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ABSTRACT

Guo, Yandong Ph.D., Purdue University, August 2014. Statistical model-based Bi-
nary Document Image Coding, Reconstruction, and Analysis. Major Professors:
Charles A. Bouman and Jan P. Allebach.

Binary document image is still one of the most important information carriers in

this era of data. In this final exam, we will present two novel technologies to learn

and understand low-level features from document images, and we also apply these

technologies in the applications including compression, reconstruction, registration,

and searching.

The first learning technology is the entropy-based dictionary learning, which is

a method to learn a strong prior for document images. The information in this

prior is used to encode the image e↵ectively. If there are more than one page to

be encoded, we impose hierarchical structure onto the dictionary, and dynamically

update the dictionary. Compared with the best existing methods, we achieve much

higher compression ratio.

The dictionary prior we proposed is also used to restore noisy document images.

Our dictionary-based restoration improves the document image quality, and the en-

coding e↵ectiveness simultaneously.

The second learning technology is layout structure detection for document images.

We set up a cost function to describe the local text line property and by optimizing

this cost function, we detect the overall layout of the document image. Our method is

faster and more e�cient, compared with conventional methods. Using this technology,

we construct sparse feature set for document images, which is then used in our novel,

e�cient document image searching system.
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1. A RATE OPTIMIZED LOSSLESS BINARY IMAGE

CODER

1.1 Problem statement

The JBIG2 standard is widely used for binary document image compression pri-

marily because it achieves much higher compression ratios than conventional facsimile

encoding standards, such as T.4, T.6, and T.82 (JBIG1). A typical JBIG2 encoder

works by first separating the document into connected components, or symbols. Next

it creates a dictionary by encoding a subset of symbols from the image, and finally it

encodes all the remaining symbols using the dictionary entries as a reference. In this

paper, we propose a novel dictionary learning method for binary image compression

compliant with the JBIG2 standard.

Our dictionary learning method includes the following contributions. First, we

propose a conditional entropy estimation (CEE) method to measure the dissimilarity

between a symbol and its associated dictionary entry. Compared to conventional

measures of dissimilarity, our CEE measure has much higher correlation with the

number of bits required to encode a symbol with a particular dictionary entry. Second,

we propose a framework for optimal dictionary construction and symbol encoding

based on a unsupervised clustering framework. Third, we proposed a fast algorithm

for implementation of our method using prescreening procedures. In experiments

with a variety of documents, we demonstrate that the deployment of our dictionary

learning method results in approximately a 14% reduction in the overall bitrate of the

JBIG2 encoded bitstream as compared to the best conventional dictionary learning

methods for JBIG2 binary image compression.
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1.2 Introduction

Binary image compression with dictionary learning consists of two stages, first,

a strong prior, called dictionary, is learned from the image and encoded as part of

the bitstream. Second, the image is encoded using the information contained in

this dictionary. Dictionary learning is critical to binary image compression since a

dictionary better representing the image can be used to encode the image with higher

compression ratio.

In this paper, we propose a dictionary learning method to encode the binary

images e↵ectively. Our compression is compliant with the JBIG2 standard, while

extendable to other dictionary learning-based binary image compression schemes. The

JBIG2 standard, developed by the Joint Bi-level Image Experts Group [1], achieves

higher compression ratios than previous binary image compression methods, such as

T.4, T.6, and T.82 (JBIG1) [2], through the use of dictionaries, briefly described as

follows.

A typical JBIG2 encoding is achieved by a combination of the following opera-

tions: image segmentation, symbol extraction, dictionary construction, and entropy

encoding [3, 4]. First, the original binary document image is separated into regions

corresponding to text (i.e., repeated symbols) and non-text. In this work, we will as-

sume the entire JBIG2 document is treated as text. Next, individual connected com-

ponents are extracted that typically correspond to individual text symbols. Then, the

extracted symbols are used to create a representative dictionary of typical symbols,

and the dictionary is encoded using a traditional entropy encoding method. Finally,

the symbols for each page of the document are encoded by indexing them to indi-

vidual entries of the dictionary, and these indices are entropy encoded. With lossly

JBIG2 encoding, each symbol is represented approximately with a corresponding dic-

tionary entry; but with lossless JBIG2 encoding, the di↵erence between the symbol

and corresponding dictionary entry is also entropy encoded.
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While all JBIG2 encoders perform these basic tasks, some encoders achieve better

compression by constructing better dictionaries and using those dictionary entries

more e↵ectively. For example, a larger dictionary can reduce the number of bits

required for lossless encoding of each symbol because each dictionary entry can more

precisely match its corresponding symbol. However, a larger dictionary will also

increase the number of bits required to encode the dictionary itself, so the best coder

must balance these two objectives.

Even if the dictionary is fixed, an encoder can improve compression by more

optimally selecting the dictionary entry for each new symbol. Ideally, each symbol

should be encoded using the dictionary entry that produces the lowest number of bits

in the encoded output. However, this approach, which is known as the operational

rate-distortion approach [5,6], is not practical since it requires too much computation.

