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ABSTRACT

Atkins, C. Brian. Ph.D., Purdue University, December 1998. Classification-Based
Methods in Optimal Image Interpolation. Major Professors: Charles A. Bouman and
Jan P. Allebach.

In this thesis, we introduce two new approaches to optimal image interpolation
which are based on the idea that image data falls into different categories or classes,
such as edges of different orientation and smoother gradients. Both these methods
work by first classifying the image data in a window around the pixel being inter-
polated, and then using an interpolation filter designed for the selected class. The
first method, which we call Resolution Synthesis (RS), performs the classification by
computing probabilities of class membership in a Gaussian mixture model. The sec-
ond method, which we call Tree-based Resolution Synthesis (TRS), uses a regression
tree. Both of these methods are based on stochastic models for image data whose
parameters must have been estimated beforehand, by training on sample images. We
demonstrate that under some assumptions, both of these methods are actually op-
timal in the sense that they yield minimum mean-squared error (MMSE) estimates
of the target-resolution image, given the source image. We also introduce Enhanced
Tree-based RS, which consists of TRS interpolation followed by an enhancement
stage. During the enhancement stage, we recursively add adjustments to the pixels
in the interpolated image. This has the dual effect of reducing interpolation artifacts
while imparting additional sharpening. We present results of the above methods for
interpolating images which are free of artifacts. In addition, we present results which

demonstrate that RS can be trained for high-quality interpolation of images which
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exhibit certain characteristic artifacts, such as JPEG images and digital camera im-
ages. We also present results of a new interpolative image coding method which uses
RS along with the well-known JPEG compression scheme. These results demonstrate
that for relatively low bit rates, the RS-based compression scheme can improve upon
JPEG compression used alone, in terms of subjective image quality (for an approxi-

mately fixed bit-rate), and in terms of better rate-distortion tradeoff.



1. INTRODUCTION

For many applications in image processing, it is necessary to interpolate digital
image data in order to render the same image at a higher resolution. An example of
such an application is printing, where one has source image data at a fixed resolution,
but would like to print it at a higher resolution. Another example is image display,
in which one is viewing an image, and would like to zoom in for a better look at a
particular detail.

A variety of different approaches to image interpolation have been proposed. Per-
haps the most common among them fall into the class of B-spline interpolators [1, 2, 3].
Other methods which are similar include cubic convolution interpolation, which was
implemented by Keys [4]. All these methods may be viewed as linear filtering opera-
tions.

The main idea behind B-spline interpolation is to specify an interpolating function
which approximates the “original” image (which was sampled to obtain the source
image data). Since the interpolating function is defined on a continuous-valued pa-
rameter, it may be evaluated at arbitrary points. The resulting values comprise the
interpolated image. An important requirement is that the interpolating function must
pass through the known function values, or source image data. The order in B-spline
interpolation refers to the maximum number of continuous derivatives that the inter-
polating function is required to have. For this reason, higher-ordered B-spline image
interpolation results tend to look smoother and more continuous. However, this is at
the cost of increased computation.

The simplest of the B-spline interpolators are of the zeroth and first orders. These

are known respectively as pixel replication and bilinear interpolation [5]. For these
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methods, specification of the interpolating function is trivial. In pixel replication,
the interpolating function is piecewise constant. This means that each output pixel
simply takes the value of the closest input pixel. In bilinear interpolation, the inter-
polating function is piecewise linear; it may be obtained by connecting the known
data samples with straight lines. This means that each output pixel may be com-
puted as a linear combination of up to four input pixels. Both pixel replication and
bilinear interpolation are very common, and they are known to perform satisfactorily
for interpolating smooth textures. On the other hand, they offer little in terms of
edge and detail rendition.

Third-order, or cubic, B-spline interpolation is next in line with the commonly-
used B-spline techniques. In terms of interpolation quality, cubic B-spline inter-
polation improves upon pixel replication and bilinear interpolation. However, one
drawback with cubic B-spline interpolation is that considerable computation is re-
quired to specify the interpolating function. For this task, Hou and Andrews [1] have
implemented a method which requires the inversion of a large matrix. More recently,
Unser, Aldroubi, and Eden [2] have used a more efficient implementation which in-
volves linear filtering. Another drawback of cubic B-spline interpolation is that once
the interpolating function has been obtained, still more computation is required to
recover the desired output samples.

Each of the algorithms described above amounts to the application of a single
linear filter. Since the same filter is applied to obtain each output pixel, these methods
tend to average image data across high-contrast boundaries like edges. The result
is that interpolations from these methods tend to look blocky or blurry. This is
especially true in the cases of pixel replication and bilinear interpolation. In answer
to this problem, a wide variety of nonlinear approaches have been proposed.

Edge-directed interpolation algorithms comprise a large subset of these nonlinear
approaches. [6, 7, 8, 9, 10]. In edge-directed algorithms, the idea is to find edges in
the source data, and to render them continuous and sharp at the target resolution.

In local regions where edges are detected, the approach is to find the description of
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an edge which passes through the local region. This edge description may be used
to interpolate without blurring the values of pixels which lie on different sides of the
edge. In regions where edges are not detected, many of the edge-directed algorithms
default to bilinear interpolation, since it usually provides very satisfactory results for
smooth textures, at minimal computational cost.

One example of such a technique has been implemented by Jensen and Anastassiou
[9]. At every pixel where an edge has been detected, they use the pixels in the
surrounding 3 x 3 window to obtain the specification of a continuous-space bilevel
edge. This edge specification is used to guide the assignment of pixel values at the
target resolution. To specify the edge, it is necessary to determine the orientation
and location of the edge (relative to the 3 x 3 window of pixels), as well as the pixel
values for the two levels of the edge.

In contrast to the bilevel model of Jensen and Anastassiou, other models for edge
structures have been used. An example is the planar transition model of Algazi, Ford,
and Potharlanka [6]. Other approaches to edge-directed interpolation include that of
Ayazifar and Lim [8], who have applied their technique to video de-interlacing. More
recently, Allebach and Wong [10] have implemented an edge-directed interpolation
scheme. In their method, a high-resolution edge map is used to modify bilinear
interpolation so that averaging is not performed across boundaries.

Still other nonlinear approaches to image interpolation employ stochastic models
for image data. The objective is to obtain a high-resolution rendering which is optimal
in some well-defined sense. One such method has been implemented by Schultz and
Stevenson [11]. They use a model for image data to define a convex cost functional,
which is a function of the high-resolution image. To minimize this cost functional,
they employ the method of gradient descent. The result of this minimization is the
maximum a posteriori (MAP) estimate of the high-resolution image. To define the
cost function, they use a model which explicitly represents the acquisition of the
source image data. Specifically, they assume that the high-resolution image is the

realization of a Huber-Markov random field; and that the low-resolution image was
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obtained by block-averaging the high-resolution image, and then adding noise. (They
also address the case in which additive noise is not present.) As a starting point for
the gradient descent, they use the pixel-replicated interpolation of the low-resolution
image.

In this thesis, we introduce two new techniques for optimal image interpolation.
Since image data falls into different categories or classes such as edges of different ori-
entation and smooth regions, these methods work by first classifying the image data
in a window around the pixel being interpolated, and then using an interpolation
filter designed for the selected class. The first method is Resolution Synthesis, which
performs classification by computing class membership in a Gaussian mixture model.
The second is Tree-based Resolution Synthesis, which uses a binary tree for the clas-
sification. We also introduce Enhanced Tree-based RS (ETRS), which consists of
TRS interpolation followed by postprocessing to reduce interpolation artifacts while
imparting additional sharpening. In addition, we describe a new interpolative image
coding method which uses RS along with the familiar JPEG compression scheme.
We demonstrate that for relatively low bit rates, the RS-based compression scheme
can improve upon JPEG compression used alone, both in terms of subjective image
quality (for an approximately fixed bit-rate), and in terms of better rate-distortion

tradeoff.



2. RESOLUTION SYNTHESIS

In this chapter, we introduce an interpolation method called Resolution Synthesis
(RS). The objective in RS is to compute the minimum mean-squared error estimate of
the high-resolution image, given the low-resolution image. For this, we use a stochastic
model which explicitly relates vectors containing source image data to corresponding
vectors of target-resolution image data. A model which is similar but different from
ours has been used by Popat and Picard [12] for image restoration, compression, and
generation. Both these models reflect the underlying assumption that image data
may be classified into various behaviors or textures. Examples of such behaviors are
edges of different orientation, and smooth textures.

The method employed in RS interpolation is to first classify the low-resolution
source data; once this has been done, interpolation is performed using a filter which
is optimal for the selected class. For example, edges are interpolated using filters
which do not smooth out their sharp transitions.

The remainder of this chapter is organized as follows. In Sec. 2.1, we introduce the
RS algorithm. To do this, we describe how RS interpolation is carried out, and how
the parameters for the RS model are obtained. In Sec. 2.2, we describe an efficient
implementation of the RS algorithm. In Sec. 2.3 we describe our extension of the RS
algorithm for interpolation of color images, and we also describe how we can build
sharpening in to the RS interpolation procedure. In Sec. 2.4, we present results of RS
interpolation. In Sec. 2.5, we demonstrate that the RS interpolator parameters can
be trained for high-quality interpolation of images such as JPEG images and digital
camera images, which exhibit certain characteristic artifacts. Finally, we present

conclusions in Sec. 2.6.
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Fig. 2.1. Overview of Resolution Synthesis.
2.1 Derivation of the RS Algorithm

The following subsections present an analytical derivation of the RS model. We
will show that, under the proper assumptions, the RS algorithm is the minimum mean
squared error estimator of the desired interpolated image given the low-resolution im-
age. However, the specific form of the interpolation will depend on the model param-
eters, which must be precomputed in a separate training process. Fig. 2.1 illustrates
how the training and interpolation algorithms are used. The training process is first
run off-line on a large database of representative low- and high- resolution images.
We will see that this training process is implemented using an analytical technique
known as the expectation-maximization (EM) algorithm.

The training process has two outputs: the interpolation filters, which we denote
as 1, and the cluster parameters, which we denote as 8. We will see that 1) repre-
sents a set of interpolating filters, with one filter for each class; while 6 defines the

characteristics of each class, and how to separate them.

2.1.1 Interpolator structure

Fig. 2.2 gives a more detailed view of the structure of the interpolator. The
function of the interpolator in this example is to replace a single low-resolution pixel

with 4 high-resolution pixels, which we will denote by the vector . More generally,
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Fig. 2.2. Structure of the interpolator.

for interpolation by a factor L, the low-resolution pixel would be replaced with L2
pixels.

The interpolator works by using the low-resolution pixels in a 5 X 5 window cen-
tered about the pixel to be replaced. We will refer to this window of pixels as the
observation vector, z. The interpolation is performed by first classifying the windowed
region, and then interpolating using the selected filter. Later we will see that this
classification is actually soft, and in general, more than one filter may be applied. In
this case, the filter outputs are combined in proportions which reflect the probabilities
that the region is from the selected classes.

An important fact is that the region used for classification is smaller than that
used for filtering. We will refer to the data extracted in this smaller 3 x 3 window as

the cluster vector, y. In general, y and z will be related by a nonlinear function f(-):

y = f(2). (2.1)

In this report, f(-) depends only on the 3 x 3 center region of the window; however,
the analytical results we will present do not depend on this assumption.

We will see that the specific choice of the function f(-) can be very important
in determining the quality of the interpolation. This is because f(-) may be chosen
to nonlinearly distort the space of the cluster vectors, and thereby accentuate the

features of greatest importance. For example, rendition of edges is of great importance
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in image interpolation. By careful selection of the function f(-), we can accentuate
edges so that they are better separated from other image features.

The analysis will require some additional definitions. Let w be the part of the
observation vector, z, that is not represented in the cluster vector, y. Formally, we say
that there exists a one-to-one vector-valued function g, such that (u,y) = g(z). Since
we will be modeling both the low- and high- resolution images as random quantities,
we will follow the convention of using upper-case letters for random variables and

lower-case letters for their realizations.

2.1.2 Optimal interpolation

In this section, we will derive a minimum mean-squared error interpolator, or
equivalently, a minimum mean-squared error predictor for the high-resolution image
given the low-resolution image. First, we will assume that we know the distribution of
the images, but in later sections we will derive the formulas for the training algorithm
by which we estimate the parameters of these distributions.

All of our analysis will be based on three assumptions about the image data.
Assumption 1: The cluster vector Y is distributed as a multivariate Gaussian

mixture. That is, the probability density for p,(y) has the form

py(y) = Zpy\j(y |37y, (2.2)

j=1
where py;(y | ) is a multivariate Gaussian density for each j, and 7; is the probability
of class j.

