The Continuous-Time System and Its ZOH
Equivalent Discrete-Time System

Continuous-Time Z0H Equivalent Discrete-Time
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The poles of the continuous-time system {p.;} and the poles of the
ZOH equivalent discrete-time system {p,;} satisfies the following

relationship: =7 Jdq 40 54 - Fui=fs Vi
pZi — epsiT — 1-7 W = [_'(]_'1/(.) = _F( l’r.' Vi) z rs.’ ‘F\f;
=1, V.

The eigenvectors of the ZOH equivalent discrete-time system are
the same as those of the original continuous-time system =~ Y&, F

. Ps: T
=) QFTV‘\. = ePS‘T“fi ﬁA‘Jl-Ze Vv

My ?l’jv;
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The Continuous-Time System and Its ZOH
Equivalent Discrete-Time System

Two linear algebra tools are needed to prove the previous claim:

The Cayley-Hamilton Theorem
A square matrix A satisfies its own characteristic equation
Any function of a square matrix (any matrix function) can be

represented by a polynomial function of this matrix with degree less
than n (where n is the size of the matrix).

Function of a Matrix

If f(A) is a finite-order polynomial of matrix A, and e; are the
eigenvectors of the matrix A associated with the eigenvalues A,
then f(4) are eigenvalues of f(A) associated with eigenvectors e; ,
1.€.

F(A)-¢=1(4) ¢
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The Cayley-Hamilton Theorem
A square matrix A satisfies its own characteristic equation:
A(s)=det(sI-A)=s"+as"" +--+a,_S+a,

=(S=4)(S—4)(5=4,)=0

p—
A(A)=A"+a A" +.--+a_A+al=0

Prootf:
Note that (sI — A)~! can be represented by
1

n-1 n-2
(sI—A)_ _ 1 Adj(SI-A)ZBlSn +B2ns_1 +---+B._S+B,
A(S) s +as  +---+a _S+a

= (Bs"' +B,s" ++B, s+B )(sSI-A)=(s"+as" +--+a,s+a,)I

Compare coefficients:
B, =1 B,=AB, +al = B,=A+al

B,=AB,+al = B,=A’+aA+al

B =AB_,+a I = B_ =A""+aA" +...+a ,A+a_I

B, =AB _,+a I=> B =A""+aA" " +--.+a _,A+a_ I

0=AB, +al=> 0=A"+aA"" +-+a_A+al = AA)=0

§i) MechanicalEngineering Bin Yao © 2018 System Representation - 3
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Function of a Matrix

If f(A) is a finite-degree polynomial of matrix A, and e; are the
eigenvectors of the matrix A associated with the eigenvalues A, , 1f

th
- f(A)-e=f(4)-e

In other words, f(4;) are the eigenvalues of the matrix f(A), and that
the eigenvectors e; will be unchanged.

Proof:

Let (4, ;) be the eigen-pairs for matrix A then
A'e|:ﬂ1°e| :> Azoei:ﬂ/i.A.eizﬂliz.ei :>...:> An.ei:ﬂ’ln.ei
Suppose f(A) can be written as

f(A)=c,A"+c A" +---+¢c_A+cCI

Then . g
f(A)-ei:(coA +CA +---+cn_lA+cnI)-ei

:(Coﬁfun +Cl/1|n_1 +-+C 4 "'Cn)'ei = f(ﬂ’l)°ei

= f(A)-e=1(4)e

g MechanicalEngineering .\, ' o 5015 System Representation - 4
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The Continuous-Time System and Ilts ZOH
Equivalent Discrete-Time System

The poles of the continuous-time system {p,;} and the poles of the
ZOH equivalent discrete-time system {p,;} satisty the following

relationship: ;
— Psi
pzi =€

Proof:

Let f(F)=ef'
Then A =e'" = f(F)
Thus V{p,, e} with F-e, = pe; :
= A-e="f(F)e="7(p,)e=¢e™ -e
= (f(psi)-I—A)-ei:O
= f(py) 1s the eigenvalue of A with eigenvector of e, i.e.
P = f (Pgi) = e

