Fourier Spectral Analysis
* Signals

* Periodic Signal

— Fourier Series Representation of Periodic Signals

* Frequency Spectra
— Amplitude and Phase Spectra of Signals

— Signals Through Systems - a Frequency Spectrum
Perspective

* Non-periodic Signals - Fourier Transform
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Signals

Input Signal : LTI System Output Signal :
(), te(-m,0) Gljw) LY (), te(—e0,00)]

}

Completely characterized by its Frequency
Response Function

{G(ja)) - ‘G(ja))‘em(j”), W< [O,oo)}

e Signals can be categorized as:
— Periodic Signals
— Non-Periodic Signals (well defined)
— Random Signals

—

/:> Would like to characterize signals in the frequency domain!
<
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Periodic Signals - Fourier Series

Any periodic function x(t), of period T, can be represented by an infinite
series of sine and cosine functions of integer multiples of its fundamental
frequency w, = 2n/T:

> \/ Y :

W = ? (rad/sec)

. . tO to + T
Fourier Series: fundamental frequency

x(t) = 70 Z [Aj cos(kwqt) + By sin(kw;t)]
Fourier Coefficients:

2 t0+T 2 t0+T
A, = 7 j x(t)cos(kw t)dt B, = T f x(t)sin(kw t)dt
t t

0 0
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Ag 2T _
__,,,(/ o DC component kw; = k?: kth harmonic frequency, k € Z*
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Periodic Signals - Fourier Series

Ex: triangle signal with period T sec

x(t)=2( 8A

a\ T2k —1)

A

{AO =0 = Zeromean

B.=0 = 1isan even function and looks
like a cosine function

jcos[(Zk —1)w,t]
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Take the first six terms and
let A=10, T=0.1:

x(t) =105 cos(20xt)

+ 0.901cos(3x 20xt)
+ 0.324 cos(5 x 20xt)
+ 0165 cos(7 x 20xt)
+ 0100 c0s(9 x 20xt)
+ 0.067 cos(11x 20xt)

Summation of Input Signals

15 =
101\ /\ /
¢ W 0.1 V 0.2 0.b5

Time (sec)
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Periodic Signals - Fourier Series
e Calculating the Fourier Coefficients:

— A,/2 represents the average of the signal x(t). It contains the “DC”
(zero frequency) component of the signal.

3 A 3 ! A
I PR NN

— When calculating the Fourier coefficients, changing the integral limits
will not affect the results, as long as the integration covers one
complete period of the signal.

1 2 ] -1

y
A

A T
Ko, ~ A Tf x(t)cos(k2t) dt

/ ‘/
/2 37/2

- /T .t 7_ fT/ x(t)cos(k2zt) dt

/
- 4 - Z [ xe)cosk ) at

——

(/ x(-t)=-x(t) = on odd function = looks Similar to Sine...
DUE \
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Periodic Signals - Fourier Series
e Calculating the Fourier Coefficients:

— 0dd functions (signals), for which x(—t) = — x(t), will only contain sine
terms, i.e.,A,=0,fork=0,1, 2, ....

4 x(t)

I x(-t)=-x(t) = X(t5=§5k5i“(’<w1ﬂ d / /] =
k=1 0 ‘/T \/
FT’l

( sin(-t) = —sin(t) )

— Even functions (signals), for which x(—t) = x(t), will only contain cosine
terms,i.e.B,=0,fork=1, 2, ....

It x(-t) = x(¢) A

L x(t)- % : 2Ak cos(kat)

( cos(-t)=cos(t) )

/
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Periodic Signals - Fourier Series
Ex: Half rectified sine wave

x(t)=Esin(wt) O<t< %)

m=o -1/ <t <0

° o . > time (t)
—nf..co j n/‘go 2r/®

Symbolic:

Particular numerical example:

Q: What is the period, T, of this signal?

What is the fundamental frequency of this signal?
f freq yof J Let =1 [rad/s], E=1[V]

T2 o Fal @ o W, = o 1 w1
Q: Expand the signal into its Fourier series. T 2n 2xn

— Find the corresponding Fourier coefficients!