This assumption is not very strong, since we may closely approximate the true
distribution by using a large number M of Gaussian components. We will denote the
random variable corresponding to the specific component of the mixture as J, where J
takes discrete values between 1 and M, with probability 7;. Intuitively, J represents
the class at each pixel. Since the Gaussian components will generally overlap, it is
impossible to exactly determine the class to which a pixel belongs. However, we may

still think of J as being an unobserved random quantity.
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Assumption 2: The conditional distribution of X given Z and J is multivariate

Gaussian, with mean A;Z + (7, and covariance A;. We write this assumption as
X |Z,J ~ N(A;Z+B5,A)) . (2.3)

We will see that the filter parameters specified by ¢ are obtained directly from the

parameters for these distributions, so we write

= (A}, 185 I - (2.4)

This assumption is similar to the previous one since it requires that a sufficiently
large number of classes be chosen so that for each class, J, the high-resolution pixels
are distributed as a linear transformation of the low-resolution pixels plus multivariate
Gaussian noise.

Assumption 3: The class J is conditionally independent of the high- and low-

resolution vectors X and Z, given the cluster vector Y. Formally, this means that

Pile( | 2,2) = pi(i|y) - (2.5)

Intuitively, this assumption means that the cluster vector Y gives us all possible
information required to determine the class J. This is a strong assumption since Z
contains additional information which might be useful in determining the class. In
addition, the high resolution pixels could be valuable themselves in identifying the true
class. However, we make this assumption since it will lead to important algorithmic
simplifications that we have found improve interpolation quality.

Given these assumptions, we may compute the minimum mean squared error [13]

interpolator as

X = E[X|Z (2.6)
= D EX|Z,J=jlp.(j|2) (2.7)
= % A Z + B)pi( 1Y) - (2.8)

Jj=1
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To obtain the first and second terms in the argument of the last summation, we have
invoked assumptions 2 and 3, respectively.

In order to compute X, we must be able to compute Pjly(3 | y), the probability that
the cluster vector y belongs to class j. By assumption 1, the conditional probability
of Y given J is a multivariate Gaussian. We will denote the mean of each Gaussian
distribution to be ;. In general, the covariance could be chosen to vary with each
class j. However, we have found that choosing the covariance for all classes to be 021,
where I is the identity matrix, has many advantages. First, we have found that this
restriction actually improves the quality of the interpolated image. While this may
seem counter-intuitive, it is quite reasonable, since the reduced number of parameters
makes training more effective and accurate. Second, we will see that this diagonal
covariance leads to much simpler computations by eliminating off-diagonal terms.

We will denote the parameters of p,(y) as 6. Since the distribution for Y is

assumed to be a Gaussian mixture model,

0 = {{Mja 7Tj}j]\/ila O'} ) (29)
where 1 is the mean vector for class j, m; is the prior probability for class j, and o
is the variance for all classes. This leads to the density function

-1
Pu(10) z sy o0 (ol =) (210)

where d is the dimension of the vector y. Using this result and Bayes’ rule, we may

compute the probability p;,(j | y,6)

Py (Y | Js g, o)
py(y | 9)
eXp( =5 ly — 1l )

S exp (52 ly — wmll?) m

Pily(J |l y,0) (2.11)

(2.12)

Inserting (2.12) into (2.8), we obtain the equation for optimal interpolation, in terms
of the unknown parameters:

p (5t lly — ) =
Sty exp (s5lly — ll?) m

Z (A7 + ) . (2.13)



11 -

The optimal interpolation is computed as a combination of the outputs of all M of
the interpolating filters. This is illustrated in Fig. 2.3. Since the model must have
enough classes to represent a wide variety of textures, this may require excessive
computation. However, we will see that in terms of interpolation quality, much of
this computation is not necessary. We will show that with a simple and efficient
method for filter selection, we can achieve virtually equivalent interpolation quality,

by using an average of only 1 or 2 interpolating filters for each pixel.

2.1.3 Parameter estimation for the interpolator

In the preceding section, we derived the equation for optimal interpolation as-
suming that we knew the model parameters # and . However, it is unrealistic to
assume that we will know these parameters a priori, so we must estimate them from
example high and low resolution images. This training step is computationally inten-
sive, but since it can be performed off-line, it does not impact the speed of the RS
interpolation.

In this section, we give a detailed description of the training procedure required
to estimate the model parameters. The parameters are computed from a training
database which consists of pairs of low- and high-resolution images. Of course, our
choice of the training set will affect the appearance of the interpolated images. While
this may seem like a limitation of RS for use in a general context, we will see that
this may be turned into an advantage, since the training set can be designed for
interpolation of specific types of image data.

Our approach will be to compute maximum likelihood (ML) estimates [14, 13]
of the required parameters 1) and 6 given the set of high and low resolution data.
Specifically, our observations will be realizations of X, Uy, and Y, where s denotes
a pixel in a large set S of pixels at which we obtain training vectors. Notice that we
use Us and Y in place of Z; since (Us,Y;) contains the same information as Z, but

results in a simpler analytical form for the result. The ML estimates for ¢ and 6 are



-12-

W
A, B
Y
> filter for class 1 —><ji>
low-res pixels 1Iv.0
observation A, B, Pi.9)
- Vector z > Filter 7 VI 5 >X)——> W
> filter for class > -
4 A f«//ﬁ%
e p(2]y.8) high-res
A, , BMV pixels x
>| filter for class M >
f > classify
cluster vector y ¢
0

Fig. 2.3. Detailed illustration of the RS interpolation process.
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then given by

V50" = argmax [[ peuy(@s, us, ys | 1, 0) (2.14)
(¥.,6) s€S

where we assume that the observations (X, Uy, Y) are independent for each pixel
seS.

Computation of ¥*, 8* is generally difficult because we do not have the class, J,
of each pixel available. Instead, we must estimate the parameters using only X, U,
and Y. This is known as the incomplete data problem where the set X,U,Y, J are
known as the complete data.

There are a variety of methods for addressing this problem, but the most widely
used is the expectation-maximization (EM) algorithm [15, 16, 17]. The EM algorithm
works by using the log likelihood expression of the complete data, but taking the ex-
pectation over the unknown value J. The maximization is then repeatedly performed
over this modified likelihood. More specifically, the EM algorithm is generally given

by the following iterations in k
P08 = argmax (v, 0 [, 0V) (2.15)

where the @) function is defined by the expression

Q(,0 | v, 6W) = (2.16)
E lOg H pz,u,y,j(msyu&ysu Js | ¢7 ‘9) | Xs = Ts, Us = Us, Y; = ys7¢(k)7 a(k)
seS

An important property of the EM algorithm is that with every iteration, the
likelihood is increased. So for each k, we have

T Py (s, us, ys | 9E 0% DY > T pry (w6, us, ys | 9™, 0%)) - (2.17)

seS seS

This implies that if the log likelihood sequence has an upper bound, then the sequence
will converge to at least a local maximum of the likelihood function [16, 17].
By assumption 3, we know that pjj..(j | z,2) = p;,(J | y). Since pj;,(j | y) only

depends on 6, this leads to the following simplification.

Q.0 | p™,0W) = (2.18)
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E [Z logpw,u,y,j(msyu&ysy Js | ¢7 ‘9) | Xs = s, Us = Us, Y; - ys7¢(k)7 a(k)

seS

= E [Z logp%u,y’j(ms, Uss Ys, JS | ¢7 ‘9) | }/s = UYs, e(k) (219)
seS

= Q(y,0]6W) . (2.20)

Next observe that
logpa“ﬂ’“ayvj(m’ u7 y7 J | ¢7 0) - (221)
logpz\z,j(x | z, Ja w) + logpu|y,j(u | Y, J) + logpy,j(y7 J | 9) )

where we note that conditioning on (U,Y’) is equivalent to conditioning on Z. Using

this relationship, we may break the expression for () into three parts

Q.0 16W) = Qi [6%) +Qa(8] ™) +C(6W) (2.22)
where
Quly | 6%) = %;E[logpm,jm|zs,J5,¢>|Y;=ys,e<k>}, (2.23)
Q0 6) = ;E[logpy,j<ys,Js|e>|Y;=ys,e<k>} , (2.24)
~
and
C(0™) = 3" B [log puyi(us | ys, Ju) | Yo =y, 0] (2.25)
sesS

This simplified form for @ allows us to simplify the EM updates. In particular,
notice that while Q1, Q2, and C all depend upon %), only Q, depends upon 0. This
means that the values of %) may be computed through iterative maximization of Q,
only. Once the iterations converge to a final estimate é, the final value of ¥ may be
computed by maximizing (); with respect to 1. This results in the simplified EM

update equations

e+l — a,rgmgLXQg(Hw(k)) (2.26)
0 = lim o® (2.27)
k—o0

Y = arg max Q1 (¥ | 9) . (2.28)
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Because the maximization for § amounts to determination of the parameters for the
distribution of cluster vectors, we refer to the iteration of (2.26) as clustering. The
maximization for 1 is the computation of the parameters for the interpolating filters,
so we refer to that procedure as filter design.

To determine the update equation of (2.24), we may write Q2 explicitly as the
following sum:

M

Q20 16%) = 33" (logpy,;(ys, 5 | ) pjiy( | ys,0%) (2.29)

seS j=1
M

- Z ijly(] | y87‘9(k))10gpy|j(ys | ju ll’juo-) (230)

seS j=1

+ Zzpjly J1ys, 0 )IOgT{'J )

seS j=1

We note that ) separates into two terms. The first term only depends on { uj}jﬂil and
0?; and the second term only depends on {m;}}Z,. These terms may be maximized
for their respective parameters separately. The required maximizations are easy to

derive [18], and they result in the update equations for clustering:

N = S (] e, 0%) (231)
ses
(k+1)
N
W§k+1) _ JN : (2.32)
1
k+1
/“Lg : - N(k+1 Zyspjly J | y57 ) ; (2,33)
seS
and
o(k+1) 1 M D) 1 k+1 "
&Z VD Solys = i VP (G 1 ws 6%)]  (2.34)
J=1 j seS

where d is the dimension of the cluster vector.

To begin clustering, we must specify an initial value for #. The initialization for the
mean vectors { uj}jﬂil of the clusters is the most important aspect of this initialization,
since they define the initial classes which are “starting points” for clustering. We

initialize the means with cluster vectors from the training set. To encourage the
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formation of distinct classes, we use cluster vectors from different images (if there
are multiple images in the training set); and if multiple cluster vectors are used from
a single image, they are chosen from spatially separate regions of that image. For
the probabilities {7TJ} ~, of the classes, we assign equal probabilities of 7. The

variance o2 is initialized as

o2 = —Zn, (2.35)

where r; is the sample variance of the i—th element of the cluster vectors defined by
= Yl T (2.36)
N &
Here we use the notation y,; to denote the ¥ component of the vector y,. With
an initial estimate specified, clustering proceeds through iterative evaluation of the
update equations (2.31)—(2.34). We stop iterating through the update equations when
the log likelihood ceases to increase appreciably from one iteration to the next. At
this point, we regard the resulting estimate f as the final estimate of 6.
Once clustering is complete, we design the interpolating filters, which amounts to
estimation of ¢ through (2.28). A derivation of this maximization is included in the
appendix. Essentially, we obtain the solution by finding the roots of the derivatives of

(21, with respect to its parameters. For this, we define the following weighted sample

statistics:
Ny €Y pii s ) (2.37)
sesS
Vx‘ ;
vj = ’ (2.38)
Vzlj
def T . ~
= N Z Piy(i | s, 0) ; (2.39)
] seS Zg
and
Pzz 'sz j
L= s (2.40)

Ft

wzlj

Fzz\j
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def 1 Ts — V;z\‘ ' R
TN T (@ = ) (2 = v2y)") Dy (G | 9, 0) 5 (240)

J se8 Zs — V5

for 1 < j < M. The maximization required by (2.28) is obtained as

Aj = TaT s (2.42)
Bi = Valj = DazyT 205 5 (2.43)

and

~

Aj = Tpay — Doy T

22|t azlj >

(2.44)

for 1 < j < M. We use (2.42) and (2.43) to compute the filter parameters, and (2.44)
provides estimates of the error variance for interpolation, within the classes.

We remark that if the estimate 6 from clustering equals its true ML value of 6*,
then the filter parameters obtained through (2.42), (2.43) and (2.44) also equal their
true ML value of ¥*. But we can not guarantee that 6 is a true ML estimate, since
this generally depends upon the initial conditions for clustering. However, we will see
that by following the procedure described above, we have obtained very satisfactory
results.

One aspect of the algorithm which we should discuss is our choice of the number M
of classes of image data. More experimentation is needed before we can have a full
understanding of this matter; but for various cases, we have achieved high-quality
interpolation with model orders of around M = 100. Strictly speaking, the order is a
parameter which should be identified along with the other parameters of the model,
under the same criterion of optimality. A model with too few classes would effectively
under-represent edge classes, which would yield excessively smooth interpolation. A
model with too many classes would “over-fit” the model to our training data, which
would degrade interpolation in a general context.

