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ABSTRACT

Chen, Sea. Ph.D., Purdue University, December, 2002. Analysis of Functional Mag-
netic Resonance Imaging Data Using Signal Processing Techniques. Major Profes-
sors: Charles A. Bouman and Mark J. Lowe.

The goal of this research was to develop a set of tools for the analysis of func-
tional magnetic resonance imaging data. The study of the blood oxygenation level
dependent (BOLD) signal response was specifically targeted.

In the first part of this research, we developed an amplitude independent clus-
tering strategy called clustered components analysis. This technique accounted for
activation amplitude variations due to partial volume effects and magnetic field inho-
mogeneities. The analysis framework also included an automated method for deter-
mining the number of clusters based upon the minimum description length criterion.
The technique was implemented using the expectation-maximization algorithm.

In the second part of this research, we introduced an analysis method to obtain
a high temporal resolution estimate without using a short time-to-repetition (TR).
This method that we call supertemporal resolution analysis was developed to reduce
the distortion of the BOLD response by blood inflow effects. The technique was
based upon maximum a posteriori (MAP) estimation utilizing Bayesian prior model
to implement temporal regularization. A crossvalidation strategy was used to auto-
matically determine from the data the level of smoothing. A novel data simulator

was developed to test our methods.






1. INTRODUCTION

My research of the past few years was initiated out of a need for better tools to
investigate the characteristics of the widely used blood-oxygenation-level-dependent
(BOLD) used in functional MRI (fMRI). A widely held assumption in the field of fMRI
data analysis was that the BOLD response signal was constant both temporally and
spatially. There is no reason to believe this assumption to be true. Firstly, activation
amplitude variation due to partial volume effects or magnetic field inhomogeneities
is not commonly considered. Secondly, spatial differences in the temporal evolution
of the BOLD hemodynamic response are also not commonly considered during signal
estimation. Therefore, we used elements of estimation theory to develop signal pro-
cessing tools to investigate the validity of the assumption and aid in the estimation
of the BOLD hemodynamic response.

Much of fMRI research is focused on detection of neuronal activation. However, my
research is primarily aimed at studying the temporal evolution characteristics of the
hemodynamic response function. Many other research groups are also pursuing this
goal with various data analysis methods. Exploratory data driven methods such as
independent components analysis, principle components analysis, and fuzzy clustering
methods are used quite frequently. Linear systems methods used to deconvolve the
hemodynamic impulse response are also often discussed in the literature. Parametric
model-based techniques are also quite popular.

Chapter 2 of this thesis describes an data analysis framework called clustered
components analysis that utilizes an amplitude independent clustering method on
fMRI timeseries data. The data model used to develop the analysis method explic-
itly included an amplitude factor to account for variations. The estimation scheme
described uses the expectation-maximization algorithm to find the maximum like-

lihood estimates of the cluster timecourses. The technique includes a model order
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identification technique based upon the minimum description length criterion. This
chapter also introduces a technique for signal subspace estimation to reduce data
dimensionality and improve signal to noise ratio as a preprocessing step to clustered
components analysis.

Chapter 3 presents a data analysis technique called supertemporal resolution anal-
ysis that utilizes the timing characteristics of two-dimensional MR acquisition to find
a high temporal resolution estimate of the hemodynamic response signal without us-
ing a short time-to-repetition (TR). This technique was developed to combat the
distortion of the BOLD response signal by inflow effects when using shorter TR. It is
based upon a data model that contains observation matrices for each slice acquired
and assumes an identical hemodynamic response signal generating the observed data.
The assumption is enforced using the clustered components analysis method presented
in the previous chapter. The estimate of the BOLD response is generated using max-
imum a posteriori estimation utilizing a Bayesian prior that implements temporal
regularization. A crossvalidation method is used to find the regularization parameter
that governs the smoothness of the estimate. Also presented in this chapter is a novel
data simulator used to verify the algorithms.

Chapter 4 outlines suggestions for future work in the extension and improvement

of the analysis framework.



2. CLUSTERED COMPONENTS ANALYSIS FOR FMRI

Abstract

A common method of increasing SNR in functional magnetic resonance imaging
is to average signal timecourses across voxels. This technique is potentially problem-
atic because the hemodynamic response may vary across the brain. Such averaging
may destroy significant features in the temporal evolution of the fMRI response that
stem from either differences in vascular coupling to neural tissue or actual differ-
ences in the neural response between two averaged voxels. Two novel techniques are
presented in this chapter in order to aid in an improved SNR estimate of the hemody-
namic response, while preserving statistically significant voxel-wise differences. The
first technique is signal subspace estimation for periodic stimulus paradigms that
involves a simple thresholding method. This increases SNR via dimensionality re-
duction. The second technique that we call clustered components analysis (CCA) is
a novel amplitude-independent clustering method based upon an explicit statistical
data model. It includes an unsupervised method for estimating the number of clus-
ters. Our methods are applied to simulated data for verification and comparison to
other techniques. A human experiment was also designed to stimulate different func-
tional cortices. Our methods separated hemodynamic response signals into clusters

that tended to be classified according to tissue characteristics.

2.1 Introduction

Functional magnetic resonance imaging (fMRI) has emerged as a useful tool in
the study of brain function. This imaging modality utilizes the fact that the MRI sig-

nal is sensitive to many of the hemodynamic parameters that change during neuronal
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activation (e.g. blood flow, blood volume, oxygenation). The changes in these param-
eters cause small intensity differences between properly weighted MR images acquired
before and during neuronal activation. Although the contrast can be produced by a
number of different mechanisms, blood oxygenation level dependent (BOLD) contrast
is the method most commonly employed. BOLD contrast is dependent on an decrease
in local deoxy-hemoglobin concentration in an area of neuronal activity [1, 2]. This
local decrease in paramagnetic material increases the apparent transverse relaxation
constant T3, resulting in an increase of MR signal intensity in the area affected. Other
methods of functional MR imaging contrast include measurement of cerebral blood
flow and volume effects [3]. Although fMRI is widely used, the mechanism of the

coupling between brain hemodynamics and neuronal activation is poorly understood.

Although much of the work in fMRI data analysis has revolved around the creation
of statistical maps and the detection of activation at different voxel locations [4, 5, 6],
there also has been much interest in understanding the BOLD temporal response.
Several groups have proposed models relating the various hemodynamic parameters
(blood flow, blood volume, hemoglobin concentration, etc.) to the BOLD signal |7, §].
These models all predict a BOLD temporal response to changing neuronal activity.
Verification of the accuracy of these models requires that the predictions be compared
to data. However, the low signal-to-noise ratio (SNR) of fMRI measurements typi-
cally requires averaging of many voxels in order to achieve a statistically significant
result. Thus, the resulting measurement could possibly be a mixture of many differ-
ent responses. This presents a possible confound in attempts to develop and validate

detailed models of the BOLD response.

Some researchers have attempted to address the issue by using parametric meth-
ods [9, 10]. The parametric methods usually assume specific signal shapes (Poisson,
Gaussian, Gamma, etc.) and attempt to extract the associated parameters for which
the data best fit. Others have taken a linear systems approach in which the response
is modeled as an impulse response convolved with the stimulus reference function

[11, 12]. Exploratory data analysis methods such as principle components analysis
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(PCA) [13, 14] and independent components analysis (ICA) [15, 16] are also com-
monly used by many groups. Recently, clustering methods [17, 18, 19, 20] have
become popular as well.

In this chapter, we address the issue of signal averaging by presenting a novel
non-parametric clustering method based upon a statistical data model. Specifically,
we identify groups of voxels in fMRI data with the same temporal shape, indepen-
dent of signal amplitude. Variations in amplitudes may be due to differences in the
concentration of hemodynamic events from partial volume effects or coil geometries.
The amplitude variation is explicitly accounted for in our data model. Each distinct
response corresponds to a unique direction in a multidimensional feature space (see

Figure 2.1.

Cunnnnn
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'..-3‘--!

Fig. 2.1. Visualization of cylindrical clusters extracted by CCA. Because CCA finds
cluster directions independent of amplitude, the shape of the vector clouds will be
cylindrical instead of the more common spherical clouds around class means
extracted by other clustering methods.

Our analysis framework is based upon two distinct steps. In the first step, the
dimensionality of the voxel timecourses is reduced and feature vectors are obtained.

The noise in the feature vectors is then whitened in preparation for the next step.
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The second step consists of our novel clustering technique that we call clustered

components analysis (CCA).

The dimensionality reduction used in this chapter is similar to the method de-
scribed by Bullmore, et al. [21]. Their method decomposes the temporal response at
each voxel into harmonic components corresponding to a sine and cosine series ex-
pansion at the appropriate period. We have developed a method to further decrease
dimensionality by estimating an M dimensional signal subspace [22]. Although signal
subspace estimation (SSE) is not new [23, 24], our method uses a simple thresholding
technique and is quite effective. It is implemented by estimating the signal covari-
ance as the positive definite part of the difference between the total signal-plus-noise
covariance and the noise covariance. At this point in our analysis technique, each

voxel’s response is represented by an M dimensional feature vector.

In the second step of our analysis framework, we present a new method for an-
alyzing the multivariate fMRI feature vectors that we call clustered components
analysis. This method depends on a explicit data model of the feature vectors and
is implemented through maximum likelihood (ML) estimation via the expectation-
maximization (EM) algorithm [25, 26]. An agglomerative cluster merging technique
based on a minimum description length (MDL) criterion [27] is used to estimate the

true number of clusters [28].

Because the truth is not known in a real experiment, synthetic data was generated
to test the performance of our method. Other common methods of multivariate
data-driven analysis techniques (PCA, ICA, and fuzzy clustering) were applied to
the same data set and the results were compared. Finally, a human experiment was
performed that stimulated the motor, visual, and auditory cortices. Our methodology
was applied to this data. The goal of the human experiment was to produce a set
of activation data spanning a broad range of cerebral cortex and a diverse set of
neuronal systems. This data set will allow our clustering method to determine the
distribution of distinct temporal responses according either to neuronal system or

tissue characteristics.



2.2 Theory
2.2.1 Dimensionality Reduction

The first step of our analysis framework is the reduction of dimensionality via
decomposition into harmonic components using least squares fitting. This step is
similar to that described in [21]. The next step is a novel method of determining
the signal subspace by estimating signal and noise covariances and performing an
eigendecomposition. The final step is a prewhitening of the noise before application

of the clustered components analysis.

Decomposition into Harmonic Components

In a standard block paradigm, control and active states are cycled in a periodic
manner during the fMRI experiment. Therefore, the response signal should also be
periodic. By assuming periodicity, harmonic components can be used as a basis
for decomposition to reduce dimensionality. However, application of the periodicity
constraint is not necessary for the technique described in the next section.

The data set of an fMRI experiment, D, can be defined as an P x N matrix, where
N is the number of voxels and P is the number of time points. We first remove the
baseline and linear drift components of fMRI data as a preprocessing step [29]. The
columns of D are then zero mean, zero drift versions of the voxel timecourses.