/
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Periodic Signals - Fourier Series

Symbolic:
Calculate Fourier Coefficients: Numeric:
¢ Ay: 2 T 2w (27/o E=1 o=
A= [, Xyt = | xat
) 7/
:2—0) / E - sin(awt)dt =2{—ECOS(0)U}
272' 0 T (0 0
2
= E[—cos(;z) — (- COS(O))] = 2E %o - P
T T
* A,:
2 T
A, :?jo X(t) - cos(kayt)dt
_ 20 e E -sin(at) - cos(kayt)dt
27 90
IE —2E
k=2m = = or A = ’
2m A A D A 2k Dkt 1) For even k )
4 _
k=2m-1 = A, ,=A =0 <k -k +1)

' odd
—~—
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Periodic Signals - Fourier Series

Symbolic:
Calculate Fourier Coefficients: Numeric:
* By: 2T : E=1 w=1
Be = jo X(t) - sin(keyt)dt
_ 2217 E Gin(at)-sin(kot)dt
2790
@ ¢rjo . E 1
k=1 = Bl:;."o E -sin” (wt)dt :E B1=§
k=1 = B =0 B =B =-=0
Ao=z A
T 2 7

Fourier Series Representation:

X(t) = % + i[Ak cos(kKayt) + B, sin(ka)lt)] = % + B, sin(wt) + Z A cos(kat)
k=1 even Kk

1 1 .
=— + —sin(wt) —2(1 cos(2mt) + icos(4a)’[) +-- j
T 2 7\ 3 15 For even k :
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Periodic Signals - Fourier Series

Ex:
1

X(t)=4-t>, -2<t<2

> time (t
o 2 6 ®

Q: What is the period, T, of this signal?
What is the fundamental frequency of this signal?

T=4 = o-= 2—7[ _Z
T 2
Q: Expand the signal into its Fourier series.
2 (T2 16
A==, x0dt==" B,=0 < WHY?
2 16 » This 1s an even function
A== | x)cos(kat)dt = o) (1)

X(1) :§+£(COS(%)—LCOS(M)-I—LCOS(:Sﬂ-t)— ! cos(ﬂ)+—...)

—
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Periodic Signals - Fourier Series

e Express a Fourier series using only sine or cosine terms:
cos(A4 + B) = cos(4) cos(B) + sin(4) sin(B)
x(t) = 70 Z |Ay cos(kw,t) + Bysin(kwt)]

M cos(wt + @)
= M cos(wt) cos(@) — M sin(wt) sin(¢p)

= M cos(¢) - cos(wt) —M sin(¢) - sin(wt)
Ay By

M, cos(kw,t + @) < cosine series

cos(a) = sin(a + 90°),Va

M, sin(kw,t + Bx) < sine series B = @i +90°

Ay
=3+

k=1
_ 4 i
=7+

. M, :\/Ai+B,§
A — jBx = Mye/®k

4 Qr = L(Ax — jBy) Pk
PUR:;\ MECHANICAL = atanz(_Bk’ Ak) Ak — MkCOS((pk)
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Periodic Signals - Fourier Series
e Express a Fourier series in Complex Form:

x(t) = 7" z [A, cos(kw;t) + Bysin(kw,t)]

Recall that e/“ = cos(wt) + j sin(wt)

,
: : . 1, . .
- sin(wt) = _J (ef“)t — e‘f“’t)

where \

1 (772 .
C, = —f x(t) - e Jkw1t d¢
~T/2

o : |C|=1JA2+B2=1M
Cy = 5(Ax — jBy) = 3Myel ¥k oW Tk TR

Arg|C,] = @i

1 . =
C_y =5 (Ag +JjBy) = Cy
e —
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Periodic Signals - Fourier Series

Ex: write the following periodic signal in a sine and cosine series form and plot its
magnitude and phase vs. frequency

x(t) = —3 cos(24mt) + 4 51n(24nt) + 12 cos(72mt) +5 5 sin(72mt)

A! rad B A; rad 9
w1 = 241 |— w3 = 3w =72 |—
sec secC
o A
0 Mi
x(t) = > 2 x cos(kw t + @) <« cosine series N “

P = L(Ak _]Bk) = atan2(—Bk,Ak)

1 |

24w 48w 72m W

24w 48w 72m

11

= x(t) = 5cos(24nt — 127°) + 13 cos(72nt — 23°)