Therefore, any practical JBIG2 coders must use a more computationally e�cient

method to match each symbol to a dictionary entry.

Overall, the dictionary learning for binary images needs to solve the following two

problems, dictionary indexing and dictionary construction. Dictionary indexing, also

called sparse coding, is to select the best dictionary entry for a given symbol from

a fixed dictionary. Dictionary construction is to build up dictionary entries so as to

encode the image e↵ectively with limited dictionary size.

For binary image compression, conventional dictionary learning methods select the

dictionary entry by minimizing a measure of dissimilarity between the symbol and the

dictionary entry. Dissimilarity measures widely used in JBIG2 include the Hamming

distance, known as XOR [7], and weighted Hamming distance, known as WXOR [8,9].

The weighted Hamming distance is calculated as the weighted summation of the

di↵erence between a symbol bitmap and a dictionary entry bitmap. Zhang, Danskin,

and Yong have also proposed a dissimilarly measure based on cross-entropy which is

implemented as WXOR with specific weights [10, 11]. In addition, various methods

have been proposed to solve the dictionary construction problem. These methods

typically cluster the symbols into groups, according to a dissimilarity measure, using
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K-means clustering or a minimum spanning tree [12–14]. Within each group, one

dictionary entry is used to represent all the symbols of that group.

For gray scale images, more dictionary learning methods have been proposed,

which provide some insight to the dictionary learning for binary image compres-

sion. Particularly, there have been information-theoretic dictionary learning meth-

ods, which measure the dissimilarity between two image patches by estimating the

log of the conditional probability of one patch given the other one. In [15, 16], this

log of conditional probability reduced to Euclidean distance between image patches

under the assumption of Gaussian i.i.d. noise. While in [17–19], the conditional prob-

ability model of a image patch given another one is inferenced from training. These

training-based methods have shown promising results for applications with gray scale

images. The dictionary construction methods for gray scale images include the vector

quantization (VQ) method [15], K-SVD method [16], and the recursive least squares

dictionary learning algorithm (RLS-DLA) [20].

In this paper, we propose a novel dictionary learning method for binary image

compression, consisting of the following technologies. First, we propose a conditional

entropy estimation (CEE) method to measure the dissimilarity between a symbol and

its associated dictionary entry. Based on conditional probability estimation, our CEE

method provides a fast way to approximate the number of bits required to encode a

symbol with its associated dictionary entry. Therefore, for a given symbol, we can

select the associated dictionary entry by minimizing the approximated number of

bits required to encode this symbol. A fundamental di↵erence between our proposed

CEE method and the cross-entropy method in [10,11] is that our CEE method learns

the statistics of the image being encoded to estimate the parameters in the condi-

tional probability model, which leads to a more accurate estimate of the bitrate. As

compared with the training-based conditional information estimation used for gray

scale images in [17–19], our CEE method uses a very di↵erent conditional probability

model since the image we are processing is binary. Moreover, the model inference in

our CEE method is also di↵erent: we utilize a factorization strategy to decompose
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the complicated conditional multivariate distribution into simple factors, which dra-

matically drops the training complexity as well as reduces the overall computational

cost. We note that a preliminary version of the CEE method was presented in our

conference paper of [21].

Second, we formulate the file size of the image bitstream as a function of the dic-

tionary and the mapping between symbols and dictionary entries. Then we obtain the

dictionary and the mapping by minimizing this cost function. To solve this optimiza-

tion problem, we design a special greedy algorithm in the agglomerative clustering

framework (GC). The following reasons forbid us to directly apply a standard clus-

tering method, such as K-means in [12] or vector quantization in [22]. First, we have

a constrained feasible set, since the dictionary we construct has to be binary. Second,

the dissimilarity between symbols and dictionary entries are measured by CEE, rather

than Euclidean distance (With binary signal, Euclidean distance reduces to XOR).

Third, we need to make our algorithm faster than a standard clustering algorithm,

since binary image compression is typically implemented in a computational capacity

limited environment,

Last but not least, we propose a prescreening procedure to reduce the number of

the times of CEE calculation. By skipping the CEE calculation in a smart way, our

prescreening procedure reduces the overall computation time by sacrificing a little bit

compression ratio. This strategy is especially useful for the embedded systems with

limited computational capacity, for example, low end scanners.

With the three components described above, our dictionary learning method pro-

duces a better dictionary to represent the image, and uses the dictionary more e↵ec-

tively, compared with the previous dictionary learning methods. In our experiments

with a variety of documents, our dictionary learning method substantially improves

the lossless JBIG2 compression ratio. Finally, as a learning-based prior model con-

struction method, our dictionary learning method also has a wide range of poten-

tial applications, such as image reconstruction [23, 24], compressed sensing [25], and

dictionary-based image compression compliant with other kinds of schemes [15,20].
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The organization of the rest of the paper is as follows. In Sec. 1.3, we formulate

the dictionary indexing and construction as a mathematical optimization problem.

In Sec. 1.4, we describe our CEE method in detail. In Sec. 1.5, we present our

optimization algorithm used to construct dictionary and the mapping. Section 1.6

presents the experimental results.