The harmonic components, A;, are a sampling of sines and cosines at the fun-
damental frequency of the experimental paradigm, v (in radians/seconds), and its
higher harmonics. The number of harmonic components, L, is limited by the require-
ment that there be no temporal aliasing. In other words, L < 22 where At is the

2

temporal sampling period.

cos (HELyt) if [ odd
At) = ( 2 ) (2.1)
sin (éyt) if [ even
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for i =1[1,2,---, 1]

We then form a P x L design matrix
A=lay, - ,ar], (2.2)

where a; is a column vector formed by sampling the [** harmonic component at the
times corresponding to the voxel samples. Using this notation, the data can then be

expressed as a general linear model [6] where
D = A0 +v. (2.3)

O is an L x N harmonic image matrix containing the linear coefficients, and v is the
P x N dimensional noise matrix.
Assuming all information in the signal is contained within the range A, an estimate

© can be computed using a least squares fit, resulting in
O = (A'A)'A'D (2.4)

where the residual error € is given by

e = D— A6 (2.5)
= (I - A(A'A)7'AYD (2:6)
— (I — A(AA) AN (2.7)

The data set can be expressed in terms of the estimate of the coefficient matrix and

the residuals matrix.

D= AO +¢ (2.8)

We denote the estimation error as ©, where

6 = 6-06 (2.9)
= (A'A)'Ay (2.10)



Signal subspace estimation

Our next objective is to identify the subspace of the harmonic components that
spans the space of all response signals. This signal subspace method improves the
signal-to-noise ratio by reducing the dimensionality of the data.

The covariance matrices for the signal, signal-plus-noise, and the noise are defined

by the following relations.

1
&::NEpM

1 A~
}m::NE@M

1 -
m::NEpM

Since we can not observe © directly, we must first estimate R, and R,,, and then use
these matrices to estimate Ry. With this in mind, we use the following two estimates

for R, and R,,.

R = %@@t (2.11)

R, = trace{ec'}(A'A)'/(N(P-L~-2)), (2.12)

where € is computed using Equation 2.6. The expression for R, is derived in Ap-
pendix A.1 using the assumption that the noise v is white and is shown to be an
unbiased estimate for R,. Note that the denominator of the expression reflects the
reduction in degrees of freedom when the 2 nuisance components are removed. Since
Rsn and Rn are both unbiased estimates of the true covariances, we may form an

unbiased estimate of the signal covariance R, as
R; =R, — R, . (2.13)
The corresponding eigendecomposition is then
R, = UAU. (2.14)

Generally, the eigenvalues of R, will all be non-zero due to noise in the estimation

process, so the corresponding signal subspace will have dimension L. However, the
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dimensionality of the subspace can be reduced by exploiting the fact that R; must
have positive eigenvalues because it is a covariance matrix. We apply this constraint
by forming a new M x M diagonal matrix As, which contains only the M positive
diagonal elements in A,.

Only the columns of Uy corresponding to the positive eigenvalues in Ay are re-
tained, yielding the L x M modified eigenvector matrix U,. The reduced dimension
signal component, or eigenimage, can then be written as

~

Y =U'e. (2.15)

The eigenimage Y contains the linear coefficients for the eigensequences ¥ = AUL.
The clustered components analysis presented in the following section assumes that

the noise is white. Therefore, we apply a whitening filter W to form
Y =WY (2.16)

as described in Appendix A.2. The column vectors of Y correspond to M dimensional
feature vectors that describe the timecourse of each voxel. The timecourse realizations

of the individual voxels may be reconstructed via the following relation.

D=xw"Y (2.17)

2.2.2 Clustered Component Analysis

The method of clustered components analysis is developed in this section. The
goal of the method is to cluster voxels into groups that represent similar shapes
and to estimate the representative timecourses. Specifically, we apply the analysis
to the feature vectors Y found in Equation 2.16. The analysis not only allows for
the estimation of cluster timecourses, but also estimates the total number of clusters
automatically. The algorithm consists of two steps. The first step is the estimation
of the timecourses using the expectation-maximization algorithm. Estimation of the
number of clusters occurs in the second step using the minimum description length

criterion. See Figure 2.2 for a summary of the CCA algorithm.
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Data model

Let Y,, be the n' column of the matrix Y found in Equation 2.16. Y,, is a vector of
parameters specifying the timecourse or the M dimensional feature vector for voxel
n. Furthermore, let Ex = [e1, -, ex] be the K zero mean, zero drift component
directions (representing K clusters) in the feature space, each with unit norm (e;‘e, =

1,Vk € [1,2,---, K]). The basic data model can be written as
Y, = anésr, +wn , (2.18)

where a,, is the unknown amplitude for voxel n, 1 < x,, < K is the class of the voxel,
and w, is zero mean, Gaussian noise.
Because the data have been whitened, we assume that Flw,w!] = I. The proba-

bility density function of the voxel n can be stated as

1 1
Pyn|zn (yn|k> Ekg, an) = WTU/Q €xXp {_2(yn - anek)t(yn - O‘nek’)} ) (2'19>

with log-likelihood function being
M—1

1
logpynp:n (yn|ka EKa an) = - 10g 2T — §(yfzyn - 2any7tzek + ai) (2'20)

In order to resolve the dependence on the unknown amplitude, the maximum

likelihood estimate ¢,, of the amplitude is found.

~

Gy = argmax{log py, i, (Yn|k, Erc, an)}
= ek (2.21)

The amplitude estimate in Equation 2.21 is then substituted into the log-likelihood
of Equation 2.20.

M-1
2

1
log 21 — ~ (yZyn - ektynyntek) (2.22)

logpynwn(yn‘kaEKa@n) - - 5

From Equation 2.22, the density function may be written as

. 1 1
Pynlzn Unlks Exc, Gn) = WTD/Q exp {—5 (y;yn — ektynyntek)} . (2.23)
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The class of voxel n is specified by the class label z,,, which is an independent,
identically distributed discrete random variable taking on integer values from 1 to
K. We define m;, = P{X,, = k} as the prior probabilities that a voxel is of class k.
The set of prior probabilities for K classes are then defined to be g = |7y, -, k],
where Zﬁ(zl m, = 1.

Using Bayes rule, the voxel probability density can be written without conditioning

on class label.

K
pyn(yn|K7 EK7HK7&TL) = Zp n|$n(yn|k7EK7dn)7Tk (224>
k=1
K
1 1
=kZ_Zl (W eXp {—5 (yflyn - ektynyntek) }) Tk
(2.25)

We note that this is a Gaussian mixture distribution [30].
The log-likelihood is then calculated for the whole set of voxels.

N K
log py (y| K, B, Ik, &) = Z log (Zpynm(yn%,EK,dn)m)

n=1 k=1

= z_:l log [Z <(27r)(%1)/2 exp {—% (yflyn — ektynyntek)} 7Tk>] (2.26)

k=1
Parameter estimation using the expectation-maximization algorithm

The aim of this section is to estimate the parameters Fx and I1x in the data model.
This is done by finding the maximum likelihood estimates for the log-likelihood given

in Equation 2.26 for a given cluster number K.
(Eg, k) = argmax log p, (y| K, Ex, Ik, &) (2.27)
&1k

The maximum likelihood estimates E and Iy in Equation 2.27 are found by using
the expectation-maximization algorithm [25, 30].

In order to compute the expectation step of the EM algorithm, we must first
compute the posterior probability that each voxel label x,, is of class k.

Pyn |z (Ynlk, Ex, On) T,

pmn|yn(k|yn7K7 EK7HK765n) - (228)
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In the expectation step of the EM algorithm, the estimated number of voxels per
class N, ,5‘}( and the estimated covariance matrix of the class R Kk given the current
estimation of the parameters Ex® and Ix® must be computed. See Appendix A.3.1
for more details. Because the EM algorithm is iterative, the superscripts (i) denote
iteration number. The subscript k|K denotes the parameter corresponding to the k"

cluster out of a total of K clusters.

A N
Nik = Poatyn (klyn, ExD 1D, &) (2.29)
n=1
_ i 1 N o
Nk‘Kn 1

In the maximization step of the EM algorithm, the parameters are reestimated
from the values found in the expectation step (see Equation 2.29 and Equation 2.30,

yielding Ex ™V and V. Let epqe{R} be the principle eigenvector of R.

ei ™ = ema{Ri} (2.31)
Y = N /N (2.32)

for k € [1,2,---, K] (see Appendix A.3.2 for more details).

Equation 2.31 and Equation 2.32 are alternately iterated with Equation 2.29 and
Equation 2.30 (using Equation 2.28. The iterations are stopped when the difference in
the log-likelihood (see Equation 2.26 for subsequent iterations is less than an arbitrary
stopping criterion, v. We then denote the final estimates of the parameters for a given

number of clusters K as EK and f[K

Model order identification

Our objective is not only to estimate the component vectors Ey and the prior
probabilities [Tk from observations, but also to estimate the number of classes K.
We use the minimum description length (MDL) criterion developed by Rissanen [27],
which incorporates a penalty term KM log(NM)/2. The term NM represents the
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number of scalar values required to represent the data, and the term K M represents

the number of scalar parameters encoded by EK and T1 K.
1
MDL(K, Ex,11g) = —logp,(y|K, Ex, Uk, &) + §KM log(NM) (2.33)

The MDL criterion is then minimized with respect to K. This is done by starting
with K large, and then sequentially merging clusters until K = 1. More specifically,
for each value of K, the values of Ej, f[K, and MDL(K, EK,fIK) are calculated
using the EM algorithm from Section 2.2.2. Next, the two most similar clusters are
merged, K is decremented to K — 1, and the process is repeated until K = 1. Finally,
we select the value of K (and corresponding parameters EK and II %) that resulted
in the smallest value of the MDL criterion.

This merging approach requires that we define a method for selecting similar
clusters. For this purpose, we define the following distance function between the

clusters [ and m
d(lv m) = Jmax(Rl|K> + Umax(Rm|K> - Umax(Rl|K + Rm\K) (234>

where 0,4 (R) denotes the principal eigenvalue of R. In Appendix A.4 we show
that this distance function is an upper bound on the change in the MDL value (see
Equation A.21). Therefore, by choosing the two clusters [ and  that minimize the

cluster distance,

~

(I,7m) = argmin d(l, m) (2.35)

l,m
we minimize an upper bound on the resulting MDL criterion. The parameters of the

new cluster formed by merging [ and 0 are given by

Ty = T T T (2.36)
iy = CmaciRix + Bajr} - (2.37)
The remaining cluster parameters stay constant, and the merged parameters then

become the initial parameters for the iterations of the EM algorithm used to find

estimates for K — 1 clusters.



- 15 -

To start the algorithm, a large number of clusters K is chosen. Then, the pa-
rameters EKO(I) and HKO(I) are initialized for each class {k : k = 1,2,---, Ky} by
Equation 2.38, Equation 2.39, and Equation 2.40. The initial priors are chosen such
that classes are equally distributed. The initial component directions are chosen such
that they all fall along the principle eigenvector of the estimated data covariance

matrix given in Equation 2.40.