Theoretical approaches to order identification include the so-called “penalized”
likelihood criteria of Akaike and Rissanen [19, 20]. Each of these criteria includes a

term for the likelihood of the model, which is weighed against a term for the order
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of the model, so that models with excessively low or high orders are discouraged. (In
cases where the model order is fixed, both of these criteria reduce to the familiar
ML criterion.) The criterion of Rissanen, which is known as the description length,
proposes that the best model is the one with which we would require a minimum of
bits to rewrite the observed data. The description length has the advantage that it
has been shown to yield a consistent estimator in contexts where that of Akaike does
not [21]. To make use of the criterion of Rissanen, we have employed an agglomerative
clustering strategy, which is described more thoroughly in [22]. Here, we estimate
several models of different orders, and select for our model that which was best under
the description length criterion. This strategy is agglomerative, in the sense that we
estimate models for a decreasing sequence of orders. We begin by estimating a model
with a maximum allowable order. Next, we use the current model to create a new
model, by combining two of the classes in the model; and we use that model as an
initial condition for clustering, which yields a new model estimate (for the new lower
order). We continue in this fashion until models for all orders less than the maximum
have been estimated. When this procedure is complete, we select that model which
has the lowest description length.

We have tried this with a variety of types of data. However, we have found that
in almost all cases, the model with the maximum allowable number of classes (or a
number close to it) has the lowest description length. We have found that models
with orders of around M = 100 have enough classes to efficiently represent a wide

variety of textures.

2.1.4 Projection operator f(-) for cluster vectors

In this subsection, we describe the projection operator f(-) from (2.1). This
function is used to obtain the cluster vector y from the low-resolution observation
vector z. Selection of this function is of critical importance, since it ultimately affects

how well RS renders edges and detail at the target resolution.
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Fig. 2.4. Construction of a cluster vector.

To define the function f(-), it will be convenient to introduce the vector y’, which
is a lower-dimensional projection of z. To construct 3’ we stack the 8 pixels adjacent
to the central pixel into a vector, and then we subtract the value of the central pixel
from each of these elements. Then f(z) is evaluated by scaling y':

v Iy~ ify' #0
flz) = . (2.45)

0 else

Here, p is a scalar which may take any value between 0 and 1; we have obtained

our best results by using a value of p = The whole process of evaluating the

PN

function f(-) from the observation vector z is illustrated in Fig. 2.4.

To see how the projection operator affects the performance of RS, it is important
to remember two things. First, the vector 3’ actually contains the differences between
the central pixel and its 8 nearest neighbors. This means that in terms of Euclidean
distance, cluster vectors taken from smooth textures will be concentrated near the
origin, while cluster vectors taken from edges will be farther away from the origin.
Second, the scaling of (2.45) modifies the length of 3’ while preserving its direction.
Geometrically the effect of this scaling is to warp the space of cluster vectors so that
edges of different magnitude but similar orientation or shape are grouped together.
The result is that edge and detail classes can be accentuated during clustering, which

allows for better discernment of such behaviors.
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Fig. 2.5. Scaling transformation for the projection operator f(-), for various values
of p.

We have found that the value of the scalar p, which specifies the scaling trans-
formation of (2.45), exerts considerable influence over how classes are defined during
clustering. To see why this is, compare Fig. 2.5 with the scaling transformation
of (2.45). By using p = 1 in the scaling transformation, we are effectively leaving the
vector ¢y’ unchanged. In this case, the histogram of cluster vectors is concentrated near
the origin. The result is that during clustering, relatively few classes are established
for edges and detail, so that these behaviors can not be rendered accurately. On the
other hand, by using a value of p = 0, we project every nonzero cluster vector onto
the sphere of unit radius. During clustering, nearly every class that is established
represents some type of edge or detail. While this improves performance with edges
and detail, it leaves only one class for smooth textures, namely, the class created for
the cluster vectors on the origin of the histogram. The result is that during interpo-
lation, softer gradient textures are rendered poorly, since they must be synthesized
as the combination of “perfectly smooth” and “hard edge” textures. As the above
discussion would suggest, we have observed a tradeoff in interpolation quality with

1

respect to the value of p. By using a value of p like 3, which falls between 0 and 1,

we have achieved a cross between these two extreme cases.
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2.2 Efficient Resolution Synthesis

In Sec. 2.1.2, we showed that the optimal interpolation is computed as a linear
combination of the outputs of all M of the interpolating filters, with the weighting
for the j-th filter output being the probability p;,(j | ¥, é) that the image data is
in class j. In most current implementations of the RS algorithm, the number M
of classes is between 90 and 100. These numbers of classes are sufficient for the
representation of a wide variety of behaviors like edges and smooth regions, which
allows us to obtain very good interpolation results. However, since there are so
many classes, the computation required for optimal interpolation may be excessive.
Moreover, interpolating for classes which are different from the image data at hand
is wasted. For example, to interpolate pixels which lie on a horizontal edge, there
is little to gain from incorporating the filter designed for vertical edges. For these
reasons, we have developed a modified interpolation algorithm, which employs a fast
filter selection procedure in conjunction with the basic RS mechanism. We call this
algorithm Efficient Resolution Synthesis (ERS). In ERS, instead of interpolating for
every class, we use an average of only 1 or 2 filters. The computation required for
ERS is much less than that for the “full” RS implementation. Also, while strictly
speaking the resulting interpolation is sub-optimal, we have found that the results

are nearly visually equivalent.

2.2.1 ERS interpolation

Interpolation by the ERS algorithm is locally adaptive, in the sense that a different
set of filters may be used to interpolate every pixel. For a given pixel in the source

image, we first execute a filter selection process to determine the set

jo o< {1,---,M}, (2.46)
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whose elements are the indices of the classes for which we will interpolate. After this

is done, then the ERS interpolation is computed as

exp (54 lly — wil|?) 7,

Xmrs = Y (A4;Z +6;) : (2.47)

JEF* 2 iej+ ©XP (%Hy - MHQ) m

The set j* is characterized by the following filter selection criterion,
jeg it lly —ml® < lly = all* +2(60)° (2.48)

where y is the cluster vector, o2 is the variance from the mixture density for cluster
vectors, 0 > 0 is a threshold factor, and £ is the mean vector of the maximum-
likelihood class j:

J = arg max py;(y | J) - (2.49)

Note that this framework ensures that j* is never empty. Also, for large 9§, all of the
classes are included in j*, which means that we can naturally characterize RS as the
least selective form of ERS.

One statistic which directly affects interpolation time is the average number of
filters used per input pixel. For a fixed value of ¢, this statistic depends upon the
image which is being interpolated; and it also depends upon the parameters of the
mixture model for cluster vectors. Fig. 2.6 shows a plot of the average number
of filters as a function of 9, for interpolation of one image by a factor of 4, by one
implementation of ERS. As § goes up from zero, this plot is monotonically increasing,
from a minimum value of 1 to a maximum value of 100, which is the number of classes
in this particular ERS implementation.

What is perhaps surprising is that for almost any value of §, we have been able to
obtain satisfactory interpolation results. This is even true for ERS with 6 = 0. For
current implementations of ERS, we have been using a value of § = 1. We have found
that this value is low enough to allow for reasonably fast interpolation, while allowing

ERS to use a sufficient number of filters for satisfactory quality of interpolation.
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average number of filters per pixel

delta

Fig. 2.6. Average number of filters per pixel in ERS, for varying values of 4. This
plot was generated by interpolating the “cycles” image, by a factor of 4.

2.2.2 Fast filter selection for ERS

We have streamlined the basic ERS filter selection procedure, in order to make
the filter selection even faster. The result is that we have decreased the time required
for filter selection by a factor of around 5, while generally maintaining interpolation
quality.

To select filters for interpolating a given pixel, the basic procedure is to obtain the
cluster vector, and to use the filters whose classes have the highest likelihood. One
problem is that to do this, we must compute the likelihoods for all of the available
classes, and then compare them. To speed up the filter selection, it would be good if
our list of candidate classes were limited to those which had some chance of satisfying
the filter selection criterion.

The idea behind our approach is to find a simple partition of the space of cluster
vectors, and to associate a limited list of candidate classes with each of the cells in
this partition. These filter lists are obtained through a training procedure which we
describe below. Since each of these filter lists will generally contain fewer than the
total number of classes, the overall effect is to reduce the average candidate filter list
length. In our experiments, we have used a partition with 1024 cells to decrease the

average filter list length from 96 (the total number of classes) to just under 18.
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Fig. 2.7. Cluster vectors in the cell with the blue circle will only use filters from the
set of candidates identified by the blue lines.

For a simple example, observe the scenario in Fig. 2.7. In this figure, we depict
the means of the mixture density for cluster vectors with p’s. Now consider the task
of filter selection for a cluster vector which lies inside the cell with the blue circle. It
is clear that the only suitable candidates for this selection are connected to the blue
circle with blue lines; the other classes are too far away to even be considered.

To define the partition, we use a binary tree. Each node in this tree corresponds
to the comparison of some element of the cluster vector with a threshold; while each
leaf in the tree corresponds to a cell in the partition. This means that to map an
arbitrary cluster vector into its cell, we only have to execute a simple sequence of
comparisons. This overhead computation turns out to be almost negligible.

To obtain the binary tree, we use the splitting technique known as the median cut
algorithm, which was introduced by Heckbert [23]. Other splitting techniques [24,
25] may yield partitions which result in lower average filter list lengths. However,
the median cut algorithm guarantees a symmetric binary tree, which has desirable
computational consequences.

Once the partition has been defined, the next step is to execute a training pro-
cedure, in order to obtain a filter list for each of the cells in the partition. For this,
we procure a large set of cluster vectors from example source images. Next, filters

are selected for each of these cluster vectors, using the filter selection procedure for
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ERS from Sec. 2.2. For each cell, we accumulate a histogram which summarizes the
results of this training by keeping track of how many times each class was selected
for cluster vectors in that cell. Then to construct the filter list for any cell, we only
need to record the classes with nonzero entries in the corresponding histogram.
Intuitively, as the number of cells in the partition increases, the resulting average
filter list length will decrease. One tradeoff which is related to this is that while a
low average filter list length is desirable, the use of a large binary tree may require
excessive memory. In addition, storage of a large binary tree may require excessive

disk space.

2.3 Extensions to the RS Algorithm

In this section, we describe some extensions to the RS algorithm. One extension
is a version of RS which may be used to interpolate color images. Another extension
shows how we can build sharpening in to the RS interpolation procedure. Finally, we

discuss how we handle interpolation of pixels on the image border.

2.3.1 Interpolation of color images

For RS to be generally useful, it should be applicable to the interpolation of color
images. A color image consists of red, green, and blue components. In the context of

color RS, the observation vector z consists of a triplet of observation vectors:
2 = (%% %) , (2.50)

from the red, green, and blue components, respectively. We use the observation vector

to estimate the vector
r = (x,Tg, Tp) (2.51)

of high-resolution pixels.
Ideally we should have three separate interpolators, one for computing each of

Ty, Tg, and xp. Each of these interpolators should be a function of all three of the
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observation vectors z;, zg, and z,. However, we have found that very good color inter-
polation can be achieved by using an interpolator designed for monochrome images.
We apply the same interpolating filters in the same proportions to each of the red,
green, and blue components. The filters and their proportions are chosen on the basis
of the image luminance component.

We first compute a cluster vector 7 as
v = f(®), (2.52)
with the projection operator f(-) from Sec. 2.1.4, and with
Z = 0.2992, 4 0.587z; + 0.114%;, . (2.53)

Using this cluster vector we choose the set j*, through the selection criterion of (2.48),
using ¥ in place of y. Next, we interpolate for each of the red, green, and blue

components separately. For the red component,

—1 || 2
X = Y (AZ:+B) = <F||_y __MjH ) ) (2.54)
i Siejr exp (527 — mll?) m
where Z, is the observation vector obtained from the red plane. The green and blue
components are processed similarly.

We have used this approach to obtain good interpolation results with a variety
of color images. In addition, there are a number of computational benefits. Since
we use the same cluster vector 7 for each of the components, only one execution of
the filter selection procedure is required for each pixel in the source image. This
benefit is significant since much of the computation required for ERS is needed for

filter selection. Also, we only need to store a single interpolator, as opposed to one

for each of the red, green, and blue components.

2.3.2 Built-in sharpening

Regardless of the interpolation method which is used, interpolated images can
often appear soft or smooth. For this reason, the appearance of interpolated im-

ages can often be improved by sharpening. With most interpolation methods, this
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Fig. 2.8. Interpolator design with and without built-in sharpening.

sharpening must be performed after interpolation is complete. Unfortunately, such
post-processing can also enhance noise along with detail. However, with RS, we can
design an interpolator which has a built-in sharpening property, so that sharpening
and interpolation are simultaneously performed in a minimum mean-squared error
sense.