,{ = 5sin(24nt — 37°) + 13 sin(72nt + 67°)  _,.|__|
PURDUE MECHANICAL
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Periodic Signals - Fourier Series

Ex: write the previous periodic signal in a complex Fourier series form and plot its

magnitude and phase vs. frequency

x(t) = —3 cos(24nt) + 4 sin(24nt) + 12 cos(72mt) + 5sin(72mt)

wq, = 241 w3 = 3w, = 721
(00)
x©)= ) Coelft g =4, —jB) =Ml
k=—o0 M,
€1 = %(A1 —JB1) = %(—3 —j4) = %e‘j127° 13f-=======~ ¢

= C.4=Cy = %(—3 +j4) = gej127°
C3 = 5(A3 — jBy) = (12— j5) = Fe ™2

= C3=C(3=1(12+j5) =2e/?¥
- @k[deg]

x(t) = C_ge /3@t 4 C_ e @1t 4 ¢ el@1t 4 Cyel3@1l

_ _ —23

13 a-i(722t-23°) 5 —j(247t-127°)

=Le +3e

2 2
i(247t-127°) i(727t-23°)
— +2e’ +Le! ~127
PURDUE MECHANICAL
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24w 48w 72m W

A

24w 48w 72m
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Periodic Signals - Frequency Spectra

e Time Domain:
X(t)

X(t) =%+iMk cos(kaot+¢,)
P

Time (t)
e Frequency Domain:
» Amplitude and Phase of Fourier coefficients vs. Frequency

Amplitude Spectrum A Phase Spectrum
? M3 ® P2
| M2y M !
4
40| 3
: L1 oof | | 1]

| [ 2 . >
0 w; w; w3 w4 Frequency (w) 0 w; w; w3 w4 Frequency (w)

Frequency Spectra

/
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Periodic Signals - Frequency Spectra
Ex: Plot the amplitude and phase spectra of the following signal

x(t) = =3 + 4 cos (407Tt + g) + 3 cos (60nt — E) + 6 sin (10|(|)nt — %)
oS (1007rt I E)

Fundamental frequency is greatest common 4 2
divisor of the signal’'s frequency components: — Cos(

rad w1
— fi=—= 10 |Hz
LEC] fi= 2L = 10 [H]

1007t — "
Ty

Amplitude Spectrum Phase Spectrum
M, A Pr 4
T6 T
A . [360r 100m >
3¢ 3 0 20w 40w Frequency (w)
[ .

o o > ) 31T

0 20w 40w 60w 1007 Frequency () T

—TT o 4‘

—
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Signals Through Systems

Periodic Input Signal LTI System Output Signal (Steady-State)
G(jw)
Ao —9
u(t) = > + Mk cos(kw,t + @y) l Y (t) = !

Completely characterized by

G(jo) =|G(jw)|e

Yo (1) = A;G(JO)+ZIVI G je | cos (ke t + RGN
Ayo / /
+2Myk cos(Ka, t+(pyk)

a)k Ayo:AoG(jO)
Myk =M, |G(Ja)k)|

/4 .
—— ¢yk :¢k+ZG(Ja)k)
PUReYE W ENeineerin



Signals Through Systems

Ex: An inkjet nozzle "firing" signal has the following frequency
spectra, write down its time-domain expression

3— : : . ) 1
@
2.59 o5l
0.4} -
= 2 ‘
8 gu.z- .
4 = (o)
815 o
: I |
|| @ o
0.5} @ ﬂ - 0.6¢
; 0.8}
—- ] 1 -1 . i - , s
0 (10 30 50 70 90 100 0 10 30 50 70 90 100
Frequency (Hz) Frequency (Hz)

u(t)y= 2.5 +2.5x% cos(zggrt) + 0.8 x cos(607t) + 0.5xcos(100xt)

10 Hz
+ 0.4cos(140xt) + 0.3cos(1807xt)

—
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Signals Through Systems

Ex: After going through the PC board on the pen carriage, the
spectrum plots of the signal look like:

3 -_— 1.6 ——m
Pk T
{ \ 4 1.4|-
1.2}
= 2&“ as ] 1}
k] in A) Pi/4
8l1.5} A 7
E’_ 0.6} ]
Same
1 4 L
57 0.4f oo ]
0.5) [o.5 9 0.2} INA) ]
0.5 J o
0P eeee °
o \ J
_- -0.2 a . — . A |
\_ 0 200 300 400 | 500) 600 o) 100 200 300 400 500 600
~ - krequencg (Hz)

erte down the time-domain expressmn of the augmented signal:
U, (t) =2.5+2.5cos( 207t ) +0.8cos( 607t ) +0.5cos (10072t ) + 0.4cos(1407t)+0.3cos(1807t)

+ O.5cos(4007zt+£j + O.Scos(600zt+%) +0.7cos(10007t)

e
PURDUE MECHANICAL . . . .
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Signals Through Systems

Ex: If the augmented signal is to pass through a filter with the following frequency
response function:

Gliw) = 1 Gl = J(0.00318w)% + 1
0.00318(jw) + 1 |G (j20m)| = 0.9806
£G(jw) = —tan~1(0.00318w)

Obtain the steady-state output signal: £G(j20m) = —0.1972 [rad]

u,(t) = 1.25 + 2.5 cos(20mt) + 0.8 cos(60mt) + 0.5 cos(100mt)

T
+0.4 cos(140mt) + 0.3 cos(180mt) + 0.5 cos (4007Tt + E)

T
+0.5 cos (6007rt + Z) +0.7 cos(10007t)

2.5 |G (j20m)] 2G(j20m)

l_‘_\ [ A 1
y(t) = 2.5 + 2.4515 cos(207t — 0.1972) + 0.6862 cos(607t — 0.54)
+ 0.3537 cos(100mt — 0.7849) + 0.2326 cos(140mt — 0.9501)
+ 0.1458 cos(180mt — 1.0633) + 0.1214cos(400nt + 0.2452)

, + 0.0823 cos(6007t — 0.6201) + 0.0697 cos(1000mt — 1.471)

MECHANICAL . . . .
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Signals Through Systems

Ex: Plot the frequency spectra of the output signal

2.5‘

Magnitude
- 0

O
o
I

O | |
o) 1000 2000 3000
Frequency (rad/s)

——
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Phase (rad)

0.4

-1.4 O _

o) 1000 2000 3000 4000
Frequency (rad/s)
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Non-Periodic Signals - Fourier Transform

Loosely speaking, a non-periodic signal x(t) can be studied as the limit of a
periodic signal x,(t) of period T having the same value as x(t) during [-T/2, T/2]

when T — o :
x(t)=lim,__ x () %, ()= "(‘) re[-T5. U]
x(t+T) else
\ x,(f) \ )4\
| | - T
Fourier Series of x(t):
S Jkayt L7 Jkayt 2 — joot
X, ()= > Cye C, = j/ S(He Ftdt = TjT/x(t)e dt
k=—00 2
When T = : wo=kw, — to as k- tow
' 2
Aw = o, =2 500
T
Thus i o 5 C
X(t) = hm Xp (1) = 11m Z C.el = — lim > kel Aw
27Z-T_)Ook=—oo a2
X1 (jo)

}—4/ L X (jo)e'dew, X(jo)=lim X; (jo)
PURDUE\ MECHANICAL 27 = T >0



Non-Periodic Signals - Fourier Transform

Note
N L 2 1% Dot 1 [V Ciw
X(ja))—Th_IEOXT(ja))—Th_I)lgoa'?J._%X(t)e . dt—Th_Iiloj_%X(t)e Sl gt
- J‘: x(t)e 1 dt
—
Fourier Transform: Inverse Fourier Transform:
. o0 i ] (oo . -
X (jow) :j x(t)e 1”dt X(t) = X(jo)e'dw
e -
Time-domain Signal Frequency-domain Signal
AL
{x(V), te(-o,0)} P X (o), @e(-o0m)]

e
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Signals Through Systems

Input Signal ‘ LTI System Output Signal (Steady-State)
(L), te (=) GUa)
(U(jo), @c(~m,0)} 1 Y () =2

Completely characterized by

G(jo) =|G(jw)|e

Y (Jo) =G(Jo)U (Jo)

Vs () = F " {Yys (jo)]

Y. (jo)|=|G(jo)|U (jo)

,{/ 2Y,(jo)= £G(jo)+ 2U(jo)
rusou W S