1
1
1 —(1
6l(<:) = emax{Rl(c&(} (2.39)
where
(1) 1 &
Ryk = + 2- Y% (2.40)
n=1

2.3 Methods
2.3.1 Experimental paradigm

An experimental paradigm was designed to activate the auditory, visual, and
motor cortices. The paradigm was arranged so all activation occurred in sync at a
cycle length of 64 seconds: 32 seconds control, 32 seconds active. The timing of the
paradigm was as follows: 16 seconds lead in (control), 4 cycles of the paradigm (4 x
64 seconds), 32 seconds control, and 16 seconds lead out (control). See Figure 2.3 for
a diagram of paradigm timing. The visual cortex was activated using a flashing 8Hz
checkerboard pattern (6 x 8 squares) with a blank screen control state viewed through
fiber-optic goggles (Avotec, Inc., Stuart, FL). The flashing checkerboard was shown
to provide robust activation throughout the visual system [31]. The auditory cortex
was activated using backwards speech through pneumatic headphones (Avotec). The
backwards speech was shown to provide robust activation in the primary auditory
cortex [32]. Auditory control was silence through the headphones (note that the
ambient scanner noise is heard by the subject throughout the scan). The visual and

auditory stimuli were constructed using commercial software (Adobe AfterEffects,
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initialize K to Ky
initialize £ Ko(l) and 11 Ko(l) using Equation 2.38, Equation 2.39, and Equation 2.40
while K > 1
11
do
compute the posterior probabilities py,, |y, (k|yn, K, Ex, Ik, oy,) for all n
using Equation 2.28
E-step: compute N,g‘l}{ and R,(C?K using Equation 2.29 and Equation 2.30
M-step: compute Egﬂ) and H%H) using Equation 2.31 and Equation 2.32
§ « log p, (y| K, EK(Hl), HK(Hl)a &) — log py, (y| K, EK(i), HK(i)7 &)
1—1+1
while 6 > v (where v is the stopping tolerance)
set EK = EK(i) and fIK = HK(i)
compute MDLx = MDL(K, By, ﬂK) using Equation 2.33
save EK and fIK and M DLk
find the two clusters { and 7 which minimize the distance function d(I,m)
using Equation 2.34 and Equation 2.35
merge clusters [ and m to form EK_l(l) and HK_l(l) using Equation 2.36 and
Equation 2.37
K—K-1
end

choose K and the corresponding E % and I 4 Which minimize the MDL

Fig. 2.2. Summary of clustered components analysis
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Adobe Systems, Inc., San Jose, CA). The motor cortex was activated through a
complex finger-tapping task. Left and right fingers were placed opposed in a mirror-
like fashion in the rest position and tapped together in a self paced way in the following
pattern for activation: thumb, middle, little, index, ring, repeat. This complex finger-
tapping task was shown to provide robust motor cortex activation [33]. Tapping was
cued by the onset of visual and auditory stimuli. Rest was the control state for the

motor paradigm.

Lead-in Lead-out

| |

0:48 1:20 1:52 2:24 2:56 3:28 4:00 4:32

Fig. 2.3. Experimental paradigm timing

Off

0:00 0:16 5:04 5:20

2.3.2 Human data acquisition

Whole-brain images of a healthy subject were obtained using a 1.5T GE Echospeed
MRI Scanner (GE Medical Systems, Waukeshau, WI). Axial 2D spin echo T}-weighted
anatomic images were acquired for reference with the following parameters: TE =
10ms TR = 500ms, matrix dimensions = 256x128, 15 locations with thickness of
7.0 mm and gap of 2.0 mm covering the whole brain, field-of-view = 24 x 24 cm.

BOLD-weighted 2D gradient echo echoplanar imaging (EPI) functional images
were acquired during a run of the experimental paradigm with the following param-
eters: TE = 50ms, TR = 2000ms, flip angle = 90°, matrix dimensions= 64x64, 160

repetitions, and the same locations and field-of-view as the anatomic images.
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2.3.3 Synthetic data generation

To test the validity of the our methods, synthetic fMRI images were generated
using the averaged functional images gathered from the real data set acquired as per
Section 2.3.2 as baseline images. The BOLD response signals were modeled using the
methods given by Purdon et al. [34], in the three subsequent equations.

The physiologic model is based upon two gamma functions given by

ga(t) = (1 —e M) (t 4 1)e /e (2.41)

GBlt) = (L= hyet/h, (2.42)

where d, and dj, are time constants. The activation signal s(¢) is then a combination
of these gamma functions convolved (denoted by *) with the stimulus reference signal
c(t) which equals 0 during the control states and 1 during the active states. dy denotes

a time delay and f,, f», andf. are amplitudes which characterize the activation.

s(t) = fa(ga*c)(t —do)+ folgs * c)(t — do) +
fe(ga * €)(t — do)(ge * ) (t — do) (2.43)

The mixture weights, as well as time constant and time delay parameters, were
varied between three locations of 8 x 8 in one slice in order to simulate responses
from different functional cortices and/or tissue characteristics. The parameters for
Equation 2.41, Equation 2.42, and Equation 2.43 are given in Table 2.1 for each of
the signals/locations.

The amplitudes of these signals were modulated by the baseline voxel intensities
i, using 7% peak activation and then multiplied by a normalized Gaussian window
(G) (see Figure 2.4) to simulate the variation in amplitudes across the functional
region. Additive white Gaussian noise (v) was then added to all the voxels at a

standard deviation of 2% of the mean baseline voxel intensity in the entire brain.

Yn(t) = pin + 0.0711, G5, (1) + v (1) (2.44)
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Table 2.1
Parameters used in synthetic data generation

Signal | fo | fo | fe |da| dy | do
1 06 {002(02| 1 10| 2
2 0351 02 (05| 3| 5|8
3 0.35 | 0.1 1 5| 5 |15

2.3.4 Data processing

Synthetic data

In the synthetic data, only the voxels that had been injected with signal were con-
sidered for analysis. Mean and drift were removed from the voxel timecourses. Only
the timepoints corresponding to the first four cycles were considered (128 out of 160
time points). Because the sequence used was a two-dimensional acquisition, each slice
is acquired at staggered timing. Therefore, a different design matrix A was specified
for each slice by shifting the harmonic components by the corresponding time delay
for the slice. The dimensionality reduction scheme including harmonic decomposition

and signal subspace estimation outlined in Section 2.2.1 was performed.

Principle components analysis (PCA) was applied to the synthetic data after har-
monic decomposition using the harmonic images © given in Equation 2.4. An eigen-
decomposition was performed on Ran given in Equation 2.11 to obtain the principle
components. PCA was also applied to the synthetic data after signal subspace esti-
mation. The principle components are the columns of U, derived from Equation 2.14.
In both cases, the three principle components were chosen corresponding to the three

largest variances.
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© o
o ©

o
IS

Intensity weighting

0.2

Pixels in y direction

Pixels in x direction

Fig. 2.4. Gaussian window for variation in amplitude in the synthetic data. Each
vertex in the mesh corresponds to a voxel in an 8 x 8 square region of interest. The
mesh values at the vertices modulate the amplitudes of activation at the
corresponding voxels.

Fuzzy C-means clustering (FCM), using the Matlab fuzzy toolbox (Mathworks,
Natick, MA), was also applied to the synthetic data on © and unwhitened feature
vectors Y. The routine was constrained to yield three clusters in both cases.

Spatial independent components analysis, using software available from [35], was
applied to © and to the Y. The analysis was applied unconstrained to yield as many
components as channels and also constrained to yield three independent components.
For the unconstrained case, the three independent components that best matched (in
a least squares sense) the injected signals were chosen.

Clustered components analysis was applied only after signal subspace estimation
on the whitened feature vectors Y. The CCA was initialized with Ky = 20 clusters.

The resultant estimates were transformed back into the time domain,
& =YW e,V € [l,---, K] (2.45)

in a manner similar to Equation 2.17.
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Human data

The functional image data were analyzed voxel-by-voxel for evidence of activation
using a conventional Student’s T-test analysis [29] using in-house software. Regions
of interest were drawn on the resulting statistical maps in the cortical regions corre-
sponding to primary activated regions for each of the three stimuli (i.e. precentral
gyrus for the motor stimuli, superior temporal gyrus for the auditory stimuli, and
the calcarine fissure for the visual stimuli). Only the voxels in the regions of interest
were considered in the analysis. The data were processed for the dimensionality re-
duction in the same manner as the synthetic data. CCA was applied to the resultant
feature vectors Y, and the results were transformed back into the time domain using

Equation 2.45. CCA for the human data was also initialized with Ky = 20 clusters.

2.4 Results

2.4.1 Synthetic Data

The harmonic decomposition and signal subspace estimation yielded L = 16 di-
mensions for the synthetic data. The resultant signals from PCA, FCM, and ICA
applied before and after signal subspace estimation were then least squares fitted
to each injected synthetic signal (peak-to-trough amplitude normalized) and were
matched by finding the combination with the smallest mean square error per sample.
The mean square error results of the analysis methods are shown in Table 2.2. The
timesequence realizations are plotted for the analysis methods applied after signal

subspace estimation in Figure 2.5.

Hard classification results were then calculated by finding the largest membership
value (e.g., largest component for PCA and ICA, largest membership value for FCM,
and largest posterior probability for CCA) for each voxel. The number of correct
voxel classifications for the analyses is shown in Table 2.3. The hard classification

results image for CCA is shown in Figure 2.6.
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Fig. 2.5. Estimation methods after signal subspace estimation plotted against
injected synthetic signal. (a) PCA, (b) FCM, (c) constrained ICA, (d)
unconstrained ICA, (e) CCA. The solid blue estimated signals are least squares
fitted to the dotted red injected signals.
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Table 2.2
Mean squared error for analyses on synthetic data before and after signal subspace
estimation (SSE)

PCA FCM ICA (¢) | ICA (u) CCA
Before SSE | 5.73x107* | 7.37x107% | 1.02x 1072 | 2.49x 10~ | 3.49x 10~
After SSE | 5.80x107* | 1.95x10~* | 2.21x10~% | 1.63x 104 | 3.09x 10~

Table 2.3
Number of voxels classified correctly on synthetic data before and after signal
subspace estimation (SSE) out of 192 total voxels

PCA | ICA (¢) | ICA (u) | FCM | CCA
Before SSE | 61 113 38 95 | 167
After SSE | 111 | 162 77 151 | 169
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Fig. 2.6. Hard classification results from CCA on synthetic data

2.4.2 Human Data

The signal subspace was found to have M = 8 dimensions. CCA returned K = 9
classes and the components Eq from the feature space. The number of voxels in each
cluster is displayed in Figure 2.7. The majority of the voxels (94%) lie in the first 5
clusters. The last four clusters contain 10 or less voxels. Therefore, the timesequence
realizations of the component directions from the first 5 clusters are given separately
from the last 4 clusters in Figure 2.8. Each voxel was then assigned to the class with
the highest a posteriori probability. The hard classifications for the first 5 clusters
are shown in Figures 2.9 with the accompanying anatomic data. The colors used for

the voxels correspond to the class colors in Figure 2.8a.
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Fig. 2.7. Histogram of the number of voxels in each class for the human data set

2.5 Discussion

2.5.1 Experimental results

Our simulation results show that, as a general rule, mean square error decreased
by using signal subspace estimation (except for PCA). The number of voxels classified
correctly increased for each analysis method as a result of signal subspace estimation.
It can also be seen that CCA outperforms each of the other analysis methods in both
mean square error and correct voxel classification. Although in CCA the changes
are small before and after signal subspace estimation in both mean square error and

correct classification, the signal subspace estimation speeds the algorithm greatly.

The experimental results from the human data reveal that a distinct functional
behavior does not correlate directly with each of the functional ROIs, at least for
the motor and auditory cortices. Inspection of Figure 2.9 shows that the classes are
distributed along patterns of location with respect to sulcal-gyral boundaries. This
may reflect that the temporal evolution of the BOLD signal is dependent much more

on the vascularization of the tissue than the functional specifics of neuronal activation.
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Fig. 2.8. Timesequence realizations of the feature space for the human data set: (a)
timesequences for the first 5 clusters, (b) timesequences for clusters 6-9

2.5.2 Relation to other analysis methods

In this chapter, we have attempted to develop an analysis framework which es-
pouses the advantages of previous methods. This section will detail how our methods

relate to other multivariate methods used by other researchers.