The important observation here is that the interpolator design amounts to the
specification of a stochastic model, which relates low-resolution image data to high-
resolution image data. This specification is completely guided by the training set.
Therefore we would expect that interpolated images can only be as sharp as the
high-resolution renderings in the training set.

Because of the above observation, the procedures for making interpolators with
and without built-in sharpening are quite similar. The only difference lies in how
the respective training sets are generated. This fact is illustrated in Fig. 2.8. We
first procure a database of images, and we regard these images as “high-resolution”
renderings. We decimate them to create their corresponding “low-resolution” images.
If built-in sharpening is desired, then the next step is to sharpen the high-resolution
images using an unsharp mask.

The rest of the interpolator design procedure is the same, regardless of whether
sharpening is desired. Therefore the interpolator with sharpening uses the same

interpolation algorithm, but with a different parameter estimate for .
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2.3.3 Interpolation of border pixels

On image borders, there are pixels which are not centers of 5 x 5—pixel windows. To
interpolate these pixels, it is necessary to extrapolate the values of some neighboring
pixels. To do this, we simply use the value of the nearest known pixel. This approach
generally gives results which are satisfactory, at no computational cost. We have
tried more sophisticated approaches, which do a slightly better job than our “nearest

neighbor” approach. However, this is at the cost of increased computation.
2.4 Results

In Fig. 2.9, we present interpolation results for a factor of L = 4, for the follow-
ing methods: pixel replication; bilinear interpolation; ERS; and ERS with built-in
sharpening. In other comparisons, we have found that ERS compares very favorably
with different interpolation methods; we have included pixel replication and bilinear
interpolation for this comparison because they are common techniques.

Each of the methods represented in Fig. 2.9 seems to perform adequately for
interpolating smooth textures. However, we feel that this comparison shows that
ERS renders edges and detail relatively continuous and sharp. The reason for this is
that ERS uses several filters, each of which is optimal for interpolating a single type
of behavior; while each of the competing methods uses only one interpolating filter.

Note that we have used ERS, as opposed to RS, for Fig. 2.9. For a comparison of
the results of ERS with those of RS, we have included Fig. 2.10. Both these images
were interpolated using the same filter parameters. The difference between them is
that to compute the image of Fig. 2.10, all 99 interpolating filters were used per input
pixel, while to compute image (e) of Fig. 2.9, an average of only 1.5 filters were used.
This example is typical: ERS and RS results are usually visually equivalent, while
ERS involves significantly less computation (assuming that an appropriate value of ¢

has been used for ERS).
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In this report, we have emphasized the importance of having distinct classes of
image data for important features like edges. To encourage the formation of such
classes, we use the projection operator f(-), which is described in Sec. 2.1.4. This
operator includes a parameter p, which critically affects the types of classes that
are established during clustering. To demonstrate the control of this parameter, we
have included Fig. 2.11, which should be compared with image (e) of Fig. 2.9. For
Fig. 2.11, we have used a value of p = 1 for the projection operator; while for image
(e) of Fig. 2.9, we have used a value of p = i. Using a value of p = i results
in classes for more visually different types of behaviors like edges and texture; this

makes interpolation more accurate. Note the difference in edge rendition, for example,

for the number (“21”) on the helmet in the upper-right corner.
2.5 RS for Specific Types of Images

At first, it may seem like the fact that the RS interpolator parameters depend upon
the training images is a disadvantage. However, in this section we demonstrate that
this is actually an advantage, by showing that RS can be trained to interpolate specific
types of images while ameliorating some of their characteristic artifacts. Examples of
such images are JPEG-compressed images, which exhibit the well-known blocking and
ringing artifacts, and digital camera images, which exhibit artifacts of the acquisition,
compression, and other processing.

Our approach is to construct the set of training images in such a way that RS
“learns” to estimate sharp image data, free of artifacts like those described above,
from observations of image data which contain those artifacts. Note that this is only
a modification of how we construct the training set. The remaining procedures of
the interpolator design and the interpolation itself, are exactly the same as they have
been described previously. In the rest of this section, we will see that this simple

approach yields good results for the cases of JPEG and digital camera images.
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(a) Source image.

(b) Pixel replication. (c) Bilinear interpolation.

(d) ERS. (e) ERS with built-in sharpening.

Fig. 2.9. Results of interpolation by a factor of L = 4.
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(b) Resolution Synthesis.

Fig. 2.10. Comparison of ERS and RS interpolations, by a factor of L = 4 (both
with built-in sharpening).
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(b) ERS with p = 1.

Fig. 2.11. Comparison of results of ERS interpolation by a factor of L = 4, with
built-in sharpening, using values of i and 1 for the variable p in the projection
operator f(-) for cluster vectors.
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2.5.1 RS for JPEG images

To generate interpolator parameters for interpolating JPEG images by a factor
of L = 2, we build the training set as illustrated in Fig. 2.12. We obtain a set
of original images which are free of JPEG artifacts and sharpen them to create the
high-resolution training images. Next, we generate low-resolution images from the
original images by low-pass filtering followed by downsampling by a factor of 2, and
we compress them at a specified quality level in order to create the low-resolution
training images. The JPEG quality level is an integer between 0 and 100 which
determines the compression rate; low quality levels give more compression along with
more objectionable compression artifacts, and vice versa for high quality levels. This
is an important factor since ultimately it dictates the level of artifact suppression
that will be imposed during the interpolation process. We generated three sets of
interpolator parameters, one for each of low-, medium-, and high-quality factors 25,
50, and 75. For interpolation of an arbitrary JPEG image, we use the parameters
designed for the closest quality level.

In Fig. 2.13, we show interpolation results for JPEG quality level 25. Using this
quality level tends to result in fairly significant artifacts. Note that if the interpolator
parameters are optimized for interpolating JPEG images at this quality level, the
blocking and ringing artifacts are significantly reduced while other edges in the image
are rendered sharper and more continuous. On the other hand, if we use RS interpo-
lator parameters which are not designed for JPEG images, the block boundaries can
actually be enhanced. This is because if it is not trained to interpolate JPEG images

compressed at this quality level, RS tends to treat the block boundaries like edges.

2.5.2 RS for digital camera images

The process of generating the training set for designing an RS interpolator for
digital camera images is more challenging. This is because for the high-resolution
training images, we need “ideal” digital camera images. These images should exhibit

the aspects of driver processing which improve image appearance like sharpening and
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Fig. 2.12. Construction of training set for RS interpolation of JPEG images by a
factor of 2.

color transformations, but they should not exhibit objectionable artifacts like those
from the acquisition and compression processes. This means that we cannot expect
to obtain high-quality original training images directly from a digital camera. We
were able to get around this, and to design an RS interpolator for images acquired
by one particular model of digital camera, by using a digital camera simulator.

An overview of the device simulation process appears in Fig. 2.14. Note that the
image at the output of the simulator is at half the resolution of the input image. The
simulator contains components for various aspects of the camera processing such as
lens blur; image acquisition by camera sensors; sensor noise; camera driver processing
like sharpening and color transformations which increase saturation; and compression.
One input which the simulator takes is a quality setting which controls the level of
compression. We designed three RS interpolators for interpolation by a factor of
L = 2, one for images acquired using each of the three quality settings.

The process by which we generate a pair of training images is illustrated in Fig.
2.15. The objective here is to create one “ideal” digital camera image at a base
resolution, and one typical digital camera image at half the base resolution, for a
given quality setting. We use high-quality images from a photo CD as inputs to
this process. One convenient aspect of this is that the file format of the photo CDs

actually provides the images at various resolutions.
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(a) Pixel replication.

(c) RS not optimized for JPEG images.

Fig. 2.13. Results of 2X interpolation of a JPEG image compressed at quality
factor 25/100.
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To generate the low-resolution training images for a particular camera quality
setting, we simply submit the base-resolution renderings of the photo CD images to
the camera simulator.

We use the process illustrated in Fig. 2.16 to generate the “ideal” high-resolution
training images. Our approach is to run the camera simulation using a very high-
resolution image, and then to low-pass filter and downsample the simulator output
in order to average out (or at least ameliorate) compression artifacts. The input here
is the photo CD image at four times the base resolution. We first interpolate the
input image by a factor of 2 using a “standard” RS interpolator, i.e., one designed
for images that are free of artifacts. We submit the interpolated image to the camera
simulator with the highest quality setting to avoid compression artifacts, and the next
step is to low-pass filter and downsample the output image by a factor of 4. This
yields an image at the base resolution.

The last step in this process is to sharpen the base-resolution training image so
that its appearance is even sharper than that of the corresponding low-resolution
training image. This requires quite a bit of sharpening, since the low-resolution
training image has already been sharpened by the camera driver processing. We used
unsharp masking with a sharpening factor of 4.0. Before applying the unsharp mask,
we applied a very light blur to the image, since sharpening of this magnitude would
otherwise seriously degrade the image by enhancing spurious noise. The impulse

response of the blurring filter we used is

0.12
0.12 0.52 0.12,
0.12

with the origin corresponding to coefficient 0.52.

Finally, we ensure that the pixels in the low- and high-resolution training images
are properly registered relative to one another. Our approach is to shift the pixels
in the high-resolution images by a spatial offset so that, for example, the image data

at location (7, 7) in the low-resolution image corresponds to the image data in the
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Fig. 2.14. Overview of the digital camera simulator.

L x L block of the high-resolution image whose upper, left-hand corner has indices
(Li, Lj). We computed the required offset as the maximizer of the sample correlation
between the high-resolution image and a pixel-replicated version of the low-resolution
image (with the pixel replication being by a factor of 2). We found this offset to
be consistent over several images, across the three quality modes of the camera, to
be 2 pixels down in the vertical direction, and 1 pixel to the right in the horizontal
direction. Note that the offset for registering training images created using a different
digital camera simulator would probably be different.

We present experimental results in Fig. 2.17. The input image is an actual digital
camera image, taken using the lowest-quality setting. (We used the model of camera
which the camera simulator was designed to simulate.) Three artifacts which the
original image exhibits in particular are the thick, “jaggie” edges typical of digital
camera images; chromatic aberrations; and compression artifacts. Note that the
result interpolated by RS optimized for images acquired in the lowest-quality setting
exhibits fewer blocking and chromatic artifacts, while many of the strong edges in the

scene are sharper and more continuous.
2.6 Conclusions

In this chapter, we have introduced the interpolation algorithm known as Resolu-
tion Synthesis. We have provided an analytical derivation of the RS algorithm, and

we have established that under certain assumptions, RS actually generates a MMSE



- 38 -

Image at 4X base
resolution Generate “ided” Shift pixels for “|dedl” .
base-resolution > proper registration [— " camlertalmage
cameraimage across resol utions ase resofution
Photo CD A
[ oo L e
Image at base Simulator base resolution
resolution T
Camera
quality level

Fig. 2.15. Construction of a training image pair for RS interpolation of digital
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Fig. 2.16. Method for generating an “ideal” high-resolution digital camera image
using the digital camera simulator.
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(a) Pixel replication.

(b) RS optimized for digital camera images acquired in normal mode.

Fig. 2.17. Results of 2X interpolation of a digital camera image acquired in
“normal” (lowest-quality) mode.
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estimate of the target-resolution image, given the source image. It should be empha-
sized here that RS provides optimal image interpolation in the form of a closed-form
computation. This is in contrast to the method of Schultz and Stevenson [11], which
requires an expensive iterative optimization. It is also worth noting that the model
for image data which is incorporated by RS has a somewhat general form. This may
make it attractive for various other applications in image processing. For example,
this model may be used as the basis for an image coding scheme which incorporates an
arithmetic coder, similar to that implemented by Popat and Picard [12]. Finally, we
have presented results which demonstrate that both RS and ERS yield interpolations

of very satisfactory subjective quality.
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3. RS-BASED JPEG IMAGE COMPRESSION

In the preceding chapter, we demonstrated that by using JPEG-decompressed
images as the low-resolution images in the training set, we can train RS to perform
high-quality interpolation of JPEG images. In this chapter, we introduce a new
interpolative image coding scheme which exploits this aspect of RS. The basic idea
here is that as an alternative to JPEG-encoding an image using a low quality setting,
we can JPEG-encode a low-resolution rendering of the image at a higher quality
setting; then at the decoder, we can use RS to recover the full-resolution rendering.
We compare the RS-based scheme to JPEG used alone, and we demonstrate that for
lower bit rates (at or below roughly 0.4 bits per pixel), the RS-based scheme enables
us to achieve better subjective image quality (for approximately equal bit rates), as
well as an improved rate-distortion tradeoff.

The idea of explicitly incorporating the interpolation process into data compres-
sion is not new. A general description of one such scheme is given in [26], and
applications to image compression in particular are described in [27], [28], and [29].