— Note that eigenvectors of the C.T. and the D.T. systems are the same !
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Mapping Between C.T. and D.T. Poles

Pf’JW —) 1% 'Q o = CJMT = Pl =1 & <Pz WT = i'
I )

- - ::_T
rS:—G*JO’ . U S T A T

1 2
. Complementary
strip s plane
! . 3o,
e Im §

Complementary z plane

strip

Primary
strip

Compiementary
strip

3w,
L. g— o2 -
_D ‘ P%‘ = o Complementary
—_ G oo _ strip
eVy = -6 —— o= 2

— K. Ogata, Discrete-Time Control Systems, 2" Ed., Prentice-Hall, 1¢
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D.T. Free Response and Pole Location

Im(z)

A
VA
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C.T. and D.T. System Zeros

Do the zeros of the continuous-time system {z;} and the zeros of the
discrete-time system {z,.} satisfy similar relationship?

Z, 2e’
No!

Unlike poles, zeros of the ZOH equivalent DT system and those of the CT system
do not have a clear relationship. In general, sampled data model has a relative
degree of 1, regardless of the relative degree of the CT system, 1.e., DT system
has n-1 zeros regardless of m of its CT counter. The extra zeros of DT system are
referred to as the sampling zeros. For fast sampling, those m zeros that can be
thought of as being mappings of continuous time zeros are approximated through
the relationship ( z . = — e%' ). The remaining N-m-1=r-1 sampling zeros will
converge to finite zeros in the left half plane determined }LB (z) =0 where

+( 4rds = -39 k- 2(
B(2)=1, B,(2)=z+1 fﬂuu Li\ ( ) 2.~ Unstable zeros
CIRL . or
B,(2)=(z—1)*+6(z—1)+6 = ¢ = NMP DT system
B,(2)=(z-1) +14(z-1)* +36(z 1)+ 24 for relative degree more
: than 2 CT system

r>2

System Representation

-8
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C.T. and D.T. System Zeros

Example: )
P(2)=——2 FOZD
G.(s)= 500 — (z=1)(z—-e" )z—e )
P S(s+5)(s+100) b, =T —(399-400e~" +e'*")/1900
b, = (399 - (401+1900T )e™*" +(401-1900T)e™*T ~399¢™*") /1900
b, = (™" —400e™™" +(399+1900Te*" ) /1900
Pole-Zero Map Pole-Zero Map
1 T T T 1 T T T T
05 1 05}
g O b i@ O T 8§ 0 o & x X
05| ] 05|
1 . . . o . -1 L L Lot I I
4 3 2 1 0 1 5 15 -1 0.5 0 0.5 1 15
Real Axis Real Axis
P= P=
8.119e-08 z2 + 3.164e-07 z + 7.704¢-08 0.01769 z*2 +0.02134 z + 0.0003182
z"3-2927"2+282z-0.9003 z"3 -1.607 22 + 0.6066 z - 2.754e-05
2= =esll, A2l z=-1.1910, -0.0151
p = IGIE, T2E5l, DSTs p = 1.0000, 0.6063, 0.0000
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C.T. and D.T. System Zeros

Example:
500
G, (8)="3
(S"+2s+5)(s+100)
Pole-Zero Map

Imaginary Axis
o

051

-4 I3 I2 -1 i 0 1
Real Axis
P =
8.125e-08 z*2 + 3.169¢-07 z + 7.721e-08

z"3-2.903 22 +2.806 z-0.903

z=-3.6389, -0.2611
p=0.9990 £ 0.00201, 0.9048

Bin Yao © 2018

P(z) =

Imaginary Axis

b,z* +bz+h,
(Z . e(—1+j2)T )(Z . e(—l—j2)T )(Z . e—lOOT)

(=)

o oo
o

LS}

Pole-Zero Map

1
05|
X
O O ......................................... (X ..................................
X
-05r
T=0.1
_1 1 1 1
-1.5 -1 -0.5 0 0.5 1
Real Axis
P =