Linear time invariant systems methods try to model the hemodynamic impulse
response function by using deconvolution. Although it has been shown that for some
cases linearity is reasonable [11, 12|, for other situations nonlinearities arise [36].
Parametric methods are heavily model driven and not as suitable if data are not
described well by the model. Therefore, data-driven methods should be used in fMRI
where the mechanisms of the system are unknown. Our approach is data-driven and

may be more appropriate in this case.

PCA is a method which uses the eigenanalysis of signal correlations to produce
orthogonal components in the directions of maximal variance [37, 38]. However, it is
unlikely that the distinct behaviors in fMRI data correspond to orthogonal signals.
Backfrieder et al. [14], attempted to solve this problem by using an oblique rotation
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Fig. 2.9. CCA hard classification on the real data set (first 5 clusters). The colors
correspond to the class colors shown in Figure 2.8a. (a) upper motor cortex slice,
(b) upper auditory cortex slice, (c¢) - upper visual cortex slice, (d) lower motor
cortex slice, (e) lower auditory cortex slice, and (f) - lower visual cortex slice
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of the components. Most researchers, however, use PCA as a preprocessing step for
dimensionality reduction. A threshold is usually arbitrarily set to the number of
components kept [13]. We use a method similar to PCA for dimensionality reduction.
Our threshold, however, is determined from the data itself after noise covariance
estimation from harmonic decomposition and should effectively remove this subjective

aspect the analysis.

ICA is used in signal processing contexts to separate out mixtures of independent
sources or invert the effects of an unknown transformation [39]. It was adapted to pro-
duce spatial independent components for fMRI datasets by McKeown et al. [15, 16].
The fMRI data is modeled as a linear combination of maximally independent (min-
imally overlapping) spatial maps with component timecourses. It has been pointed
out, however, that neuronal dynamics may overlap spatially [40]. Our method does
not constrain distinct behaviors to be spatially independent. Another shortcoming
of ICA is that it does not lend itself to statistical analysis. McKeown and Sejnowski
have attempted to solve this problem by developing a method to calculate the poste-
rior probability of observing a voxel timecourse given the ICA unmixing matrix [41].
Because CCA is based upon an explicit statistical model, it does not suffer from this

disadvantage.

Clustering algorithms have been applied to both fMRI raw timecourse data [18,
20, 42] and to timecourse features such as univariate statistics and correlations [43].
Because we are trying to estimate the response signal, we use a hybrid method to
characterize the timecourses into lower dimensionality representations. The main
problem with most of these clustering methods is that the variation in amplitude
is not taken into consideration. Our method produces component directions due to
the amplitude variances (see Figure 2.1) rather than traditional cluster means. More
recently, Brankov et al. [44], proposed an alternative clustering approach which is also
designed to account for variations in signal amplitude. Another shortcoming of most
clustering methods is that the number of clusters is arbitrarily determined. Baune et

al. [20], attempt to solve this problem by setting a threshold on Euclidean distances
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for the merging of clusters. Liang et al. [30], also used an information criterion for
order identification (AIC and MDL) to analyze PET and SPECT data to find image
parameters. Our method uses the MDL criterion plus a cluster merging strategy to

determine the number of clusters in an unsupervised manner.

2.5.3 Algorithm details

We use a design matrix A which consists of harmonic components used in the
dimensionality reduction applied in this chapter. Periodicity of the response signal is
assumed due to the block design of the stimulus paradigm. This assumption allows
for the reduction in dimensionality and the estimation of a noise covariance for signal
subspace estimation. However, periodicity is not a trait of all stimulus paradigms.
In non-periodic paradigm designs, the CCA method can still be applied without the
SSE step. It can be seen in Tables 2.2 and 2.3 that CCA performs well even without
SSE. Other orthogonal bases, including wavelets and splines, may also be used as the
design matrix. These may also allow for estimation of a noise covariance, but we have
not explored the details of this approach. CCA can even be applied to event-related

approaches where the inter-stimulus interval is random.

In this chapter, the assumption is made that the noise in the images is additive
white Gaussian. It is known, in fact, that the noise in magnitude MRI data is Rician
[45]. In addition, in dynamic in-vivo MR imaging, physiologic processes introduce cor-
related “noise.” However, as a first order approximation, the additive white Gaussian
noise model works fairly well. The framework we have presented can be generalized

to more complex noise models.

Because the two steps of our method are both entirely self-sufficient, they can be
used independently of each other. The SSE methods of the first step can be used in
conjunction with multivariate clustering methods other than our CCA. Conversely,

the CCA can be used on any dataset which contain feature vectors which have the
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property of amplitude variation which we discussed in Section 2.1. As a generalization,

these methods can also be used in applications outside the realm of fMRI.

2.6 Conclusion

In this chapter, we have introduced two novel ideas for the analysis of fMRI time-
series data. The first was a method to reduce the dimensionality and increase SNR by
using a signal subspace estimation and simple thresholding strategy. The second was
the method of clustered components analysis in which the data were iteratively clas-
sified independent of signal amplitude. The second method also included a technique
to find the number of clusters in an unsupervised manner.

The methodology presented here will allow investigators to improve the estimation
of the BOLD signal response by dramatically improving SNR through signal averaging
without destroying potentially important statistically distinct temporal elements in

the process.
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3. SUPERTEMPORAL RESOLUTION ANALYSIS FOR
FMRI TIMESERIES DATA

Abstract

Functional MRI (fMRI) has become the tool of choice for investigators studying
human brain function. Much research has been concentrated on the detection and
localization of the blood-oxygenation-level-dependent (BOLD) signal response within
the brain. However, many investigators are now interested in the time evolution of the
BOLD response. Temporal resolution is critical in understanding the faster evolving
processes in the BOLD response. We have developed novel methods to achieve a
high temporal resolution estimate of the BOLD response without the confounding
effects of blood inflow that accompany a short time-to-repetition (TR). We have
developed a technique called supertemporal resolution (STR) that exploits the slice
timing characteristics in two-dimensional echo planar imaging (2D EPI) to obtain
a higher sampling rate than the TR. The STR method includes a novel Bayesian
prior model within the framework of maximum a posteriori (MAP) estimation to
implement temporal regularization. The method uses a crossvalidation strategy to
determine the amount of regularization. We have also developed a data simulator
based on the balloon model to validate our methods. The simulator uses acquisition
parameters to balance BOLD and blood inflow effects in the activation signal. We
show that these methods can be used to measure the evolution of the BOLD response

without introducing inflow effects that accompany a rapid-sampling approach.
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3.1 Introduction

Functional magnetic resonance imaging (fMRI) has become widely used in neu-
roscientific research. The MRI signal is sensitive to hemodynamic parameters that
change during neuronal activation such as blood flow, blood volume, and oxygenation.
Therefore, small intensity differences between properly weighted MR images can oc-
cur during neuronal activation. Blood-oxygenation-level-dependent (BOLD) contrast
is developed in MR images during a decrease in local deoxy-hemoglobin concentration
in an area of neuronal activity [1, 2]. Although the BOLD mechanism is the most
commonly used method of producing contrast in fMRI, the relationship between the

BOLD signal, brain hemodynamics, and neuronal activation is poorly understood.

Much of the research in fMRI data analysis has been centered on the detection
and localization of activated voxels [4, 5, 6]. However, there is growing interest in
understanding specifics of the BOLD temporal response. For instance, the so-called
initial dip is the topic of much debate in the literature [46, 47]. To better understand
the faster evolving features of the BOLD response such as the initial dip, an unaliased

high temporal resolution estimate is necessary.

A simple way to increase temporal resolution is to sample the data faster. How-
ever, using short sample times (time-to-repetition or TR in MR terminology) physi-
cally affects the underlying activation signal in two ways. Firstly, the signal-to-noise
ratio (SNR) is decreased due to saturation effects because the signal strength is re-
duced compared to constant noise levels. Secondly, blood inflow effects are more
apparent, distorting the BOLD effect. Both physical effects confound the estimation
of the BOLD response when using a rapid-sampling approach.

We have developed a method that exploits the slice timing characteristics of two-
dimensional (2D) echo planar imaging (EPI) acquisition to obtain a high temporal
resolution estimate without using a short TR. Specifically, a temporal resolution as
low as the ratio of the TR to the number of slices can be achieved. Our method

utilizes the fact that slices in a 2D acquisition are acquired at staggered times. See
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Fig. 3.1. Example of 2D EPI slice timing for four slices. TR is equal to 2 seconds.
Note that information is taken every 0.5 seconds.

Figure 3.1 and Table 3.1 for an example of the slice timing for a four slice volume with
a TR equal to two seconds. If a set of voxels spanning different slices exhibits the
same neuronal behavior (i.e., have the same shape), then the staggered sample times
of the different slices will acquire information about the same activation signal at dif-
fering times. These ideas are similar to superresolution reconstruction used in image
processing to form a high resolution image from several aliased low resolution images
[48]. Therefore, a high temporal resolution estimate can be achieved by incorporating
slice timing information, even at a long TR.

Our technique, which we call supertemporal resolution (STR) analysis, is based
upon maximum a posteriori estimation. We first develop a data model that incorpo-
rates slice timing information. The model also considers variable activation ampli-
tude, which is adapted from our Clustered Components Analysis (CCA) method [49].

Temporal regularization is implemented in the STR estimator using a novel Bayesian
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Table 3.1
Example of 2D acquisition slice timings for 4 slices and TR = 2 seconds. Note that
samples are taken every 0.5 seconds (2 seconds / 4 slices)

Slice # | Sample times (s)

1 100,20, 4.0, 6.0, ...
0.5, 2.5, 4.5, 6.5, ...
1.0, 3.0, 5.0, 7.0, ...

=~ W N

1.5, 3.5, 5.5, 7.5, ...

prior model. A crossvalidation strategy [50, 51| is used to determine the amount of
regularization necessary.

The STR method requires that the voxels to be analyzed exhibit the same acti-
vation signal. We use the CCA method to fulfill this requirement by finding voxel
timecourses that exhibit the same shape.

We introduce a data simulator to validate our methods. The simulator uses the
balloon model [8] to generate a synthetic BOLD response signal. The data simulator
also utilizes acquisition parameters to correctly weight the blood inflow and BOLD
effects for differing TRs based upon equations derived by Glover, et al [52]. To simu-
late increases in SNR (as in the case of increasing static field strength), the activation
amplitudes are simply multiplied by a factor of 1, 2, 4, 6, or 8. The simulator also in-
corporates baseline, drift, amplitude, and noise characteristics estimated from human
data in the synthetic voxel timecourses. We used the simulator to produce synthetic
4 slice datasets at TR = 2.0 and 0.5 seconds at the various activation amplitudes.

The STR method was applied to the TR = 2.0 second synthetic data, which
yielded estimates at 0.5 second temporal resolution. The crossvalidation strategy
was evaluated by comparison to the mean square error of the estimates. Two simple
estimation methods were also applied to the TR = 0.5 second synthetic data for
comparison, also yielding 0.5 second temporal resolution estimates. The first method

was a simple averaging of the voxel timecourses. The second method was an averaging
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that included the same temporal regularization that was utilized in the STR method.
The performance of each method was assessed by comparing the result to the the
synthetic BOLD signal generated by the simulator.

The STR method was also applied to data from a human fMRI visual system
experiment using 4 slices acquired at at TR = 2.0 seconds. The simple estimation
strategies were also applied to human data acquired at TR = 0.5 seconds. Qualitative

differences in the results are reported.