Our approach is illustrated in Fig. 3.1. The first step is to perform 2 x 2 block-
averaging on the input image, which yields the low-resolution rendering. Next, we
JPEG-encode the low-resolution image. Note that the image which is JPEG-coded is
smaller, and that aside from the JPEG overhead, the present scheme does not require
any additional side information to be encoded along with the image. This means
that we can afford to perform the JPEG coding at a higher quality setting. At the
decoder, we first perform JPEG decompression, and then apply RS (for interpolation
by a factor of 2) to the decompressed image. An important fact here is that the RS
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Fig. 3.1. Overview of RS-based JPEG image compression.

interpolator parameters must have been trained for interpolating images compressed
at the same or a similar quality setting as that which was used at the encoder.

In Fig. 3.2, we present two rate-distortion curves for compression of a sample
image, with one curve obtained using RS-based JPEG compression, and with the
other obtained using JPEG compression alone. For our distortion metric, we have
used the average of the mean-squared errors for each of the red, green, and blue planes
(for pixel values in [0, 1], after removing an assumed gamma correction). We observe
that for lower bit-rates, the RS-based scheme outperforms JPEG alone. Finally, in
Fig. 3.3, we present images cropped out of two of the images represented in Fig.
3.2, rendered at 100 dots per inch. Note that while the image compressed using the
RS-based method exhibits fewer blocking and chromatic artifacts, it was compressed

at a slightly lower bit-rate.
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Fig. 3.2. Rate-distortion characteristics for RS-based JPEG compression and for
JPEG compression alone, for the image shown in Fig. 3.3.
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(a) RS-based JPEG compression, 0.22 (b) JPEG compression alone, 0.26 bits
bits per pixel. per pixel.

Fig. 3.3. Image compression results.
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4. TREE-BASED IMAGE INTERPOLATION

In this chapter we introduce two new image interpolation techniques. One is called
Tree-based Resolution Synthesis (TRS). TRS is similar to RS in that it works by first
performing a local classification, and then applying a linear filter which is optimal
for the selected class. However, it is different in that the classification is obtained
using a binary tree. The second interpolation method, which we call Enhanced Tree-
based Resolution Synthesis, works by first generating the TRS interpolation and then
processing the interpolated image to correct for interpolation artifacts and to impart

additional enhancements.
4.1 Introduction

A digital image is usually only available at one or a few fixed resolutions, so that
in order to render it at a higher resolution, some image interpolation technique must
be applied. This involves some inference on the part of the interpolation algorithm;
and for most images, the result is that the higher-resolution image exhibits some
objectionable artifact of the interpolation process. In answer to this, we present
Enhanced Tree-based Resolution Synthesis (ETRS), a two-stage image interpolation
algorithm which first performs an interpolation, and second processes the interpolated
image to correct interpolation artifacts and to impart additional enhancements.

We believe that this work represents two important contributions to the field of
image interpolation. One contribution is that for the first stage of ETRS, we introduce
a new approach to minimum mean-squared error (MMSE) image interpolation called
Tree-based Resolution Synthesis (TRS). TRS works by first performing a fast local

classification of a window around the pixel being interpolated, and then by applying
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an interpolation filter designed for the selected class. The idea behind TRS is to use a
regression tree as a piecewise linear approximation to the conditional mean estimator
of the high-resolution image given the low-resolution image. Intuitively, having the
different regions of linear operation allows for separate filtering of distinct behaviors
like edges of different orientation and smoother gradient transitions.

Another contribution is that we use the interpolated image from the first stage of
ETRS to compute an enhanced interpolated image having sharper appearance and
fewer interpolation artifacts. This is the second stage of ETRS. To compute a pixel in
the enhanced interpolated image, we take the corresponding pixel in the interpolated
image and add an adjustment to it. The adjustment is computed using a simple
formula designed to impart stronger adjustments around edges and in texture regions,
where blurriness and other artifacts are more likely to be manifested. The inputs to
this formula are local estimates of the sign and the magnitude of the interpolation
error, which we obtain using a second regression tree. This process is recursive, since
the input to the regression tree consists of pixels in the interpolated image as well as
pixels in the enhanced interpolated image, which have previously been adjusted.

Before ETRS interpolation can be executed, we must already have generated
the regression trees for the two stages by training on sample images. These training
procedures are computationally demanding, but they only need to be performed once.
We will see that the resulting predictors may be used effectively on input images which
were not used in the training.

The steps involved in the training procedures for the two stages are quite similar.
In each procedure, we first grow a large regression tree using data from the training
images. For this, we start with a tree having only one leaf node, and we “grow” it
one leaf node at a time, splitting that leaf node at each step which yields the greatest
decrease of a relevant cost function. Next we prune the tree back using a separate
training set. The idea here is to throw out extraneous branches, leaving behind a
tree structure which efficiently represents a wide range of behaviors observable in the

training images. As a final step, we generate new filters for the terminal nodes of
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the regression tree using a very large set of training data, while leaving the classifier
(or the partition defined by the binary tree) unchanged. Since the resulting filters
are generated from much larger training sets, they tend to be more stable and this
improves performance.

We will see that this work represents a departure from traditional spline-based
interpolation techniques [3, 2, 4, 1] which usually rely on some assumption about
the continuous structure of an underlying interpolating function. This can result in
blurring and ringing artifacts which can be exacerbated by less sophisticated post-
processing fix-ups such as sharpening by unsharp masking. This work is also different
from [11], which is based on a different underlying stochastic model. However, it
does share some similarity with the wavelet-based approach described in [30] as well
as the other edge-directed techniques described in [10, 9, 8, 7, 6], in the sense that
the purpose of the enhancement stage in ETRS is to locate edge regions and to treat
them specially for sharper appearance.

In the remainder of this report, we give a detailed description of the ETRS algo-
rithm. First, in Sec. 4.2, we describe TRS interpolation, and we develop the training
method which we use to obtain the interpolator parameters. Next, in Sec. 4.3, we
describe ETRS interpolation, and we describe the training method used to generate
the predictor for estimating the conditional distribution of the interpolation error.

Then in Secs. 4.4 and 4.5, we present experimental results and conclusions.

4.2 Tree-based Resolution Synthesis

An overview of the TRS algorithm appears in Fig. 4.1. We begin by training on
sample images to generate the interpolator parameters. This is a computationally
expensive procedure, but it only needs to be executed once. The resulting interpo-
lator parameters are stored and may be used to interpolate images from outside the
training set. In fact, the results which we will show in Sec. 4.4 were generated using
images from outside the training set. In this section, we will first describe the TRS

interpolation procedure, assuming for the time being that the interpolator parameters
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Fig. 4.1. Overview of the TRS algorithm.

are known. Then we will describe the training process which we use to obtain those
parameters.

In this section, when we refer to images, we mean monochrome images with pixel
values in the range [0,255]. To interpolate color images, we apply the interpolation

procedure described in Sec. 4.2.1 to each of the red, green, and blue planes separately.

4.2.1 TRS interpolation

In Tree-based Resolution Synthesis (TRS), we generate an L x L block of high-
resolution pixels for every pixel in the low-resolution source image as illustrated in
Fig. 4.2. We do this by filtering the corresponding W x W window of pixels in
the low-resolution image, with the filter coefficients selected based on a classification.
Thinking of the desired high-resolution pixels as the realization of an L2-dimensional
random vector X and the corresponding low-resolution pixels as the realization of a
W2-dimensional random vector Z, our approach in TRS is to use a regression tree
which approximates the conditional mean estimator of (X|Z), so that the vector X

of interpolated pixels satisfies

X ~E[X|Z] . (4.1)

It is well-known that the conditional mean estimator minimizes the expected mean-
squared error [13]. (Note that we will use capital letters to represent random quanti-

ties, and lowercase letters for their realizations.)
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A closed-form expression for the true conditional mean estimator would be diffi-
cult to obtain for the present context. However, the regression tree T' which we use
provides a convenient and flexible piecewise linear approximation, with the M differ-
ent linear regions being polygonal subsets which comprise a partition of the sample
space Z of low-resolution vectors Z. We will associate a unique integer index in
{0, ..., M — 1} with each of these subsets, and we will refer to them as classes. In fact
we will see that these classes correspond to visually distinct behaviors like edges of
different orientation. An important consequence of this is that our approach is less
likely to perform excessive averaging across edge boundaries, since each linear filter
in T is optimized for its respective class. Another advantage inherent in the present
approach is that the regression tree generates a hierarchical partition of Z, making
the classification process very efficient.

With the main ideas in place, we return to Fig. 4.2 for a better look. To interpolate
the shaded pixel in the low-resolution image, we first procure the vector z by stacking

the pixels in the 5 x 5 window centered there. Then we obtain interpolated pixels as
z=A2+05;, (4.2)

where A; and (§; are respectively the L? x W? matrix and L?*-dimensional vector
comprising the interpolation filter for class 7, and j is the index of the class of image

data obtained as
j: CT(Z) ) (43)

where Cr(-) : Z2 — {0, ..., M —1} is a function which embodies the classifying action of
T. To evaluate Cr(z), we begin at the top and traverse down the tree T" as illustrated
in Fig. 4.3, making a decision to go right or left at each nonterminal node (circle),
and taking the index j of the terminal node (square) which z lands in. Each decision

has the following form,

>
el (z—pm) 0, (4.4)
<
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Fig. 4.2. TRS image interpolation by a factor of L = 2.

where m is the index of the node, e,, and pu,, are W?2-dimensional vectors, and a
superscript “t” denotes taking the transpose. Note that (4.4) decides whether z is on
one side of a hyperplane or the other, with u,, being a point in the hyperplane and
with e,, specifying its orientation. By convention, we go left if the quantity on the

left-hand side of (4.4) is negative, and we go right otherwise.

4.2.2 Generating parameters for the TRS interpolator

In the preceding section, we demonstrated the application of a regression tree T'
to the problem of optimal image interpolation, under the assumption that we had
the parameters for 7. In practice, we precompute those parameters in a training
process which we describe in this section. Specifically, our objective here is to obtain
numerical values for the integer number M > 1 of terminal nodes in the tree; the

decision rules
{(em, m) Yozg (4.5)

for the nonterminal nodes (assuming that M > 1); and the interpolation filters

{(Am, Bin) Y=o (4.6)
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Fig. 4.3. Binary tree structure used in TRS.
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for the terminal nodes. To compute these parameters, we use training sets consisting
of interpolation training vector pairs, which we assume are independent realizations
of (X,Z). An interpolation training vector pair is extracted from low- and high-
resolution renderings of the same image as illustrated in Fig. 4.4. We will describe
how we generate these paired renderings of training images later.

Our procedure is based on that given by Gelfand, Ravishankar, and Delp, in [31],
suitably modified for the design of a regression tree rather than a classification tree.
We first use one training set G' to grow the tree, and then we use a different training
set P to prune it back. Finally we generate new interpolation filters for the terminal
nodes using a very large training set D. We take the tree resulting from the filter
generation procedure as the final interpolator 7. This process is illustrated in Fig.
4.5.

An important difference between our procedure and that of Gelfand, Ravishankar,
and Delp, is that our procedure only involves one growing phase followed by one
pruning phase. We have found that this is enough to generate a tree structure which
efficiently represents a variety of classes of image data. In the procedure of [31],
the growing-then-pruning continues in cycles, with the roles of the sets G and P
(as “growing” and “pruning” sets) alternating between cycles. Interestingly they
show that the sequence of classification trees remaining after each pruning phase is
nondecreasing, and actually converges after two successive iterations have yielded the
same classification tree. The objective of these iterations is based on the observation
made by Breiman, Friedman, Olshen, and Stone, that the classification tree should
neither overfit nor underfit the training data [32]. Their observation is no less relevant
in our context; however, we have found that the filter generation process at the end
of the training procedure renders performance of the interpolator much less sensitive
to the number of classes in the tree.

In the rest of this section, we describe the tree growing procedure in Sec. 4.2.2.1,

the pruning procedure in Sec. 4.2.2.2, and the final filter generation procedure in Sec.
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Fig. 4.4. An interpolation training vector pair (z, z).

4.2.2.3. Last, in Sec. 4.2.2.4, we describe how we generate the training images and
how we procure the training sets G, P, and D.

