in the fol-
lowing form:

% = 0TF (6 U)+ @ (%,U,0)(Y By —&)+4y  (28)
Utilizing the fact thatg' (x,u, 8) is linear in terms o8B, i.e.,

@' (x,u,0) = 87&;(x,u), the equivalenk; dynamics can be
written as

5 = BTF(xU)+878(xu)(YT By — &)+ Ay
= 0TR(xU) +878(xU) Y By — 878 (X, U)E + A
= 0TF (% U)+ 8 Z(x,u)By— 67 5;(X, U)E + Ay, (29)
Then,
873i(x,u)Y By = B'=(xu)by
= (87:&ONAi(x.)
= BAAI(XU) (30)

whereA;(x,u) € R P(P+PotPR) js a vector of the elements
of the matrix=(x,u) andBy € R P(P+P=+PR) s a vector of
the unknown parameters.

Hence, using equation (30), the dynamics ofsthehannel
can be written as,

X = BTFy (xU) BN (X U) — 873 (X, U)E + Ay,
= O(x,u)B — 875 (X, U)E + Ay (31)
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structed to guarantee that the error dynamics (37) are stable.
Now define the estimate afas

2=0Q"6y (38)
and define the prediction error as- Z— z. By doing so,
e=Q"8y—¢ (39)

which is linearly parameterized in terms of the parameter
estimation errop with an additional term that exponen-
tially converges to zero in the absence of disturbances (i.e.,
An = by = 0). Because the prediction error is in the static
form, various standard estimation algorithms can be used.
With the least squares estimation algorithm, the resulting
adaptation law is given by,

Qe

B0 = Projg, (=1 1+VTracgQrQ) )

(40)

whererl (1) is the adaptation rate matrix updated by,

alr —rQQ'r

- 1+vTracegQ'rQ)’ ro)=ri©>0 (41)

in which the normalization factor and the forgetting fac-
tor a are non-negative constants, with= 0 leading to un-
normalized algorithm.

With the above ARO design, the observer estimation error
of n is given by

~ A~ TA =
A=N-N=Y6y+¢ (42)
Proceedings of the American Control Conference
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5 Performance Results

The following qualitative results hold for the ARO defined
by the equations (27) and (40).

1. In the presence of uncertain nonlinearities, the signals
from the parameter estimator of the ARO given by
equation (40) and the state estimator given by equation
(27) are bounded, and the ARO given by equations (27)
and (40) is ISpS.

2. In the absence of uncertain nonlinearities, i, =
Ay = 0, if the parameters are updated only when cer-
tain persistence of excitation conditions are satisfied,

Lemma 4 The systems of filters in (32) and (33) is ISpS
with the inputs being the measured statemd the control
inputu and the states being the filter outp@g and Q.

Proof: As the filter matrix used in equations (32) and (33)
is stable, there exif? > 0 andQ > 0 such thaldTP+ PA=

-Q.
Consider the following Lyapunov function
V =Tr(QPQT) (45)

whereP is a positive definite matrix.

then the parameter and state estimates converge to their Then the derivative of the Lyapunov function (45) using

true values.

These results are formally summarized in the following
lemmas:

Lemma 3 With the observer in (27) and the projection
type adaptation law in (6), the parameter estimation er-
ror and the estimation erro€ are always bounded, i.e.,
B0 € L&]0,), and§ € Lo[0, ).

Proof: From the properties of the projection mapping in (6),
itis seen thaBp € L,[0,). Hence, the parameter estima-
tion error als®p € Lo [0, ).

Since,A¢ (x,u) is assumed to be stable, there exist two pos-
itive definite matrice® > 0 andQ > 0 such thatAgP+
PAs = —Q.