3.2 Theory
3.2.1 Data model and the likelihood function

Let g, be an m-dimensional column vector. This serves as the representation for
the timecourse of the n'* voxel. Our data model portrays a response in which the
shape of the signal is of primary interest, not the amplitude. More specifically, we

assume ¥, to have the form
Yn = anAs(n)e + wp + wn (3]->

where e is the r-dimensional high temporal resolution column vector representing the
generating signal behavior, s(n) is the index of the slice that contains the n'* voxel,
A, is the m x r observation matrix for the s* slice that maps the high resolution
timecourse to the observation space and includes slice timing information, «,, is the
scalar amplitude for the particular voxel, and w,, is, without loss of generality, an
independent, identically distributed Gaussian m x 1 noise vector with zero mean and
variance = 1. The quantity 1, is a nuisance vector containing baseline and drift
components.

The observation matrices A we subsequently use in this chapter are simple deci-
mation matrices that introduce time shifts corresponding to the slice timing of each
voxel n. The rows of these matrices contain all zeros except a one at the appropriate

sample time of the particular slice and timepoint. For example, we acquire 4 slices
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at TR = 2.0 seconds and use 80 seconds of data (see Figure 3.1 and Table 3.1 for
more details). The generating signal is assumed to have a temporal resolution of 0.5

seconds. Therefore, A; and A, are 40 x 160 matrices that have the form

roo6o6000--00000O0
6cooo0100--00000

A= | | (3.2)
000O0O0O0O 01000
0100000 --00000
cooo0o010--00000
coo0o000O06--00100

In order to construct the likelihood function in a meaningful way, the nuisance
vector ¢, must be removed. We use an m x m projection matrix P that is constructed
such that P, = 0 and the other eigenvalues are equal to one. For our example, the

projection matrix is given by
P =1, — [1nDu]([Ln D) [T D)) [T D)™, (3.4)

where I,,, is the m x m identity matrix, 1,, is an m-dimensional column vector of ones,
and D,, is an m-dimensional zero mean linear drift column vector with slope of one.
Note that D,, can be generalized into an m x k matrix where the k columns are basis
vectors representing different drifts. Matrix P projects the data onto a zero-mean,

zero-drift subspace. The data model is then
Py, = 0, PAe + Pw, . (3.5)

However, since the density function of Py, is singular and Pw,, is not white, we instead
model the density function of Vy,, where V is an (m — 2) x m orthonormal matrix

defined in Equation B.2 of Appendix B.1. The matrix V contains two less columns
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because P reduces the degrees of freedom by 2. We define ¢, = Vy,,, ¥, = Py,, and

A, = PA,. The likelihood function for each voxel is then given by

P(nle, an) = oz CXP <—% Hgn - OénAs(n)6H2> : (3.6)

See Appendix B.1 for more details.
Because the amplitude «,, is unknown, we use the maximum likelihood estimate
Q,,, where
A gg -‘As(n)e
(& As(n)As(n)e
After substitution of the amplitude estimate of Equation 3.7 into the likelihood func-

(3.7)

tion of Equation 3.6 and simplification, the likelihood function is then expressed

independently of amplitude. Note the degrees of freedom is further reduced by 1.

- 2

. 1 L, . 2 UL Agmye

P(Unle, 0n) = ——Fexp |—5 | 1nll” = | T5—1 (3.8)
| (2m) "2 2 | 1 Ael

We define the whole set of manipulated timecourses as the vector quantity ¢ =
(Yo, 91, -+, Un—1)T, and denote the whole set of estimated amplitudes as the vector
& = (Gg,dy,--+,ay_1)T. We manipulate the likelihood function in Equation 3.8
using the assumption that the voxels are independent and simplify, yielding the log-

likelihood for the whole set of voxels given by

N-1

10gp(ﬂ’€a@) = Zlogp(gn’ea&n)
n=0

1 1= 1 KL eTATR A e
= Nlog ———— — = Unll? + = - st T (3.9
o8 G — 3 2l + 5 & HE . 89)

where
nes

B, = ATA,, (3.11)

and S = {n : n € slice s}.
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3.2.2 The maximum a posteriori estimate and temporal regularization

We would like to estimate the generating activation signal e using the data model
described in the previous section. Maximum a posteriori (MAP) estimation is a
common method used for this class of problems. An advantange of using MAP
estimation is that known information about the distribution of e can be included
using a so-called Bayesian prior.

In our estimation of e, the fact that hemodynamic events tend to be temporally
smooth [53] will be utilized. We can impose temporal regularization, or smoothness,
on the estimate of e using a Bayesian prior p(e|o), where o is a parameter that
controls the amount of smoothness. A smaller ¢ indicates more smoothness. The
MAP estimate using our data model and a Bayesian prior that imposes temporal

regularization can be expressed in the form
ey = argmgx{logp(gﬂe, &) + logp(elo)} . (3.12)

Simple Bayesian priors that implement temporal regularization (such as in Tikhonov
regularization [54]) are typically used. Some simple priors attempt to capture non-
Gaussian aspects of the signal [55, 56]. However, the commonly used priors tend to
scale linearly in proportion to the signal and are not well suited to our problem. To
avoid this problem, we introduce a new prior adapted from [57] by normalizing with
respect to ||e||P. In particular, we propose a prior in the form

plelo) = %exp{—;i(ei—ei—kl)p} : (3.13)

po?||e|[P i=0

where Z is a normalizing constant®.
By incorporating the log-likelihood in Equation 3.9 and the prior in Equation 3.13,

we form the explicit STR estimate from Equation 3.12 using MAP estimation.

1 TATR A e I,
5 — Z s STTST e )P
(STR) €, = argmax { 5 SE:o TB.c ot llel? ;:0(62 €it1) } (3.14)

'Note that this expression is an improper probability density because it has an infinite integral.
However, this technicality has no impact on the estimation.
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We call the first term within the maximization the data term, fs7r(e), and the second

term the prior term Sy (e, o).

152 eTATRSAse
fstr(e) = 5> ——=—"—" (3.15)

2 = elBge
S
Sple,o) = ————— ) (e;—eiq)? (3.16)
g po?|lellP =

3.2.3 Temporal regularization parameter determination

The temporal regularization parameter (o) in Equation 3.14 is not known and
therefore must be determined. This can be accomplished by minimizing the mean
square (MS) error of the estimator (||e — é,||*) with respect to o, where é, is the STR
estimate. However, in real data, the true signal e is not known. Therefore, MS error
cannot be determined.

Instead, we use crossvalidation (CV) methods [50, 51] to find the temporal reg-
ularization parameter. The “leave-one-out” CV strategy involves creating datasets
with one voxel, y,,, removed from the original dataset D© to form a new synthetic
dataset D™ . The estimator is applied to the new dataset, yielding the estimate
é{™. The next step is to find the crossvalidation error between the forward model in

Equation 3.1 applied to the estimate and voxel timecourse data.
) = r%in l|lyn — ﬁnAS(n)ég”)HQ. (3.17)

Note that (3, can be found using least squares estimation. The crossvalidation error is
taken for each voxel and summed over the whole volume to achieve the total volume

CV error

N
60_ —= Z 6((7”) y (318)
n=1

for the particular regularization parameter o. The smoothing parameter that satisfies
¢ = argmin (e,) (3.19)

is then chosen and é; is the final estimate.
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3.2.4 Comparison methods of data analysis

Two methods of data analysis were used to find estimates for comparison to our
supertemporal resolution method. The first method was simple averaging (SA) of
the mean and drift corrected voxel timecourses interpolated into the same time frame
as the first slice. The interpolation is accomplished by multiplying the timecourses
by the appropriate linear interpolation implemented using a matrix Hy,) for each

respective slice.
1 N
(SA) € = N Z Hs(n)gn (320)
n=1

The second method is based on a simple data model of additive Gaussian noise. The
timecourses were shifted into the same time frame as the first slice similarly to the
SA method.

H(n)Un = ane + wy (3.21)

We use this data model and temporal regularization prior term introduced for STR
in Equation 3.16 to form the MAP estimate for this data model. We call this method

interpolation with regularization (IWR).

1eT K H HT
(IWR) €, = argmax <§e (2o HLRH, e + S, (e, a)) (3.22)

ele
The crossvalidation method we introduced for STR is also used to find the regular-

ization parameter in Equation 3.22.

3.3 Methods
3.3.1 Acquisition of human data

Whole-brain images of a healthy right-handed male subject were obtain using a
1.5 T GE Echospeed MRI Scanner. A 3 inch surface coil centered under the occipital
prominence was used as the receive coil in order to improve signal-to-noise in the area
around the visual cortex. T1-weighted anatomic images were acquired for reference

using 2D axial spin echo with TE/TR = minimum full/500 ms, flip angle = 90°,
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Table 3.2
Parameters for the human datasets. Dataset 1 was taken for cluster extraction. In
Datasets 2 and 3, the scans are repeated 3 times

Dataset | # of scans | TR (s) | # of cycles

1 1 2.0 4.5
2 3 2.0 3.5
3 3 0.5 3.5

matrix = 256x128, at 4 locations through the primary visual cortex with thickness of

3.5 mm, gap of 0.7 mm, and field-of-view 24 cm x 24 cm.

Seven functional BOLD weighted scans were then run at the same locations using
2D axial gradient echo echoplanar imaging with the common parameters of TE =

50ms, flip angle = 90°, matrix = 64x64, and field-of-view = 24x24 cm. The other

parameters are given in Table 3.2.

An experimental paradigm was played during the functional scans to induce neu-
ronal stimulation. An 8 Hz flashing checkerboard (6 x 8 squares) was used as the ac-
tivation state to stimulate visual cortex using the STIM software package (Neuroscan
Inc., El Paso, Tx). The control state was a black screen. A randomly alternating fixa-
tion point was used throughout the paradigm to limit eye movement and set attention.
The timing of the paradigm was 8 second lead-in, 4.5 cycles of 32 second control state
followed by 32 second activation state, and an 8 second lead-out. In the scans using
only 3.5 cycles, the same paradigm was used but the acquisition was stopped at the
appropriate time. The paradigm was delivered through MRI-compatible fiber-optic
googles (Avotec Inc., Stuart, FL).



_ 492 -
3.3.2 Processing of human data

We used the Student’s t statistic [29] as a method to select activated voxels in
Dataset 1 (see Table 3.2). A threshold of 6.5 was chosen to ensure that the activated
voxels were as spatially contiguous within the slices as possible while still obtaining
a large number of voxels. Only the voxels above this threshold were used in the
subsequent analyses.

We used clustered components analysis (CCA) [49] on the activated voxels in
Dataset 1 and chose the cluster containing the most voxels. The penalty term in the
CCA was multiplied by a factor of 2 to be more conservative in the clustering. Only
the voxels contained in this cluster were considered for Datasets 2 and 3. In order to
reduce computation time in subsequent analysis, only samples 21 to 60 (corresponding
to slightly longer than one cycle). were used in Dataset 2 and samples 81 to 240 in
Dataset 3 (see Table 3.2).

The conjugate gradient method was used to perform the numerical optimization in
Equation 3.14 on the clustered voxels in Dataset 2. The Fletcher-Reeves method for
estimating the Hessian matrix was used [58]. The linesearch algorithm was conducted
using the secant method. If the secant method failed, a binary bracketing linesearch
was used as a backup method.