We will refer to a tree-structured interpolator with ¢ terminal nodes as T'(¢). To
evaluate the quality of 7'(¢), we will compute its sample mean-squared interpolation
error, which depends considerably upon the particular set of interpolation training
vector pairs used in the computation. During the growing phase we will use set G,
and we will use the notation E5(T'(¢)). Note that this is a resubstitution estimate,
and should not be regarded as an honest estimate the true mean-squared error of 7'(¢)
[32]. However, we will only use Eg(+) to compare trees generated during the growing
phase. We will similarly only use Ep(-), computed relative to the pruning set P, to

compare trees generated during the pruning phase.
4.2.2.1 Growing the tree-structured interpolator

During the tree growing phase, we generate an increasing sequence of trees

T(1),T(2), ... T (M) , (4.7)



- 54 -

Training Generate training
Images image pairs l
Y
Extract two digoint Extract alarge
samplesG and P sample D
D
Grow large Prune ; ;
tree-gtructured | tree-structured Rﬁgaefnneégtéfgftﬁgem > In;re;ﬁ%taetrc;r
interpolator interpolator P

Fig. 4.5. Overview of the TRS training process.

where M., is a user-specified maximum number of terminal nodes. The first tree
T'(1) consists of only one terminal node, and each successive tree is is generated
by splitting one of the terminal nodes in the preceding tree. An important fact is
that we select M., to be large enough so that T'(Mya.y) actually overfits the set G.
We do this so that after extraneous branches are pruned away from T'(Mp.y), the
tree-structured interpolator which is left over will have classes which represent the
entire range of different behaviors present in the training images. In our experiments
(using data sets procured as we describe in Sec. 4.2.2.4), we have obtained reasonable
interpolation results by setting M., to 500. This tends to yield final tree sizes (i.e.,
after the pruning phase is complete) of between roughly 20 and 50 classes.

To continue our description of the tree growing procedure, we generate T'(¢ + 1)
from T'(¢) (for £ > 1) by splitting that terminal node with index m* which yields the
greatest reduction in the sample mean-squared error. More specifically, we split the
terminal node m* of T'(¢) selected as

m* = arg Jmin, E(T) (L+1)), (4.8)

m

where T (¢ + 1) is the candidate tree with (¢ 4+ 1) terminal nodes, generated by
splitting node m in T'(¢). Note here that we will use primes with variables associated

with candidate trees.
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To generate the candidate tree T/ (¢ + 1) from T'(¢), we do two things. First, we

use the subset of GG belonging to class m, defined as
G = {(x,2) € G: Cry(2) =m} , (4.9)

to generate the candidate decision rule

(€p—1 Hp-1) (4.10)

for the candidate nonterminal node in 7 (¢+1). Note that we use the subscript (/—1)
since this will be the index of the new nonterminal node in 7'(¢ 4 1). Second, we use
(4.10) to divide G,, into two sets G,, and G, and we generate new interpolation
filters

(4, 5,,) (4.11)
and

(43, B)) (4.12)
for the two candidate terminal nodes in 7, (¢ + 1). Here, we use the indices m and ¢
since they will be the indices of the two new terminal nodes in 7'(¢ + 1). Note also

that we will use superscript tildes to denote interpolation filters generated during the

growing stage of the training.

Splitting the m—th terminal node in 7'(¢). By generating the decision rule
(4.10) we split the polygonal subset Z,, of Z belonging to class m defined as

Zy = {z € Z:Crplz) = m} ) (4.13)

It is common for a split to have the form of a hyperplane in Z, but the form which
we will use is actually quite general since we make no restriction on the orientation
of the hyperplane. Note that in this section, we restrict our attention to the m-th
terminal node of T'(¢). To keep the notation simple, we will be using the notations

X and Z to refer to the random variables (X|Z € Z,,) and (Z|Z € Z,,).
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To decide on a procedure for specifying the decision rule, we consider the following
objectives. First, we want to divide the classes relative to the space of output vectors
since this relates directly to our objective of reducing mean-squared interpolation
error. But second, the split which we define must generate a hyperplane in Z that
separates the realizations of Z in G,,.

To achieve these objectives, we define the split based on a vector X, defined as
X =BA,Z , (4.14)

where B is an L? x L? matrix which subtracts the average of the elements in the
vector A,,7Z from each element in A,,Z. That is, B is computed as

1
B - IL2><L2 - ﬁOLQXLQ , (415)

where I72472 is an L? x L? identity matrix and Oz 2 is an L? x L? matrix of ones.
To understand how we selected X, note that A,,Z is the part of X that depends
upon Z. We think of X as a “centered” version of the part of X that depends upon
Z, since B renders X invariant to the average of the elements in A,,Z. By splitting
on X, we are forcing the splits to depend on the differences among the elements in
X , rather than on the elements of X themselves. Geometrically, this leads to more
classes for structures based on differences, such as edges of different orientation. In
Sec. 4.4 we demonstrate that this can significantly improve interpolation quality.
The desired decision rule (4.10) is obtained as
t

¢ = (& BAR) (4.16)

and
fy—y = fizjm (4.17)

where €x/,,, is the eigenvector corresponding to the largest eigenvalue of an estimate

Y %|m of the covariance matrix of X,

Stm = E {(X — pixim) (X = Mx‘m)t 1Z € Zm} , (4.18)
pxm = B|X|Z€Z,|, (4.19)
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and fiz|m, is an estimate of
pzm =E[Z|Z € Z,] . (4.20)

Observe that while this decision rule splits realizations of X, it also readily yields a

hyperplane which splits realizations of Z in Z, since
. = . . < < t
eg(\m (X - lu)_ﬂm) = eg{\m (BAmZ - BAmH/Z\m) = (62,1) (Z - /.Léfl) , (421)

where [ig|,, is an estimate of pg,,. The idea behind the form of this split is to divide
the cluster with a hyperplane passing through the mean of X and perpendicular to
the direction in which X varies the most. Using second-order statistics the best way
to estimate that direction is to take the eigenvector exy,, which corresponds to the
largest eigenvalue of X g, [25].

We obtain the desired vectors é X|m and fiz), as follows. First we compute fizm,

as the sample mean of the z’s in G,,:

1 Now-1
m =0

where Ng,, is the number of training vector pairs in GG,,. We obtain €x,,, by computing

)y %|m and then performing an eigenvalue decomposition. We obtain )y X|m a8
S gim = BAnYzmAL B, (4.23)

where ¥z, is an estimate of

Soim =B |(Z = pzm)(Z = pzm)'|Z € Zu| (4.24)
computed as
. 1 Gm "
EZlm - Z :uZlm MZIm) : (4'25)
Gm =0

Generating interpolation filters for the candidate terminal nodes. With
the candidate decision rule (4.10) computed, we separate the set G, into two sets

Ny —1

G, = {(m, 2) € G <62_1>t (z - ,uz_1> < 0} = {(zs, z;) }i—g™ (4.26)
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and
t Nes—1
G ={(@.2) €Gni (chr) (= pir) 20 = {@ )b . (20)
where Ng; and Ng; are the numbers of elements in G/, and G, respectively. Note
that we use the indices m and /¢ since they will be the indices of the new terminal
nodes in T'(¢ + 1). The next step is to compute candidate interpolation filters (4.11)
and (4.12) for the candidate terminal nodes. Since the procedures are the same, we
will only demonstrate for G,,.
Our approach is to use maximum likelihood estimates of the parameters for the

regression of X on (Z|Z € Z],), where

Z = {z €Zn: (ezfl)t (z — ,u},l) < O} : (4.28)

This is a well-known result from the multivariate statistics [33]. The desired interpo-

lation filters are computed as

~ A ~ —1
and
A Al N/ N/ -1
where
Ngy —1
ﬂIZ\m = ! Z Zi (4.31)
Na,, =
; Mot
0 = i 4.32
:uX|m Nng ; x ( )
1 N, 1 t
dn = W (2 = fgim) (2 = flgim) (4.33)
1 Nz, 1 t

and a superscript “—1” denotes taking the matrix inverse (or pseudo-inverse).
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4.2.2.2 Pruning the tree-structured interpolator

The purpose of the pruning stage is to remove extraneous branches in T'( M.y ),
leaving behind a tree structure which efficiently represents a wide range of behaviors

observable in images. Here we generate a decreasing sequence of pruned subtrees
T(Mupax), -, T(M™) (4.35)

Mypax > M* > 1, where each tree is obtained from the preceding tree by removing a
branch. We point out that that M., must be specified by the person programming
the algorithm, but M* actually falls out of the algorithm by itself.

We employ a procedure which is similar to that used in [34] and in [35]. The
basic idea is to start at the terminal nodes and to work our way up toward the
root node, pruning any nonterminal node along the way which yields a decrease in
the estimated mean-squared error Ep(-). The only requirement on the order is that
we never consider pruning at any nonterminal node until after we have considered
pruning at both its children. Our approach is to submit the root node of T'(Myax)
to a recursive subroutine that first considers pruning at each child of the current
nonterminal node (with a subroutine call to itself), and then considers pruning at
the current nonterminal node. One advantage of this procedure is that it yields the
smallest optimally pruned subtree relative to the training set P [31].

After the pruning is complete, we regard the size and the shape of the final tree-

structured interpolator 7" as fixed. That is,
M= M, (4.36)

and the decision rules (4.5) for the nonterminal nodes in 7 are defined to be those
in T'(M*) (assuming that M* > 1). The interpolation filters (4.6) are not defined to
be those in T'(M*), because we generate new ones after the pruning stage. We will

describe this procedure in the next section.



- 060 -

4.2.2.3 Generating new interpolation filters

The last step in the training procedure is to compute the interpolation filters in 7'
using a set D of interpolation training vector pairs which is very large relative to the
sizes of the sets G and P. For example, in our experiments, the sets G and P each
contained 300,000 vector pairs, but D contained several million vector pairs. The
idea here is to use many more vector pairs than were used to generate the interpo-
lation filters for the classes originally, during the tree growing stage. This improves
performance for interpolating behaviors which are distinct enough to have warranted
the formation of classes, but which may have been slightly under-represented in the
growing set. We have observed that this improves performance in particular for
higher-order interpolations, such as for an interpolation factor L = 4.

This process is formally identical to the procedure by which we generate the

candidate interpolation filters, which we explained in Sec. 4.2.2.1.

4.2.2.4 Obtaining the interpolation training sets

We obtain the interpolation training vector pairs from a set of training images
which consists of low-resolution images and corresponding sharpened, high-resolution
images. To generate the training images, we first procure a database of high-quality
images from a photo CD image library. These are the input images in Fig. 4.5. We
create the low-resolution training images from the input images by low-pass filtering
followed by downsampling by a factor of L, where L is the desired interpolation factor.
This is implemented using simple L x L block-averaging. Next, we create the high-
resolution training images by sharpening the input images using unsharp masking
with a sharpening factor of 1.0. By sharpening the high-resolution training images,
we give the resulting interpolator a built-in sharpening effect.

Next we procure the interpolation training vector pairs which comprise the train-
ing sets GG, P, and D. For any of these sets, we only need to select the pixels in the
low-resolution training images at which we will procure the vector pairs, and then

procure them using the process illustrated in Fig. 4.4. One requirement is that in
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order for the pruning stage to be effective, the sets G and P should be extracted
from different pixels in the training images. It is also important that the pixels in
any given set be from spatially separate regions of the training images, so that the
set represents a wide variety of image data.

We selected the sizes of sets G and P to be equal and as large as possible, under
the constraint that during either of the growing and pruning stages, all of the training
set should be maintained in computer memory along with the rest of the executable.
This speeds up the training process by making it unnecessary for the computer to
refer to the disk for a training vector pair each time it is needed. In our experiments,
each of G and P contained 300, 000 interpolation training vector pairs. On the other
hand, the training set D can be arbitrarily large, since each training vector pair in
D only has to be accessed once. In our experiments, D contained between 5 and 20

million vector pairs.

4.3 Enhanced Tree-based Resolution Synthesis

Interpolated images often exhibit artifacts, regardless of the method used to do the
interpolation. These artifacts occur particularly on edges, in the form of blurriness,
ringing, and “jaggies.” A common way to reduce blurriness is to sharpen the interpo-
lated image; but this can exacerbate the other artifacts. For an alternative approach
to enhanced image interpolation, we introduce a two-stage method called Enhanced
Tree-based Resolution Synthesis (ETRS). In the first stage, we generate the TRS
interpolation, and in the enhancement stage, we make corrective adjustments to the
TRS interpolation to generate the ETRS interpolation. These corrective adjustments
are computed using an enhancement predictor which is trained to reduce artifacts that
occur in TRS interpolations. The enhancement predictor works by producing local
estimates of the sign and the magnitude of the interpolation error for stronger ad-
justment around edges and in texture regions, giving the ETRS interpolation sharper

appearance with fewer artifacts.
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The idea behind ETRS is illustrated in Fig. 4.6. First observe Fig. 4.6(a), where
we have rendered an edge at one resolution. In Fig. 4.6(b), we illustrate the TRS
interpolation of the edge, generated from a lower-resolution rendering. Note that
TRS estimates the edge with a smooth transition, since this is the best solution from
a mean-squared error perspective. However, from a visual perspective, it is blurry.
During the enhancement stage of ETRS, we would use the TRS interpolation to
generate the image of Fig. 4.6(c) which is sharper and has more realistic impact, even
if the position of the original edge has not been recovered perfectly. The enhancement
process works by adding corrective adjustments to the TRS interpolation. For the
present example, the image of corrective adjustments appears in Fig. 4.6(d). Note
that we have added a constant offset to this image since adjustments can be either
positive or negative. Here, black represents adjustments which subtract from the TRS
interpolation; white represents adjustments which add to it; and the middle gray level
(over most of the image) represents making no adjustment at all.

