Standard Forms for System Models

* State Space Model Representation
— Basic concepts
— Example

— General form

e Input/Output Model Representation
— General Form

— Example

 Comments on State Space and Input/Output
Model Representations
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Basic Concepts of State Space Model

. State /State Variables

The smallest set of variables {q; 0, ... q,} such that the
knowledge of these variables at time t = {; , together with
the knowledge of the input for t > t, completely
determines the behavior (the values of the state
variables) of the system for time t > t;.

o State Vector

A concise mathematical representation of ALL state
variables {q, (, ... 0,} in a vector form. T

%= [g: ¢ R
» State Space i

A space whose coordinates consist of state variables is
called a state space. Any state can be represented by a
point in state space.
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One Example
EOM:

K Z—x

B
S S S S S

Q: What information about the mass do we need to know to be
able to solve for x(t) fort > t, ?

58] %]
Input: {f(’c), T;O} x i?] ‘x

MX + Bx + Kx = f (t) f()

SOUONNNNN

Initial Conditions (ICs): 7 =X
) X() g, = X
Rule of Thumb
/ Number of state variables = Sum of orders of EOMs
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State Space Model Representation

 Two parts:

— A set of first order ODEs that represents the derivative of
each state variable (; as an algebraic function of the set of
state variables {Q;} and the inputs {u;} only.

(G, = f,(t,0,, Gyseees Gy Upyenes Uy )
< 4, = f,(t, a4, Gyseees Ops Upsenn, Uy)
g, = fo(ta, Gyseees Gps Upyeeey Uy )

— A set of equations that represents the output variables as
algebraic functions of the set of state variables {q;} and the
inputs {U;} only.

( yl = g] (ta qlaqza 7qn9 ul’ ,um )

) y2 = g2 (ta qlaqza 7qn9 ul’ ,um )

Ve =0, (60,0, 0, Uy Uy )



State Space Model Representation
* Example Z Iy

EOM A
MX+BXx+Kx=f(l) 7 % f(t)
7]
State Variables: o TTTTTT 7777777777
d:% , &x, ix'-I’Xl
Outputs: (assuming that we are interested in motion and damper force)
7'/ B x ’ YQ_ B B/x
State Space Representation:
State equation Matrix Form A E
z( = 'K < 2 Z, /\_—-7:—\ 2(- ‘aad
' o | 12
&& ~-‘)£BMW} 2\ - e |5 1+)°f
g - ™M i L. ; |
"’\ { 2 UGS T 23 B ™
Tw - ‘- Zl Y 9 X P)
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State Space Model Representation

* Obtaining State Space Representation

— Identify State Variables
 Rule of Thumb:
— N-th order ODE requires N state variables.

— Position and velocity of inertia elements are natural state variables for
translational mechanical systems.

— Eliminate all algebraic equations written in the modeling process.

— Express the resulting differential equations in terms of state variables and
inputs in coupled first order ODE:s.

— Express the output variables as algebraic functions of the state variables
and inputs.

— For linear systems, put the equations in matrix form.

x =A x +B- u

- - -
First derivative State Vector Input Vector
of State Vector

y =Cx+Du

/ -
~ Output Vector
PURDUE \ P NGINEERING Purdue University — ME365 — Standard forms of system models



Q,*_':

X T H L BB X2 KK, (K4 K, )X, A I Ap - Ma g )

e Exerci

Assurhing we are interested in the car body movement (for ride quality X1
study) and the deflection of suspension (spring K,) (for implementation). xiy
M X + BX —BxX, + KX — KX, =—M,g
M,X, — B X + BX, — K\x, + (K, + K,)x, = K,x, —M,g Ref. positions B
State Variables: , . defined when ! )
- - ings h
z. = 'X\ ) Zz - le / 23 ] ’)[)_ / Zt/ - Xz SPrirgs nave ?

no deflections
Outputs:

\/l = X Yo 72 - ’X, g ’X;
Inputs:
,XP ) M19 ) ML}

State Space Representation:

A_ T%, F ok | 0 07 ( %( h o ('3 OW )(I)
At = = _ — A
jg: M, lﬂ‘ 7\%. -%\" 22 T 0 M 0 Mlﬁ
Yo o o o | 4 ’ /0 0 j Mo
. B kb D ¢ ki o -
B %L M~ 2z le - - - M o M
- % _ -
{7 \ o %‘L 0 o 0 | XF
= - M'ﬁ
Y2 t o - %3
O o ©
e 'kq | v N\z‘j
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Input/Output Representation

* Input/Output Model

Uses higher order ODEs to relate the output variables, y(t), to
the input variables, u(t), of a system directly.

For single-output (SO) linear time-invariant (LTT) systems with two inputs, it
can be represented by :

(n) .o . L (m) o
y" U+ +ay+ay+ay=>b,u + - +bu, +byu,
where +Cp U, ™ + - 4 CU, + G,

n
y'" = (%)Y
— To solve an input/output differential equation, we need to know
Inputs: gy inpnte Uy (+), t20

Initial Conditions (ICs):

® [Cs: 99 G0y Yo, -, Y )
— To obtain I/O models:
* Identify input/output variables.

» Derive equations of motion.

.+ Combine equations of motion by eliminating all variables except the

R input and output variables and their derivatives.
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InputIOutput Representation

Example
Vibration Absorber

EOM: M7 +B 2, +(K, +K,)z, - K,z, = f(t) »
M,Z, +K,2, =K,z =0
— Find input/output representation
between input f(t) and output z,.

Y =z, un=fu
 Need to eliminate Z, and its time derivatives of all orders
From (): ]:M LR AT SERL Y| TITL TRTL TRIE TR TR

9 2,- T, [:N\Zﬂ+ B2+ (k) 2 - ftﬂ] (3)

> Zz = 'T:'z [M.z}‘r +B,2. + (hﬂaz) 2' _ _P(ﬂ] (4)
Substitute 3, ) into @) :
217 ‘3) M (k."’kz) “ M .l ce o
MM 2@ 4 ll\fB— '+ L‘(l—— 2, — -k—:-f +M 2t B2y
u (k""k?) Z - ‘F"" ,‘12\ =0

2 2

>
21(4)+i21(3)+M1K2+M2(K1+K2)_Z,l+ BK, , , KKy, _ 1 Ko
M, M M, MM, ' MM, M., MM,
Exercise: Verify that I/O model when output is defined to be z, is
z§4>+iz§3>+M1K2+M2(K1+K2)22 . BK, 7+ K, K, o = K, «
M, M,M, M,M, M,M, M,M,




Input/Output Models vs State-Space Models

* State Space Models:
— Consider the internal behavior of a system

— Can handle complicated output variables easily

— Have significant computation advantage for computer
simulation

— Can represent multi-inputs-multi-outputs (MIMO)
systems and nonlinear systems

e Input/Output Models:
— Conceptually simple

— Easy to be converted to frequency domain transfer
functions that are more intuitive to practicing engineers

— Difficult to solve in time domain (solution: using Laplace
/ transformation and solve in frequency domain)
\\‘ SRt