The gradient of the data term in Equation 3.15 is

K=l eTBLee Ty — T T ee B,

p— .2
where
I,=A'R,A, . (3.24)

Note that B, and I'y for each slice are precomputed before the conjugate gradient
algorithm for a large computational savings.
The gradient of the prior term S, (e, o) contains the partial derivative vector quan-

tities

Oleo) -1 _poy (3.25)

de;  o?|le|lP”?
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where
(e —eir)P ™' — & 2o (e — eip1)? ifi=1
Fp(e) = (ei — 6i+1)p71 — (61'_1 — €Z‘)p71 — H:ﬁg Z:;&(ez — €Z‘+1)p fl<i<r-—1
—(eim1 — )P — H‘;ﬁ S (e — €is)? fi=r—1

(3.26)
We used p = 2 in our studies. Therefore, the gradient can be simplified and repre-

sented in matrix form as

1 lle — e e
VeSs(e,0) = ———— (26 —e.—ey ——— |, (3.27)
’ o?le||? [lel[?
where e, and e_ are shifted versions of e and are defined as (eq, ez, -+, e, 1,€,_1)7
and (eg, eg,e1,-++,e,_1)7 respectively. The conjugate gradient method was initial-

ized with the stimulus function (one when stimulated, zero when at rest). At each
conjugate gradient step, the direction of the linesearch is constrained to have zero
mean and zero drift. The resulting estimate is renormalized at each step to avoid
overflow /underflow problems. Note that the renormalization does not affect the cost
function in Equation 3.14.

The crossvalidation technique in Equation 3.19 requires optimization and is imple-
mented in an iterative fashion using a standard golden section search technique [58]
over the logarithm base 10 of the temporal regularization parameter o. The golden
section search was bracketed between o = 3.1623 x 107¢ and 1 x 1072 and allowed to
run for 6 iterations.

The simple averaging estimator in Equation 3.20 is a closed form solution and
was directly applied to Dataset 3. We use the same conjugate gradient framework
as discussed above for optimization in the interpolation with regularization method
on Dataset 3. The gradient of the IWR estimate data term (see Equation 3.22) is
derived.

_ ||6| |2(Z§:_01 HSRSHZ>6 - €T<Z£<:—11 HsRst)ee

[lef|*

Vefrwr(e) (3.28)

The crossvalidation method introduced for STR was also used to find the temporal

regularization parameter in this case.



- 44 -

Stimulus, Inflow, and BOLD signals
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Stimulus signal
Inflow signal
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20 40 60 80 100 120 140 160
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Fig. 3.2. Synthetic stimulus, inflow, and BOLD signals. This figure shows the the
timing relationships between the synthetic signals. The BOLD signal was generated
using the balloon model and was normalized with respect to the maximum
amplitude.

3.3.3 Generation and processing of simulated data

We defined a 2.5 cycle stimulus signal with 64 seconds per cycle (32 seconds
control, 32 seconds active) with lead-in of 16 seconds and lead-out of 8 seconds at
a sampling period of 0.125 seconds (see Figure 3.2). A corresponding normalized
inflow signal, f;,(t), was generated from the stimulus signal with a peak of 1.7 and
a 12 second rise/fall time following onset/resolution of the stimulus active state. See

Figure 3.2 for the relationship between the stimulus and inflow signals.
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The balloon model [8] was used to generate the BOLD signal, Sgorp(t), from the
inflow signal, f;,(¢). The BOLD signal is explicitly derived in Appendix B.2. Refer
to Figure 3.2 for the resulting BOLD response signal.

The goal of our techniques is to estimate the BOLD signal. However, the signal
measured, even if no noise is present, is not the pure BOLD signal. The measured
signal contains both BOLD and inflow effects. Therefore, we generated activation
signals AS, which contained both inflow and BOLD signals, using Equation 3.29 [52].
Note that we are defining the activation signal as the change in total MR intensity
signal, S, due to perturbations in hemodynamics arising from neuronal activation.
The quantity R} = 1/T7 is the apparent longitudinal relaxation rate and Rj = 1/
is the apparent transverse relaxation rate. Small changes in these values lead to
changes in the activation signal and can be expressed using partial derivatives and

the chain rule.

s . . s . .

The partial derivatives in Equation 3.29 (0S/0R} and 0S/0R}) can be derived from

Equation 1 in reference [52]. These expressions are given by

oS _ MO TRSin(aflip)e_TE R;e—TRRTE;R—RSOS(Oéﬂip)) ’ <330>
OR? (1 — cos(ayp)e 1)2
S sin(ay,)e TRz (1 — 7 TRET)

= —MyTE P - 3.31
OR3 0 1 — cos(apyy)e TR (3:31)

The constants used in Equations 3.30 and Equation 3.31 are given in Table 3.3.
The temporal changes in the relaxation rates (AR} (t) and ARS(t)) are related
to normalized inflow changes (Af;,(¢)) and the normalized BOLD signal (Sporp(t))

through Equations 3.32 and 3.33. The maximum changes in the relaxation rates

(AR} hax and AR5 ) are given in Table 3.3.
ARl (t) - ARI maxm (332)
Sporp(t)

ARY(t) = AR}

max ) 3.33
2 SBOLD max ( )
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Table 3.3
Constants used for signal weighting in the data simulator. Note that these are
typical values given in [52].

Constant Value Description
M, 1 Normalized magnetization
Qflip 90° Flip angle
TE 40 ms Time-to-echo

TR 0.5 s or 2.0 s | Time-to-repetition

Ry 1/(0.7 s) Apparent longitudinal relaxation rate

R; 1/(48 ms) | Apparent transverse relaxation rate
ARY o 1.0 / min | Max change in long. relaxation rate
AR, o -0.5 /s Max change in trans. relaxation rate

where Sporpmax denotes the peak value of the BOLD signal and A f;,, max denotes the
peak value of the change in normalized inflow. We used the values in Table 3.3 to
generate the activation signals for TR = 2.0 s (ASy) and TR = 0.5 s (ASy5) found
in Figure 3.3.

We based our TR = 2.0 s synthetic datasets from a scan chosen from Dataset 2.
First, the STR estimate ésrr was found from the chosen scan. Baseline (u,,), drift
(d,), and activation amplitude (), for each activated voxel timecourse (y,) was
found by taking a least squares fit of a vector of ones (fm), a zero-mean linear vec-
tor with slope of one (D,,), and the zero-mean, zero-drift normalized STR estimate
(ésTr), respectively. The subscript m denotes the number of timepoints. The stan-
dard deviation of the noise 7,, was defined as the standard deviation of the residuals
of the fit.

The parameters were then used to generate the synthetic datasets. The activation

signal was subsampled to the appropriate TR with appropriate timeshifts to simulate

the 2D acquisition using the matrices Gp,) (see Table 3.1 for an example of slice
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x 1072 Synthesized activation signals
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Fig. 3.3. Synthesized activation signals ASy o and ASy5. Note the significant
difference in the “initial dip” region. These signals (after normalization, baseline
removal, and drift removal), were used to generate Datasets 4 and 5 (see Table 3.4)
respectively. Although more timepoints were generated, only the timepoints
between 40 and 120 seconds are shown for clarity.
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Table 3.4
Summary of synthetic datasets The synthetic datasets were generated using
k=1,2,4,6,8 for a total of 100 scans per dataset. Dataset 4 was generated using
real Dataset 2 (see Table 3.2) parameters and Dataset 5 was generated using real
Dataset 3 parameters.

Dataset | # of scans | TR (s)
4 20 / K 2.0
5 20 / & 0.5

timing using TR of 2 seconds and 4 slices). In order to simulate higher activation
contrast when moving to higher field strengths, an amplitude amplification factor
was introduced into the synthetic datasets at k = 1,2,4,6,8. Each voxel timecourse

in a synthetic dataset was generated using

Yn = K Gymyerr + finlm + dp Do + 5, N(0,1),, (3.34)
where N(0, 1),, is a randomly generated Gaussian independent, identically distributed
vector, and epg = P[AS(t)/ASnhax] is the normalized, mean and drift removed acti-
vation signal. Note that P is the projection matrix defined in Equation 3.4.

The TR = 0.5 synthetic datasets were similarly generated from parameters ex-
tracted from a scan chosen from Dataset 3 with the IWR estimate é;yyr. A summary
of the synthetic datasets are found in Table 3.4. A diagram of the data simulator is
given in Figure 3.4.

The simulated datasets were processed in the same manner as the human data.
To reduce computation time, only the timepoints between 40 seconds and 120 sec-
onds (samples 81 to 240 in Dataset 4 and samples 321 to 960 in Dataset 5) were
considered. In order to investigate the performance of the crossvalidation strategy
for finding regularization parameter, Dataset 4 was also analyzed using a minimum
mean square error strategy instead of the minimum crossvalidation error method de-

scribed above. This entailed using the golden section search over the logarithm base
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Inflow Signal
Generator

+ Inflow Signal

Model parameters Balloon Model for
BOLD/Inflow Signals

BOLD Signall Inflow Signal

Relaxation
and Scan
Parameters

"System” Model for
BOLD/Inflow Weighting

¢ Output Signal
Volume Template
Generator <

Synthetic Dataset

Fig. 3.4. Flow diagram of simulator used to generate simulated data. Examples of
stimulus signal, inflow signal, and BOLD signal from the first 2 flow blocks are given
in Figure 3.2. The balloon model parameters are given in Table B.1. Example
output signals are given in Figure 3.3.
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10 of the regularization parameter to minimize the mean square difference between

appropriately fitted estimate and activation signal.

3.4 Results
3.4.1 Crossvalidation evaluation

The crossvalidation strategy was evaluated using the synthetic data using only the
STR algorithm. First, STR estimates were found by determining the regularization
parameter using the minimum crossvalidation (CV) error method. The mean square
(MS) error of between these estimates (é5Y) and the normalized synthetic activation
signal e o were calculated (the estimates were first least squares fitted to the synthetic
activation signal). The STR estimates were then found by using a golden section
search on the regularization parameter to find the minimum MS error. Figure 3.5
(a) shows an example of the minimization curves for the estimates in Figure 3.5 (b),
which provides an example of the differences between estimates. The regularization
parameters for the minimum MS and minimum CV error methods are displayed for
the various amplitudes in Figure 3.6(a). The mean square difference between the
minimum crossvalidation estimates and the minimum MS error estimates of each
dataset. These differences were then normalized by the MS error of the minimum MS
error estimate to produce a percent difference.

s (b — 5T (65 — M)

(é%SR - 62.0)T(é§wTSR - 62.0)

% 100 (3.35)

The results are plotted in for the various amplitudes in Figure 3.6 (b).

3.4.2 Comparative perfomance

The SA, IWR, and STR estimators were applied to the appropriate datasets, and
the MS error was found between the estimates and the injected BOLD signal. The
MS errors between injected activation signals and the BOLD signals were also found

for reference. The results were plotted in Figure 3.7. Examples of the IWR and STR
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x 10* Optimization of temporal regularization parameter using min CV and min MS error method
T

75F

CV error

6.5

0.1

MS error
o
o
a
T

0 1
10° 107 10

Temporal regularization parameter

(a)
Example of difference between STR min CV and min MS error estimates (6x amplitude)
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Fig. 3.5. Example of the difference between minimum crossvalidation (CV) and
minimum mean square (MS) error estimates on the same dataset (at 6x amplitude):
(a) Minimization traces of CV (upper plot) error and MS (lower plot) error versus
regularization parameter. (b) Actual estimates, Note that the estimates in (b) are
qualitatively almost identical even though the regularization parameters at the
minima in (a) are quite different.