An overview of the ETRS algorithm appears in Fig. 4.7. The mechanism which
drives the enhancement process is a regression tree which we use to characterize the
interpolation error at each pixel location. We will refer to it as the enhancement
predictor. Before ETRS interpolation can be executed, we generate the parameters
for the enhancement predictor in a training process which uses sample images as well
as the TRS interpolator parameters. In the remainder of this section, we describe
the enhancement process in Sec. 4.3.1; and in Sec. 4.3.2, we describe the training
procedure by which we generate parameters for the enhancement predictor.

Again, when we refer to images in this section, we mean monochrome images with
pixel values from the interval [0, 255]. For color images, we perform the enhancement
on the luminance component of the TRS interpolation. That is, we compute the
ETRS interpolation by adding adjustments to the luminance component of the TRS
interpolation, with the adjustments computed from the luminance components of the

TRS and ETRS interpolations. We compute the luminance component of a color
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image as
luminance component = 0.299r + 0.517¢g + 0.114b | (4.37)

o
T

where g,” and “b” represent the red, green, and blue planes, respectively. (Note
that the luminance component is also an image with pixel values from the interval
[0,255].) To add an adjustment to the luminance component of the TRS interpolation,

we add the adjustment to each of the red, green, and blue planes.

4.3.1 Enhancement stage of ETRS

We generate each pixel in the enhanced interpolation by taking the corresponding

pixel in the TRS interpolation and adding an adjustment to it:
Totrs = LTirs + 6_ ) (438)

where § is the adjustment, and where ey and zis are corresponding pixels in the
ETRS and TRS interpolations. In order for the adjustments to improve an edge by
imparting a sharper, more continuous appearance, we have found that they must be
spatially consistent, having the same sign on one side of the edge, but instantaneously
“flipping” across the edge (see Fig. 4.6(d)). For this reason, each adjustment is
computed based on estimates of the sign and the magnitude of the interpolation error,
which are obtained using the enhancement predictor. The enhancement process is
illustrated in Fig. 4.8.

To describe this procedure more precisely, we first define a random variable A to
represent the prediction error, i.e., the difference between a pixel X in a sharpened,

original rendering, and the corresponding pixel Xi in the TRS interpolation:
A=X— Xy - (4.39)

We also define the random variables ¥ and ®, to be respectively the sign of the
interpolation error,

U =sign (A) , (4.40)

and its magnitude,

®=|A| . (4.41)



(a) Original edge.

(c) Hlustration of the ETRS
interpolation generated
from the TRS interpolation
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interpolation.
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justments added to the TRS
interpolation during the en-

hancement stage.

Fig. 4.6. The idea behind ETRS.
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Fig. 4.7. Overview of the ETRS algorithm.
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We estimate these three random variables using the enhancement predictor.

The input to this estimation is a vector which consists of pixels from a region
centered at the current pixel in the TRS interpolation, along with previously generated
pixels in the ETRS interpolation. We will model these pixels as elements of an H-
dimensional random vector V. Figure 4.9 depicts the instantiation for V' which we
have used, where H = 37. (Note that since V' contains previously generated ETRS
pixels, we process the pixels in raster order.) We define the estimates generated using
the enhancement predictor as the conditional expectations of A, ¥, and ®, given the

realization of V extracted at the current pixel:

5 ¥ E[AV =01, (4.42)
O ¥ BV =1, (4.43)
o ¥ E@V =01, (4.44)

where § € R; 12 is restricted to [—1,1]; and (5 is restricted to being non-negative. We
will describe how we actually compute b} , 1&, and gg below; but the process is formally
identical to the TRS interpolation process.

With & , 121, and qg computed for the current pixel, we compute ¢ as follows,

§=0f(W)+4, (4.45)
where f(-) is defined as
—1 if ¢P<-—7
= o |il<r (149
1if >r1

with 7 > 0 being a fixed threshold parameter.

We arrived at the formula in (4.45) by looking at images of 4,1, and ¢ generated
during the ETRS interpolation process. That is, we generated a separate monochrome
image to display each of them. This allowed us to see 5, 121, and (5 within their own

spatial contexts. We found that 12 tends to give good indications of the true sign of
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the interpolation error; and moreover, it tends to take values with larger magnitudes
on and around edges. We also found that ngS corresponds well with the magnitude
of the interpolation error. These observations led us to the following strategy. At
pixels where 121 has great enough magnitude to suggest that a strong adjustment is
warranted, then we make adjustments which are more visible, and which generally
have the sign of 12 At the other pixels, the adjustment is just 5, which tends to
be small and imparts very little visual impact. The matter of whether 12 has great
magnitude is mediated through the function f(-), which is a thresholding operation.
This function is illustrated in Fig. 4.10; we have empirically determined a suitable
value for 7 to be 0.1.

~

The estimation by which we obtain 121, and (5 is formally identical to the TRS
),

interpolation process. Defining § = (5 12 (5 we compute

§=Fuv+ v . (4.47)

Here, k € {0,...,N — 1} is the index of the class of v determined from U, with
1 < N < oo being the number of classes in U; and Fj, and -y, are respectively the
3 X H matrix and the 3-dimensional vector which comprise the prediction filter for
class k. We compute k as Cy(v), by taking the index of the terminal node at the end

of a sequence of decisions of the form
>

gn(v—1n) 0, (4.48)
<

where g, and v,, are the H-dimensional vectors comprising the decision rule of the n-
th nonterminal node in U. In practice, we have observed that rarely, but occasionally,
the quantities computed in (4.47) can be invalid. This is not surprising since there is
nothing which constrains 121 to equal the sign of 5, or (5 to equal |(§ |. The two major
violations are when ¢) ¢ [—1,1], and when ¢ < 0. When this occurs we truncate the

raw estimates to their closest valid values.
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Fig. 4.8. Enhancement process used in ETRS.
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Fig. 4.9. The vector v used to characterize the interpolation error at the current
pixel location in ETRS.
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— [-1

v

Fig. 4.10. Function f(-) used during the enhancement process to determine
whether an adjustment should have great magnitude.
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4.3.2 Generating parameters for the enhancement predictor: differences
from the training for the TRS interpolator

Before the enhancement stage of ETRS can be executed, we generate the param-
eters for the regression tree U by training using sample images along with the TRS
interpolator parameters. This process, which is illustrated in Fig. 4.11, is basically
the same as that which we use to generate the TRS interpolator parameters; but there
are three differences. The main difference deals with how we procure the training sets.
This stems from the fact that in order to train the enhancement predictor, we need
ETRS interpolations, which are not available until after an enhancement predictor
has been obtained. The second difference is in how we split terminal nodes during
the growing phase; and the third difference is in the resubstitution metric which we
use to compare trees during the growing and pruning phases. We will describe these
differences, rather than providing a repeat of Sec. 4.2.2; but we will maintain the
notational framework of that section, so that subscripts, tildes, and primes have the
same (or analogous) meanings. Explicitly, the parameters which we obtain from this

process are the integer number N > 1 of classes represented in U; the decision rules

{(gn,vn)}og (4.49)

for the nonterminal nodes (assuming N > 1); and the prediction filters

{(Fom)}ne (4.50)

for the terminal nodes.

4.3.2.1 Method for obtaining the training sets

The training process for the enhancement predictor uses three sets of enhance-
ment training vector pairs, which we denote as G, P, and D. We assume that each
of these sets consists of independent realizations of (V,Y), where Y = (A ¥ ®)". A
generic enhancement training vector pair is illustrated in Fig. 4.12. Note that ide-
ally, each enhancement training vector pair contains data from three versions of the

same image: an original, sharpened rendering; a TRS interpolation; and an ETRS
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interpolation. It is easy to generate the sharpened original rendering and the corre-
sponding TRS interpolation. The catch is that during the training process, we do not
have an enhancement predictor; so that it would be impossible to have true ETRS
interpolations.

Our procedure is to use two types of images in place of the ETRS interpolations,

depending upon which set of enhancement training vector pairs we are procuring.

1. For the first two sets, G and P, we use duplicates of the TRS interpolations in
place of the ETRS interpolations. This means that each vector v in G and P

contains some redundant pixels.

2. For the third set, D, we use randomized ETRS interpolations in place of the
ETRS interpolations.

A randomized ETRS interpolation is different from a regular ETRS interpolation in
that it is generated by adding random, rather than deterministic, adjustments to the
pixels in the TRS interpolation. We will describe how we generate randomized ETRS
interpolations below.

To create a pair consisting of one sharpened original image and one TRS inter-
polation of the same image, we use the process illustrated in Fig. 4.13. We sharpen
the input training image to create the sharpened original image. Then to obtain the
corresponding TRS interpolation, we generate a low-resolution rendering from the
input training image by L x L block-averaging, and interpolate it back to the original
resolution using TRS.

To generate a randomized ETRS interpolation, we follow a procedure which is
very similar to the enhancement procedure described in Sec. 4.3.1. As stated above,
the only difference is that the adjustments are random, rather than deterministic.
Formally, denoting a random adjustment as d,anq, We compute pixel Zetrsranda i the

randomized ETRS interpolation as

ZTetrs,rand — Ltrs + 6rand 5 (451)
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Fig. 4.13. Generation of a TRS interpolation and its original, sharpened
counterpart.

where zy is the corresponding pixel in the TRS interpolation. We obtain d..,q as
a random sample drawn from the distribution of (A|V = v), the interpolation error
conditioned on the vector v extracted at the current pixel.

We assume that the distribution of (A|V = v) has the probability density func-
tion (pdf) illustrated in Fig. 4.14. The form for this pdf results from the following
assumption: given v, and provided that we know the sign of the interpolation error,
the interpolation error is uniformly distributed in the direction of the sign. Writing

the pdf of (A|V = wv) as pajv(-|v), we put this assumption more precisely as follows:

—20 1f20&0§5<0

20

pav(dlv) = Tif 0 <6 <20 (4.52)

201

0 otherwise
where 7y, 71, ag, and «; are defined as follows:

o = Pr{A<0|V=v},
m = Pr{A >0V =v},

=~
Ot
N

ap = E[AJA<0,V =0],

e~
N
>

Note here that by necessity, 7o > 0, 7y > 0, 19+ 71 =1, ap < 0, and a; > 0.
One way to obtain a random sample from this distribution would be to compute
estimates of 7, 71, ag, and ay. However, it is equivalent to estimate E [¥|V = v],

E[A|V =], and E[®|V = v]. Rather than using a “true” enhancement predictor to
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Fig. 4.14. Ilustration of the form of the pdf for (A|V = v) which we assume for
generating the randomized ETRS interpolations.



_74 -

perform this estimation, we use the parameters which are the output of the pruning
stage and the input to the filter-generation stage in Fig. 4.11. (They comprise a
complete set of parameters for an enhancement predictor, even though they have not
yet been through the filter generation procedure.) We will write these estimates with
superscript tildes (5 , 12, qg) to set them apart from estimates generated using a “true”
enhancement predictor.

With 6, d, and gg computed for the current pixel, we obtain d,,,q4 as

2(1-4)—4u

= (5-9) fu<i(1-9)

4u—2(1-9) ~ o~
W <5+¢> else

5rand = > (457)

where v is a random number drawn from a uniform [0, 1] distribution. This may seem
like an indirect procedure, considering that we already have an ETRS interpolation
procedure which could be used here (i.e., the deterministic procedure described in Sec.
4.3.1). However, the results which we have obtained using the procedure described
here are a little better.

To see that pa(-|v) is completely characterized by E[U|V =v],E[A|V =],
and E [®|V = v], consider the following invertible system of equations. It consists of

straightforward consequences of the form of pajv(-|v):

11 0 ol { m E[U|V = 0]
1 1 0 0 m 1
- . (4.58)
0 0 1 1 nen E [A|V = 'U]
00 -1 1] \ ma E[®|V =]

By solving this system of equations and by substituting our estimates 4, ¢, and ¢ for
the expectations, we obtain the following estimates of m, 71, g, and «y, which we

denote with superscript tildes:

fo = 2(1-9), (4.59)
o= 1(1+zﬁ), (4.60)



) 1 -
1 - -
o= 5=(0+9). (4.62)

Using these values in place of their respective parameters in (4.52), it is easy compute

expression (4.51) which is used for the random sample generation.

4.3.2.2 Splitting rule

Another difference between the training procedures is in the vectors relative to
which we split terminal nodes during the tree growing phases. In the case of training
for the enhancement predictor, our objective is to establish classes for different types
of edge regions, since the enhancement predictor is intended to predict error in those
regions.