0.01923 z"*2 + 0.02548 z + 0.0004163

z"3-1.7742"2 +0.8188 z - 3.717e-05

z=-1.3083, -0.0165
p= 0.8868 £0.17981i, 0.0000 + 0.00001

System Representation - 10
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C.T. and D.T. System Zeros

Example:
500(s +1)
G,(8)=—
(S"+2s+5)(s+100)
Pole-Zero Map
05
g
R !
o0sF
T=0.001
_1-1 s cl) ..... 0.5 1
Real Axis
P=

0.0002418 z"*2 - 7.763¢e-06 z - 0.0002336

z"3-2.903 z"2 +2.806 z- 0.903

z=10.9990, -0.9669
p =10.9990 = 0.00201, 0.9048 + 0.00001

Bin Yao © 2018

P(z) =

Imaginary Axis

b,z* +bz+h,

(Z . e(—1+j2)T )(Z . e(—l—j2)T )(Z . e—lOOT )

(=)

o oo
o

LS}

Pole-Zero Map

1 — .
05
x
0 b, O K o-
x
05 -
T=0.1
g e i
= 0.5 0 0.5 1
Real Axis
P=

0.4278 z°2 - 0.3413 z - 0.04131

z"3-1.7742"2 +0.8188 z - 3.717e-05

z=0.9047, -0.1067
p=0.8868 = 0.17981, 0.0000 + 0.00001

System Representation - 11



What are Zeros Anyway?

Z,; 1s said to be the zero of a pulse transfer function G(z),
ifatz=12,, G(z,;,) =C(z,1-A)'B+D =0

Given a minimum (1.€., controllable and observable) DT state space
representation of a square system (number of inputs = number of
outputs) , zeros of the system are defined as the z,;'s that satisfy

; z,1-A | -B 0
NTCTTTD T

The above equation implies that

: , z,I-A -Bile 0
3 non - zero pair (e,,u) that satisfies =
C D |lu 0

At the system zeros, there exists non-zero inputs and states such
that the system outputs are identically zero.

"é—;-‘ MechanicalEngineering
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System Zeros

To prove the above, we need to know the following two facts in
linear algebra:

Fact I; A B_A 0TI A'B
C D| |0 1/|lCc D

Fact II: Given two square matrices M and N, then
det(M - N) =det(M)-det(N)

Proof:

Use Fact I: ZI-A —-B B ZI-A 0] 1 —(ZI—A)_IB
C D|| o0 1|cC D

Use Fact II;

ZI-A -B 1
de{ - D}=det(zI—A)-det[D+C(zI—A) B

Since det(z,;I — A) # 0 (why?), then z,; is a zero of the system iff

p z,1-A | -B 0
NTCTTp |

&% MechanicalEngineering

' Purdue University Bin Yao © 2018



Example of Transmission Zeros

Example:

G(2) = z—0.5 z—0.5

(Z—1)(2-08) 22-182+0.8

Convert to controllable canonical form

X, (k +1 0 1 || X (k 0 X, (k
(KD 1 (K) A2 lu, yao=[-05 1) 1(K) +0-u(k)
X, (K+1) —0.8 1.8 x,(k) 1 X, (K)
System has a zero at z= 0.5, 1.e.
ZI-A Bl X B 0 05I-A -B|| X B 0
C Dlul| |0 C D |[u| |0
(05 -1 0][x] [0]
= | 08 -13 —1{x|=|0 k=0 k=1 k=2 k=3
x(k)[ 1 05 025 0.125
05 1 O0fu 0
- S-S B x,(K)| 0.5 025 0.125 0.0625
X (k) = 0.5x (K) u(k) | 0.15 0.075 0.0375 0.01875
u(k) =0.15x, (k) y&k| 0 0 0 0

&% MechanicalEngineering

& Purdue University Bin Yao © 2018 System Representation - 12