- 52 -

x10° Temporal regularization parameter for STR min MS and CV error estimates
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Fig. 3.6. Characteristics of the minimum crossvalidation error method for the
various amplitudes: (a) regularization parameters found using the minimum CV and
minimum MS error methods, (b) percent difference using Equation 3.35. The solid
lines represent mean values and individual points represent individual estimates.
Note that even though the mean values of the regularization parameters in (a) are
quite different, the mean percent difference in (b) remains below 2%.



- 53 -

Mean square error of estimates versus synthetic amplitude amplification
0.5 T T T T

I I
mean SA error
—— mean IWR error
—— mean STR error
individual SA errors
o individual IWR errors
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e__error
X — — 705
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Mean Square Error (AU)
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Fig. 3.7. Estimator error results for varying the activation amplitude in the
synthetic data (blue = supertemporal resolution (STR), red = interpolation with
regularization (IWR), and green = simple averaging (SA)). The dashed lines
represent the the baseline errors between the activation signals and the BOLD
signal. Essentially, they are the lower bound of the performace of each analysis
method. The solid lines represent the mean error at each timepoint for each analysis
method. The individual points represent the error for each estimate. Note that
although the mean error for the STR estimates at 1x amplitude is greater than that
of the IWR estimates, it quickly falls lower than IWR for 2x and higher.
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estimates at 4x activation amplitude are presented in Figure 3.8.

3.4.3 Human data

Two hundred and two total activated voxels were found in the Student’s t thresh-
olding of Dataset 1 (see Table 3.2). The largest cluster of 99 voxel locations was
chosen after application of the CCA method.

The simple averaging estimates using Dataset 3 are shown in Figure 3.9(a), along
with a mean and standard deviation plot (Figure 3.9(b)). The interpolation with
regularization estimates using Dataset 3 are shown in Figure 3.9(c), along with a mean
and standard deviation plot (Figure 3.9(d)). The supertemporal resolution estimates
using Dataset 4 are shown in Figure 3.9(e), along with a mean and standard deviation
plot (Figure 3.9(f)). Note that the estimates in Figure 3.9(a), (c), and (d) are fitted

to an arbitrary estimate in the set.

3.5 Discussion and Conclusion
3.5.1 Crossvalidation evaluation

It can be seen in Figure 3.6(a) and Figure 3.5(b) that the minimum crossvalida-
tion error technique does not yield the same temporal regularization parameter as
the minimum MS error. It would be quite fortunate if the regularization parameters
from minimum CV and mininimum MS error were similar. However, the primary aim
of our technique is NOT to find temporal smoothness, but to find a good estimate
of the response signal. Figure 3.5(a), shows that the temporal regularization found
by using the minimum CV error method (in the top graph) still produces a MS error
(lower graph). Therefore, the metric we use to determine “goodness” was given in
Equation 3.35, which is a ratio of the closeness of the minimum CV and minimum
MS error estimates to the mean square error of the mininum MS error estimate. Fig-

ure 3.6(b) shows that the metric stays under 5% for all the simulations, and under 2%
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IWR estimate on synthetic dataset at 4x template amplitudes
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Fig. 3.8. Examples of interpolation with regularization (IWR) and supertemporal
resolution (STR) estimates at 4x amplitude in synthetic data: (a) IWR estimate,
(b) STR estimate. The solid lines represent the fitted estimates and the dashed
lines represent the BOLD signal. Notice that the STR estimate in (b) more closely
follows the BOLD signal than the IWR estimate in (a), especially in the region of
the “initial dip.”
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SA estimates for % data series
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Fig. 3.9. Results for the analysis of human data: (a) simple averaging (SA)
estimates on Dataset 2 (see Table 3.2), (b) mean and standard deviation of the SA
estimates on Dataset 2, (c) interpolation with regularization (IWR) estimates on
Dataset 2, (d) mean and standard deviation of the IWR estimates on Dataset 2, (e)
supertemporal resolution (STR) estimates on Dataset 3, (f) mean and standard
deviation of STR estimates on Dataset 3.
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for all but a few. Figure 3.5(b) shows qualitatively the similarities between the two
estimates, and is typical of all the datasets. We conclude that the minimum crossval-
idation error technique is an effective method for temporal regularization parameter

determination.

3.5.2 Estimator performance

Figure 3.7 shows the performance of the SA, IWR, and STR estimators as the
simulated activation amplitude is increased. The dashed lines represent the mean
square error between injected signal and the BOLD signal. The difference between
them reflects the physical advantage of reduction in inflow effects when using a longer
TR. These serve as a baseline measurement for comparison of the estimators.

It can be seen at the initial activation amplitude that the IWR estimator performs
better than both SA and STR estimators. We speculate that this is due to the IWR
estimator incorporating both more data and temporal regularization. However, as
the activation amplitudes progressively get larger (such as in the case of increasing
static field strengths), the SA and IWR converge to to similar error statistics while
the physical advantage of the STR method becomes clearly evident.

The examples of the IWR and STR estimates at 4x activation amplitude in Fig-
ure 3.8 clearly show the differences. In Figure 3.8(a), it is seen for the IWR estimate
that the “initial dip” has been severely distorted and the “post stimulus undershoot”
has also been decreased. The STR estimate retains these characteristics, albeit with

slightly more noise.

3.5.3 Human data results

In Figure 3.9(a) and (b), the SA estimates are qualitatively more noisy than in
Figure 3.9(c) and (d) because the IWR utilized temporal regularization. Note that the
mean results have qualitatively the same shape because both methods are applied to

Dataset 2. Figure 3.9(e) and (f) show the results for STR estimates. These estimates
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are qualitatively noisier than the IWR estimates because Dataset 3 contains a quarter
of the timepoints of Dataset 2. Although the STR results are qualitatively different
than the IWR/SA results, no clear-cut conclusions are drawn on the mechanisms

behind the differences.

3.5.4 Conclusions

In this chapter, we have introduced a unique technique for the analysis of fMRI
timeseries data. The supertemporal resolution method allows the user to obtain
a high resolution estimate without introducing confounding blood inflow effects that
accompany acquisition at short TR. This method utilizes a novel Bayesian prior model
to implement temporal regularization and a crossvalidation strategy for determining
the amount of regularization.

We also introduced a new data simulator to test analysis techniques. It incorpo-
rates parameters estimated from real human experiments and generates signals based
upon the balloon model. The simulator utilizes acquisition parameters to properly
weight BOLD and blood inflow effects in the activation signal.

The techniques introduced in this chapter will allow investigators to study the
temporal evolution of the BOLD response and help to further elucidate the underlying

mechanisms.
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4. RECOMMENDATIONS

In this thesis, I have presented a framework for the analysis of functional MRI time-
series data. During the course of the development of the methods, I pondered many
additions and improvements that could be made to the framework. Many experi-
ments were also considered but never carried out. Although these ideas were never

implemented, I will suggest them in this chapter.

4.1 Algorithmic improvements
4.1.1 Approximation in the crossvalidation method

Running the crossvalidation strategy discussed in Chapter 3 on each synthetic
dataset for a number of regularization parameters can be quite computationally ex-
pensive. We can use a multivariate Taylor’s approximation to find a closed form
solution for each e(™ given an initial point e{”) near the solution. This initial point
can be the estimate for the full dataset D©® and will be near the solution because
subtracting one pixel to form the synthetic datasets will perturb the cost function in
Equation 3.14 only slightly. We denote the cost function of the synthetic dataset D)
as Q™ and the Hessian as H(™ for a given regularization parameter 0. The Taylor’s

approximation can then be written in terms of the gradient of the cost function.

e — 0 _ O 1Oy, 0 (o) (4.1)

(e

This will reduce the computational complexity by an enormous amount due to the

fact that iterations of a linesearch need not be performed. However, the Hessian of
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the cost function H must be found. For the data term, the Hessian of the full dataset

is given by
K-1 1 Y
cho) (6) = Z — (Hsz — ’Ysz — 2Bi€€tGi — 2GieetBi + 4—1Bi€€tBi> . (42)
i=0 "Vi Ki

The Hessian of the prior term for p = 2 is then

HS(G) =
_02”16”2 ( Iy — Sy — e ||2( e(2e —e_ —ey ) + (2e —e_ — ey )e)
A s |e4\|2€6t)> (43)

where Sy is a symmetric matrix with ones on the subdiagonal and superdiagonal
and zeros elsewhere. The Hessian for the cost function of the full dataset is then
HO(e) = cho)(e) + Hg(e). In order to find the Hessian of the reduced dataset
D all that is necessary is to subtract the Hessian of the data term of the deleted
pixel h®(e) from the full Hessian H® (e). Verification that this linear approximation
technique yields a solution for estimate that is close to that of MS error and full

crossvalidation error analysis is needed.

4.1.2 Combination of CCA and STR

At this point in time, we use CCA as a preprocessing step to fulfill the assumption
in the STR method that all voxel timecourses considered have the same behavior. A
more elegant modification of the framework would be to combine both CCA and STR
analysis into one unified algorithm. I have derived some equations to this end, but
have not yet implemented them.

The voxelwise likelihood function can be expressed as a hybrid between the log
likelihood in Equation 2.20 in Chapter 2 and the likelihood in Equation 3.8 in Chap-
ter 3. Note that the equation includes the observation matrix A, from the STR
method at the set of component vectors Ex from the CCA method.

~ 1 1 (yt As(n) ek)2
x n k7 E y X ) = — N ¢ n L 44
Pyn| n(y ‘ K, X ) (271_) M2 1 exp{ 9 [yny tAt A (n) €k ( )
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The posterior probabilities are formed from the likelihood function in Equation 4.4
and the prior probabilities that are defined in Chapter 2 (similar to Equation 2.28).

Z{il pyn‘xn (yn|l7 EK7 é‘n>7rl

prn|yn(k|yn7EK7HK7dn> = (45)

The total log-likelihood is expressed in the same way as Equation 2.26 in Chapter 2.

N K
log py(y|K, Ex, Ik, &) = > log <Z DPynlzn (Un] K, E’K,@n)ﬂk> (4.6)

n=1 k=1

The expectation step of the EM algorithm is then expressed as the following two

equations.
; . (i)
Nk\K = szn|yn k‘ynuEK7HK7Oén) (47>
Ryws = z {Yntepe g (Klyn, BRI ) } (4.8)
néslice{s}

The maximization step of the EM algorithm can also be expressed.

(i+1) _ Ny 49
i+1 eb AL Ry s Asexr
e/,(cjL ) = argmax 51 u At|Asek : (4.10)

where the latter equation can be solved using numerical methods.

The temporal regularization discussed in Chapter 3 may be implemented by
adding the prior model in Equation 3.16 to the argument of the maximization in
Equation 4.10 and substituting e for e. Implementation of the order identification

(estimation of K) and crossvalidation requires further effort.