To achieve this objective, we split relative to a vector V, defined as
V =BV. (4.63)

Here, B is an H x H matrix which subtracts the average of the elements in V' from

each of the elements in V', computed as

1
B:IHxH_ﬁOHxH7 (4.64)

where Iy« g is an H x H identity matrix and Og« g is an H X H matrix of ones. Note
that this is similar to the vector X relative to which we determine the splits for the
TRS interpolator: the main idea is to make splits based on the differences among the
elements in V' rather than on the elements of V' themselves. This makes the split-
ting process more efficient, since successive splits generate classes for different edge
behaviors rather than being wasted on classes for behaviors which are structurally
more similar.

To obtain the splitting rule we compute

gy = (&,B) (4.65)
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and
Viy = fivin (4.66)

where €y, is the eigenvector corresponding to the largest eigenvalue of an estimate

f]mn of the covariance matrix Yy,,. We first compute fiy, as follows:

1 Ng,,—1
n =0

Next we obtain éy, by computing f)f,m and then performing an eigenvalue decom-

position. We obtain f)mn as

S = BEvi B, (4.68)
where f]wn is computed as
R 1 Non-l
Yy = N Z (Vi — fivjn) (v — ﬂv|n)t . (4.69)
Gn =0

4.3.2.3 Resubstitution metric

The third difference between the training procedures for the enhancement and in-
terpolation regression trees lies in the resubstitution metrics which we use to evaluate
them during either of the growing or pruning phases. For the case of the enhancement
predictor, we compute the sample mean-squared prediction error for A, and we use
the notation Fg(U({)), where S can equal either G or P. We evaluate Fs(U(¢)) by
adding up the contributions of each of the terminal nodes, with the contribution of

the n-th terminal node computed as
N2
Fs,UO) =+~ > (6:-4) . (4.70)
where §; is the first element in y;, and 4; is the first element in (ani + ).
4.4 Results

In this section we present results of interpolation by a factor of L = 2, rendered at

75 dots per inch. Note that none of the images which appear in this section was among
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the training images which we used to generate the parameters for the interpolator or
for the enhancement predictor.

In Fig. 4.15, we compare TRS to pixel replication and bilinear interpolation. Note
that the TRS interpolation is sharper than the bilinear result, and the edges in the
TRS result are more continuous than they are in the pixel replication result. We have
also included Fig. 4.16, to follow up on the part of Sec. 4.2.2.1 where we describe our
method for splitting terminal nodes. Here we demonstrate the effect of centering the
vector relative to which we determine the splits, using the matrix B. Note that the
result generated by splitting on a vector which was not centered exhibits objectionable
“jaggie” artifacts around edges. These artifacts are not nearly so prominent in the
standard TRS result. An interesting fact is that although the same training sets were
used to generate the two sets of interpolator parameters, the interpolator parameters
for standard TRS had only 23 classes, while the parameters generated without the
centering had 40 classes. This implies that the centering makes the splitting process
more efficient by encouraging the formation of visually distinct classes such as edges
of different orientation, rather than wasting splits by defining classes for behaviors
which are visually more similar.

We have also compared the results of TRS with those of Resolution Synthesis (RS)
from Chap. 2. (Actually the RS results shown here were generated using Efficient
RS as it is described in Sec. 2.2.) In this comparison, the numbers of classes in the
sets of interpolator parameters (for TRS and for RS) play an important role. For
relatively low numbers of classes (say, around 25), the two methods tend to perform
about equally; but as the numbers of classes increase, RS interpolation quality tends
to improve more significantly and more quickly. This is illustrated in Figs. 4.17 and
4.18. In Fig. 4.17, the RS and TRS results are of basically the same interpolation
quality; and both the parameter sets used for this figure contain the same number
of classes (23). But in Fig. 4.18, the RS result exhibits fewer interpolation artifacts
than does the TRS result, although the RS parameter set used for this figure contains
far fewer classes (96 for RS, and 500 for TRS). (To generate a TRS interpolator with
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500 classes, we used the training algorithm described in Sec. 4.2 with the pruning
part of the algorithm turned off.)

One factor which contributes to the difference between TRS and RS is that there
is no mechanism in TRS which is completely analogous to the projection operator
for cluster vectors used in RS. (Recall that using the projection operator in RS led
to improved interpolation quality by encouraging the formation of more classes for
visually distinct behaviors such as edges.) Developing an analogous mechanism within
the framework of TRS could be a subject for future research, and it could possibly
change the overall comparison. This could lead to significant benefits in terms of
computational cost, for reasons involving both the filter selection and the filtering. In
RS, doubling the number of classes also doubles the computation required to select
which filter(s) to use for the interpolation; while in TRS, it only adds an additional
vector comparison to the filter selection process, assuming an approximately balanced
tree structure. Also, RS generally uses more than one filter per input pixel, while
TRS uses exactly one filter per input pixel.

Continuing with the comparison of TRS and RS, it is also interesting that the
RS interpolator parameter sets used for Figs. 4.17 and 4.18 were generated using
much less training data. In fact, to generate the parameters for the RS classifiers
(the Gaussian mixture models), we used 60, 000 cluster vectors; while to generate the
parameters for the TRS classifiers (the nonterminal nodes in the binary trees), we
used 600,000 and 300,000 training vector pairs, respectively for TRS with 23 (Fig.
4.17) and 500 (Fig. 4.18) classes.

We demonstrate ETRS interpolation in Figs. 4.19 and 4.20. Figure 4.19 shows a
TRS interpolation and the ETRS interpolation which was generated from it; while
Fig. 4.20 shows the image of adjustments which were added to the TRS interpolation
during the enhancement process. We have added a constant offset to the image of
Fig. 4.20, since the adjustments can be either positive or negative. We observe that
the ETRS interpolation is sharper and exhibits fewer objectionable artifacts than the

TRS interpolation, due to the adjustments which were made on and around edges.
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For these results, we have used 7 = 0.1. By modifying the value of 7 we would
change the set of pixels where adjustments are imparted. If we increase 7, then this
set shrinks, resulting in adjustment only on and around the strongest edges in the
interpolated image.

Finally, in Fig. 4.21, we include a comparison of all three interpolation algorithms
introduced in this thesis: RS, TRS, and ETRS. This figure reflects our observation
that overall, both RS and ETRS tend to perform better than TRS. The comparison
between RS and ETRS is more interesting. One observation is that many of the edges
in the ETRS result are suitably continuous (i.e., free of “jaggie” artifacts), and are
considerably sharper than the same edges in the RS result. However, it could also be
said that the RS result is more spatially consistent in terms of sharpness. This leads
to a more natural appearance, which is why the RS result is the best among the three

in this figure, in the opinion of the author.

4.5 Conclusions

In this report, we have introduced TRS and ETRS, two methods for image in-
terpolation. One advantage of TRS is that it has a simple implementation. But we
have also seen that since the TRS interpolator is designed to approximate the condi-
tional mean estimator of the high-resolution pixels given corresponding low-resolution
pixels, it provides an approximately optimal (MMSE) interpolation. We have also
introduced ETRS which includes a second enhancement stage. The purpose of this
enhancement stage is to correct for artifacts in the TRS interpolation, and to impart
additional enhancements. We have demonstrated the effectiveness of both TRS and
ETRS by showing results of interpolating images which were not among the training

images used to generate the predictor parameters.
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Fig. 4.15. Results of interpolation by a factor of L = 2.
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(b) Standard TRS.

Fig. 4.16. The effect of centering the vector used to determine the decision rules
during the interpolator design; interpolation by a factor of L = 2.
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(a) TRS using 23 classes.
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(b) RS using 23 classes.

Fig. 4.17. Comparison of interpolation by a factor of L = 2, using (a) TRS and (b)
RS. Both sets of interpolator parameters used here contain 23 classes.
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(b) RS using 96 classes.

Fig. 4.18. Comparison of interpolation by a factor of L = 2, using (a) TRS and (b)
RS. The TRS interpolator parameters used for (a) contain 500 classes, while the RS
interpolator parameters used for (b) contain 96 classes.
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(a) TRS. (b) ETRS.

Fig. 4.19. TRS and ETRS interpolations by a factor of L = 2.
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Fig. 4.20. Image of adjustments added to the TRS interpolation to generate the
ETRS interpolation in Fig. 4.19.
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(c) ETRS.

Fig. 4.21. Comparison of interpolations by a factor of L = 2, generated by (a) RS,
(b) Tree-based RS, and (c¢) Enhanced Tree-based RS.
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APPENDIX

In this appendix, we derive the filter design procedure, which amounts to the max-
imization of (2.28), with the function @); defined in (2.23). To begin the derivation,

we recall assumption 2, so that we can write ), explicitly:

M
Q1(¢ | 8) = Z Zlogpﬂz,j(xs | Zsy Js ¢)pﬂy(] | ysue) (Al)
j=1seS
M ~
- Z Zlogpzlzvj(xs | ZS?Aj?ﬁjﬂAj)pj\y(j | ys,0) - (A.2)
j=1seS

We assume that the filter parameters (Ay, 85, As) for the different classes do not
depend on each other, so that our task is made up of M separate maximizations. The

j—th of these maximizations is
Aj, B, A; = arg (,Exr,l;%}/i) Q;(A,B,A|0), (A.3)
where @)1 ; is defined as

Q1;(A,8,M ] 8)

- Zlogp:dzg(xs | ZS7A7ﬁ7A)pj|y(j | y57é) (A4)
seS
1 t A1
exp (—3 (zs — Az, — B) At (z, — Az, — ) , .
= D log - T ) Pily(J | vs, 0) (A.5)
seS (2m) = |A|?
2N . A
_ _LQNJ log 21 + % log[A~"] - %.ﬁj(A,ﬁ,A 1 6) ; (A.6)

here, L is the interpolation factor, N; is defined in (2.37), and &;(A, 3, A | 6) is defined
to be

gj(A7ﬂ7 A | é) - Z(ms - Azs - ﬁ)tA_l(xs - Azs - ﬁ)pﬂy(] | Ys, é) . (A7)

seS
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We compute flj, Bj, and Aj as the values of these parameters at which the derivatives
of 1,; vanish. While this is only a necessary condition for (A.3), it may be verified
that the computed parameters are in fact maximizers of )1 ;. The key to computing
the required derivatives of @ ; lies in writing {; in various convenient forms, which
may be obtained through some straightforward manipulations.

The optimal estimates of A and ( turn out to be functions of one another. To
find their simultaneous solution, we first compute the estimate of § as a function of

A. For this, we write &; as

&(A,B,A | 0)
— trace (A_l Z(azs — Az, — B)(xs — Azs — ,B)tpj‘y(j | Ys, é)) (A.8)
sesS
= Njtrace (A" (Tygyj — DpaA' — ATY,  + AT ;A")) (A.9)

+ Nj(va); — Avzyy — B) A" (v — Avzgy = 8)

where I'ypij, I'szijy I'zzljs Valj, and v,); are defined in (2.40) and (2.38). From this, we

FE
compute the row vector V3 Q) ; of derivatives, whose m~th element is the derivative
of )1,; with respect to the m-th element in §:
. 1 .
vﬁQlJ(Aaﬁ?A|9) = _5 VgSJ(A,ﬁ,A|9) (AlO)
Setting this equal to zero and solving yields our estimate of 3 in terms of A:
Bi(A) = vy; — Avyyj (A.12)
We use this functional form for § to find our estimate of A. Inserting (A.12) into
(A.9), we again write ;,
&(A, B;(A), A 1)
= Njtrace (A" (T — DpoyA' — ATL,  + AT A" (A.13)

zzlj
From here, it is straightforward to compute the matrix V4 Q); ; of derivatives, whose

m, n—th element is the derivative of @); ; with respect to the m, n-th element of A:

VaQu(4,5;(A),A|0) = —% Va&i(A Bi(A),A | 6) (A.14)
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Setting this equal to zero and solving for A yields (2.42). Plugging the estimate for
A back into (A.12) yields (2.43).
It remains to compute Aj. We first simplify &; by inserting our estimates for A
and (3 into (A.13):
SJ(AJGBJ?A | é) = Nj trace (Ail (Fz:z\] - Fw2|jF71 I \J)) ) (A16)

zz|j" xz

so that @)1 ; may be written as

Qu(A;, B;, A | 6)

2T, ) L% L2
_ L QNJ log 2m + % log ‘A‘l‘ - % S A G (A.17)
m=1n=1

where we have used g, , to denote the m, n-th element of the matrix

Fm:\j — sz‘jrfl T

22| xz|j°

From this representation, we can compute the matrix V-1 Q)1 ; of derivatives, whose
m,n—th element is the derivative of @Q; ; with respect to the m, n—th element of A™'.
The only obstacle here is the derivative of the determinant with respect to the m,n—
th element of A, which may be computed by writing the cofactor expansion for the
determinant, along the m~th row of A=!. The resulting derivative is

N;

T(qu—rm‘jrl.rt u) . (A18)

zz|jo xz

- . N,
Va-1Q1(A;,8,A]0) = EJA—

Setting this equal to zero and solving for A implies (2.44).
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