Consider the following Lyapunov functicws = ET PE, then

Amin(P)[€[2 < V&(8) < Amax(P)[€|2. Looking at equation
(21), we have

. AT ~ o~ X
7 § PE+ETPE

AT ~ ~ ~T
& (AL (X, U)P+PAg(X,u))E — A PE —& PA;

< —Amin(Q)IE[? — 21 PE (43)
< Amin(Q)E[% + 2Amax(P) (8 + T4 |L |3y, ) €|

. 2 n 2
S —Cg)\max(P)|z|2+ )‘max(P)(ar] +ZI=1|L|6Xi)

Amin(Q) - CE)\maX(P)
}\min(Q)

whereci > Qis any positive constant satisfying < Amand®)
Since(d, + 2 ;|L|dy) is a function of the measured states
andt only and is bounded with respect tpthere exists a
class % functiony(x) and a positive constart such that

2 0 )
y(xX)+d > (Nax(P)) (Bn +21L4 L |8x)

Amin(Q—CAmaxP) Thus, we have that,

Vg <~V (8) +y(x) +d (44)

Hence, the system witE as the state anklas the input is
ISpS.O
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equations (32) and (33) is given as

Vo= Tr((QPQT)+(QPQT))

Tr(QATP+PAQT) +OTPQT 4 QPO)(46)

Hence, the derivative of the Lyapunov equation is

V = —Tr(QQQ")+Tr(@"PQ" + QPO)
—Ng T o'PQT QPO T
< Tr(QPQ") +KkTr + — —QPQ
= e P) ( ) (— " )
—Ng or o ; oPe’
= V+KTr(—(Q— —)P(Q— — T
Amad P) +KTr(—( i JP( )T (=)

whereN, Ny, k are positive scalars which satisfyin(Q) >
N > 0andN = Nj + kAmax(P).

Since the regressor is bounded,

Ve M

V +y(|xu|)+d
= Py ¥ YU

(47)

Hence, the system witk andu as the inputs an@ as the
state is ISpSO

Theorem 1 The Adaptive Robust Observer given by equa-
tions (27) and (40) is ISpS with the measured stataad

the control inpuu as the inputs and the observer estimation
error fj given (42).

Proof: The prediction error for the observer is given by the
static relation (39). From Lemma 8p € L,[0,) and the
system with as a state is ISpS. Also, utilizing Lemma 4,
the set of filters withQ as a state is ISpS. Hence, the ARO
is ISpS withx andu as inputs andj as the stateld

Theorem 2 In the absence of uncertain noqlinearities, i.e.,
Ay = Ay, = 0, the parameter estimation errép — O if the
following persistent excitation (PE) is satisfied:

t+

.
3T,a > 0,st. QU)QT()dt > al, vt (48)
t
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Proof: In the absence of uncertain nonlinearities g, =
AXi = 01

3

€

Ag (X, U)E
As — @ (XU, 9)5

(49)
(50)

It is thus clear that botﬁ ande exponentially converge to

[2] Rajesh Rajamani, Adam S. Howell, Chieh Chen,
J. Karl Hedrick, and Masayoshi Tomizuka. A complete fault
diagnostic system for automated vehicles operating in a pla-
toon. IEEE Transactions on Control Systems Technology
9(4):553-564, July 2001.

[3] Ferenc Nagy. Measurement of signal parameters us-
ing nonlinear observerdEEE Transactions on Instrumen-

zero. Thus, using standard adaptive design techniques, we tation and Measuremed1(1):152—155, 1992.

can show that the least squares type projection adaptation
law guarantees that the prediction ereor- 0 ast — oo,

From (40),80 — 0 ast — .

Ase= QTéo — €&, one has tha@Téo — Qast — «. Hence,
foranyT,

T .
/ 87 QQ BydT — 0,ast— o (51)
t
Using the mean value theorem,
Bo(1) = Bo(t) +Bo(W) (T 1) (52)

Thus, noting tha@)o — 0ast — o, (51) and (52) lead to

t+T

85 ()] QQ"d1]8o(t) — 0 (53)
t
Thus when the PE condition (48) is satisfied,
. - t+T .
alfo®P<B5®[[ 00'difn) (4
t

From (53),60 — 0. O

6 Conclusions

An adaptive robust observer (ARO) design has been pre-
sented for a class of parametric semi-strict feedback non-
linear systems that are linear in terms of the unmeasured
states. It has been shown that using a robust filter structure
along with controlled parameter adaptation enables us to ef-
fectively combat the effect of various model uncertainties

including both unknown but constant plant parameters and
bounded fast-changing unknown nonlinearities. Theoreti-

cally, the proposed ARO guarantees bounded estimates of

the states and parameters even in the presence of boundedP

fast-changing unknown nonlinearities, and the asymptoti-
cally converging estimates of the transformed states in the
presence of parametric uncertainties only. Practically, the
experimental results obtained on the velocity estimates of
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