4.2 Human experiments

As said in Chapter 3, the STR human experiments run at 1.5 T had too low of an
SNR to draw good physical and physiologic conclusions about the differences between
the STR and the IWR estimates. It would be quite interesting to run the same human

experiments at higher field strengths to increase SNR and see if difference do exist.
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Because neither CCA nor STR have the constraint of periodicity, other experi-
ments using event-related paradigms could be implemented and analyzed using our
methods. In these cases, the faster moving features of the BOLD response are even
more important, and the advantages of STR may be exploited further than using
block paradigms. As we have only used visual stimuli in our experiments for STR, it

would also be interesting to run experiments stimulating other cortices.
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APPENDIX A
DERIVATIONS FOR CLUSTERED COMPONENTS
ANALYSIS

A.1 Derivation of noise covariance

In this appendix, we derive an estimate for the noise covariance matrix of the noise
subspace. Using equation (2.7), and defining the matrix Py = A(A"A)~! A? results in
the relation € = (I — P4)v. Using the assumption that the noise is white, we have
Io? = +E [vv'] where [ is an identity matrix and o is the variance of the noise. From

this we know that 0® = 5 E [tr {vv'}]. Using these results, we derive the following.

Eltr{e}| = o*E[tr{(I - Paw/'(I - Ps)'}]
= ot {(I = Pa)E [w!] (I - Pa)'}
= o?Ntr {(I — Pa)(I - PA)t}
= o®N(P—L-2)

The noise covariance matrix may then be computed.

R, = E[éét]
= ( A)TTAE [pt] A(ATA) !
= oA )1Af( A)*l

(
= B[tr{ec'}] (A"A)7/(N(P - L —2))
B[

where R, is given in (2.12).
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A.2 Derivation of whitening matrix

The corrected noise covariance matrix after subspace processing is denoted as R,
where

R, =U'R,U, . (A1)

The whitening filter matrix W has the property that R = WW?". Let R, = U, S,V}!
be the singular value decomposition where S, is a diagonal matrix of singular values.

Then the whitening matrix is is given by

W=1, [\/37] - (A.2)

and the whitened feature vectors are given by Y = wy.

A.3 Expectation-maximization algorithm
A.3.1 Expectation step

The @ function used in the EM algorithm is defined as the expectation of the
joint log-likelihood function given the current estimates of the parameters. Knowing

this, we can write

Q(K, Ex, Ilk; E&?: H&?)

= Eﬂy[logpyx(y,XwK,HK, a)ly, K, B 11, ] (A.3)

= z[logpy|x ylk, Exc, T, &) og py (k|TLk) | pay (kly, B T 6). (A4)

Because of conditional independence, the one-to-one mapping of x, — y,, and

pa(k|llg) = 7,

Q(K, K,H ED 1Y)

& (i) 1)

Z {Z ynyn - ek;ynynek> pxn\yn<k’yn> Elz 7HIZ(7 A)
M- (3)

IOg 271' menhln k’yn7EK 7HK7 A)

n=1
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log 7y, prnlyn k‘ymEK 7H(Z) A)}

n=1
(A.5)
Now define
Nli|K - prnlyn k|ynaE H() A) (A6)
n=1
and

N K| K

We can then write the ) functlon in its final form.

K AT (% 1 = (i 1 =(i M—-1
= > lglk {—2t7"(R,(€|)K) + §€2R](€‘)K€k i log(2m) + log 7Tk} (A.8)

A.3.2 Maximization step

In order to find E¢FY | we maximize @ with respect to each ey, k € {1,2,..., K}.
We can see that all the terms are constant with respect to e; except %eiﬁﬁkek- So
maximizing this factor with respect to e is equivalent to maximizing ). So the

update equation becomes

el = argmax (efcR,(f')KeO (A.9)
It is known from linear algebra theory that the solution to this maximization is the
principle eigenvector of R,(;‘)K If we let e,,4.(R) be the principle eigenvector of R, we

can write the update equation as

e,(fﬂ) = emax(RHK) (A.10)

Now we need to find H%H). We can see that all the terms of ) are constant with
respect to each m; except for N,gﬁ( log 7. Therefore, maximizing this term w.r.t m
is equivalent to maximizing () w.r.t. m. The problem is a constrained optimization

because Zszl 7 = 1 due to the fact that these are probabilities. If method of
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Lagrange multipliers is applied, we find that the update equations for II < is the

following equation.

L N
ait = % (A.11)

A.4 Derivation of cluster merging

In this section, we derive the distance function used for cluster merging in min-
imization of the MDL criterion. Let [ and m denote the indices of the two clusters
to be merged. Let Fx and Ilgx to be the result of running the EM algorithm to
convergence with clusters of order K, and let E ) x and I, x denote new pa-
rameter sets in which the parameters for clusters [ and m are equated. This means
that Il )k = kg and Eq,,)x remains the same except for the column vectors

corresponding to the clusters [ and m which are modified to be
e = em=eum (A.12)

where e ,,,) denotes the common value of the parameter vectors.

Also define the subscript Ej ) k-1 and I1( ;) k-1 to be parameter sets with K —1
clusters in which the [ and m clusters have been merged into a single cluster with
parameters €, ) and 7, = m + m,. The change in the MDL criterion produced

by merging the clusters [ and m is then given by
MDL(K — 1, Egnyg—1. Wmyjie—1) — MDL(K, Exe,Tlx)
= MDL(K — 1, Eqmyx—1, L@myx—1) — MDL(K, Eq ) gmx)

+MDL(K, E(l,m)|K7 H(l7m)|K) — MDL(K, Fx. HK) (A13>
From (2.33), we can see that

M
MDL(E =1, Eqm)ix-1, Lgmyix-1) = MDLK, Eqmyix, Lamix) = == log(NM) ;
(A.14)

and from the upper bounding properties of the Q-function, we know that

MDL(E, Emix, Wimyx) — MDL(K, Ex, )
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< QUK B, Ilg; Ex, k) — Q(K, Egm) ik, Hgm)x; Ex, k) . (A15)
Substituting into (A.13) results in the following inequality.
MDL(K =1, Eqm) k-1, Ham)xk-1) — MDL(K, Ex, 1)
< QK, Ex,lg; BEx, k) — QUK, Eqm) g, Um)x; Er, k) — % log(N M)
(A.16)

Since we assume that Ex and Ilx are the result of running the EM algorithm to

convergence, we know that
(Ex,lg) = argnax QK, By, 1y Ex, k) . (A.17)
K"K

Furthermore, the inequality of (A.13) is most tight when E( )k and Il x are

chosen to be

A

(E(l,m)lKvﬂ(l,m)lK) = argnax QK, Eél,m)|K7H/(l,m)\K;EK7HK)' (A.18)

)l my

The optimization of (A.18) is a constrained version of (A.17). So it is easily shown

A A

that values of (Eqm ik, Lumyx) and (Ex, k) are equal except for the parameter
vector e ) which is given by
€l,m) = emam{R”K + Rm\K}a (Alg)

where e,,..{R} is the principle eigenvector of R, and ]_%” x and Rm‘ x are computed
using (2.30).
Substituting into (A.16) and simplifying the expression for the @) function results
in
MDL(K — 1, Eqm) -1, Lgm)x-1) — MDL(K, Eg, )
. . M
< QK, Ex,lg; BEx, k) — QUK, Eqmyx, Um)x; i, k) — > log(NM)
_ _ _ _ M

== Umax(Rl|K) + Umax(Rm|K) - 0max<Rl|K + Rm\K) - 7 IOg(NM) (AQO)

which produces the final result

M
MDL(K =1, Enyiic: Wtamyise) = MDL(K, Exc, Tlie) < d(1,m) — - log(NM) (A.21)

where d(l,m) is the positive distance function of (2.34).
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APPENDIX B
DERIVATIONS FOR SUPERTEMPORAL RESOLUTION
ANALYSIS

B.1 Details of nuisance parameter removal

We have defined P to be an m xm projection matrix constructed so that P, = 0,
and the other eigenvalues are equal to one. The matrix is used to remove the nuisance
parameters from the data,

Py, = a,PA, e + Pw, (B.1)

However, since the density function of Py, is singular and Pw,, is not white, we will
instead model the density function of Vy,,, where V is an (m — 2) x m orthonormal
matrix derived from P. Two degrees of freedom are reduced by P. V is found by

taking the singular value decomposition of P.
P=U"y2V (B.2)

since it is known that the eigenvalues of P are one or zero, > = I. Therefore,
P = UTV. Note that V has the same nullspace as P and therefore Vi, = 0. The

modified model becomes

Vy, = VA, ea,, + Vw, (B.3)

Because Vw, is still white, we now form the likelihood function for each modified

pixel.

1 1
oy o (5 Vi~ VAo ) (B.4)

However, since U is orthonormal, it is easy to see that

p(Vynle, an) =

HVyn — VAneoan (B.5)
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— HUT(Vyn - VAneozn)H (B.6)
= [U"Vy, - UTVA,ca,)| (B.7)
= ||Py, — PA,eq,)|| (B.8)

Now define 9, = Vy,, 9, = Py,, and A, = PA,,

_ 1 1. -
P(Unle, ) = W exp (—5 Hyn - Aneoan2> (B.9)

B.2 Balloon model

The synthetic BOLD signal used in our data simulator is based upon the balloon
model developed by Buxton, et. al. [8]. This model of the BOLD signal is based upon
the assumption that the venous compartment is an elastic balloon. Therefore, the
volume of the compartment expands and contracts with transient differences between
blood inflow and outflow. In the subsequent discussion, the values for blood inflow
fout, blood outflow f;,, volume v, and deoxyhemoglobin concentration ¢ have been
normalized by their resting state values and are unitless.

We first define the transient relationship between the normalized outflow f,,; and
the normalized volume v using an empirical equation describing the elasticity of the

balloon. The unitless constants a, b, and ¢ are found in Table B.1.
fout(v) = ae?®™V + (1 — a) (B.10)

The nonlinear form of this equation describes a relationship where at low volumes,
large changes in volume lead to small changes in outflow. At high volumes, small
changes in volume lead to large changes in outflow.

We then use the system of equations developed in [8] (Equations B.11, B.12, B.13,
and B.14) to generate the synthetic BOLD response signal.

First, the differential equation describing the change in volume of the venous

compartment due to changes in the difference between inflow and outflow is expressed.
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Table B.1
Constants used in balloon model

Constant | Value | Constant Value
Vo 0.04 | ks 2Fy — 0.2
Ey 0.01 |79 1.0s
k TEy | a 0.02
ko 20 |b 12.0

The value 7y is the mean transit time through the venous compartment and given in
Table B.1 in seconds.
dv(t)

T = lfnlt) = Foulo(®) (B.11)
Equation B.10 was substituted into Equation B.11, and the resulting expression was
numerically integrated to find the normalized time evolution of volume v(¢). We find
the normalized blood outflow time evolution f,.:(f). by substituting the resulting v(¢)
back into Equation B.10,

Extraction fraction F, which is the amount of oxygen removed from the blood by

neuronal metabolism, is defined as
E(t) =1— (1 — Ep)"fm® (B.12)

where the unitless Fj is the resting state extraction fraction and is found in Table B.1.
The change in deoxyhemoglobin concentration can be expressed as a differential
equation describing the interplay between normalized flow, volume, and extraction
fraction.
da(t) _ 1], . E() ()

7 = = [fln(t)TO - fout(v(t»%] <B13>

The time evolution of the normalized deoxyhemoglobin concentration ¢(¢) was then
found by substituting Equation B.12 into Equation B.13 and numerically integrating.
The BOLD signal was then found using the equation

Ssorn = Ve [klu g + ks ( - %) (- v(t))] S B
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where kq, ko, and k3 are unitless constants and Vj is the resting volume fraction of the
venous compartment (see Table B.1). The first term represents inherent extravascular
compartment signal changes, the second represents inherent intravascular compart-
ment changes, and the third represents changes due to transport between the two

compartments. The BOLD signal generated is given in Figure 3.2.
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