1.3 Problem formulation

The JBIG2 encoder extracts a sequence of symbols from the text region and then

encodes them using a dictionary. More specifically, let Y = {yi}Ni=1 denote the N

symbols that are extracted from the document. Each symbol yi contains the bitmap

of the ith symbol on the page, and each symbol is encoded using a corresponding

dictionary entry dj selected from a complete dictionary D = {dj}Mj=1, where M is the

number of entries in the dictionary. Furthermore, let j = f(i) denote the function

that maps each individual symbol, yi, to its corresponding dictionary entry, dj.

Let R(Y;D, f) denote the number of bits required to encode the symbols, Y,

using the dictionary, D, and the mapping, f(i). Since we are only considering lossless

encoding, our objective is to select the f ⇤(i) and construct D⇤ so that the bit rate is

minimized.

{D⇤, f ⇤} = argmin
D,f

R(Y;D, f) . (1.1)

According to the JBIG2 standard, we formulate the number of bits R(Y;D, f)

as,

R(Y;D, f)

=
N
X

i=1

⇥

Ry,i

�

yi|df(i)

�

+ log2(M) + Cy

⇤

+
M
X

j=1

[Rd,j (dj) + Cd] , (1.2)

where the first summation represents the bits used to encode the symbols, and the

second summation represents the bits used to encode the dictionary. In the first sum,
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the term Ry,i

�

yi|df(i)

�

denotes the number of bits required to encode the bitmap

of the symbol yi using the dictionary entry df(i). The term Cy is a constant that

denotes the overhead (in bits) required for encoding the symbol’s width, height, and

position; and the term log2(M) accounts for the bits required to encode the index of

the dictionary entry.

In the second sum, the term Rd,j (dj) denotes the number of bits required to

encode the bitmap of the dictionary entry dj. The term Cd is a constant that denotes

the overhead (in bits) required for encoding the dictionary entry’s width and height.

Unfortunately, it is too computationally expensive to minimize R(Y;D, f) over

D and f . This is mainly because the number of bits has a complicated dependency

on the bitmap of symbols and dictionary entries. In a JBIG2 standard compliant

bitstream, the number of bits Ry,i

�

yi|df(i)

�

is determined by not only the symbol

yi and the dictionary entry dj, but also the previously encoded symbols and their

associated dictionary entries. Moreover, the number of bits Rd,j (dj) is a determined

by not only the dictionary entry dj, but also all the previously encoded dictionary

entries. Therefore, we propose the following two approximation methods to simplify

the dependency.

First, we propose to approximate Ry,i

�

yi|df(i)

�

based on an estimate of the con-

ditional probability of the symbol yi given its associated dictionary entry df(i),

Ry,i

�

yi|df(i)

� ⇠= � logP (yi|df(i);�) , (1.3)

where � parameterizes the distribution. With this parameterization, the conditional

probability P (yi|df(i);�) is only determined by yi and df(i), so our approximation

can be e�ciently calculated. Details about � are provided in Sec. 1.4.

Second, we approximate the number of bits encode the dictionary entries as (1.4),

Rd,j (dj) ⇠=
wd

jh
d
j

4
, (1.4)

where wd
j and hd

j are the width and height of the jth dictionary entry, respectively.

We propose a coarser but more e�cient approximation in (1.4) compared with the
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approximation in (1.3), since the number of bits required to encode dictionary entries

is much smaller than the number of bits required to encode symbols with reference.

With the approximations proposed above, we formulate our objective function as,

R̂(Y;D, f,�)

=
N
X

i=1

⇥

� logP (yi|df(i);�) + log2(M) + Cy

⇤

� log p�(�)

+
M
X

j=1

"

wd
jh

d
j

4
+ Cd

#

. (1.5)

where the term p�(�) is a prior distribution on the parameter � that is used to

stabilize the estimation of the parameter � as described in Sec 1.4. Using these

assumptions, we can obtain the best dictionary, mapping, and conditional probability

distribution parameter by,

{D̂, f̂ , �̂} = argmin
D,f,�

R̂(Y;D, f,�) . (1.6)

We design an alternating optimization scheme to solve (1.6), summarized as the

pseudocode in Fig. 1.1. First, we estimate the conditional probability parameter �

with fixed dictionary D(0) and mapping f (0). The dictionary D(0) and the mapping

f (0) is obtained by applying a fast dictionary construction and indexing method to

all the extracted symbols {yi}Ni=1. Here we choose XOR-based one pass (XOR-OP)

method in [7] due to its low computational cost. The model of the conditional prob-

ability P (yi|df(i);�) and the term p�(�), as well as the analytical solution of (1.7)

are presented in details in Sec. 1.4.

Second, we rebuild the dictionary and estimate the mapping by minimizing (1.8)

with fixed �. We propose a greedy algorithm in the agglomerative clustering frame-

work (GC) to optimize (1.8), with details provided in Sec. 1.5. Finally, we apply the

standard JBIG2 encoder to encode the dictionary, the mapping, and the symbols.

Note that each of the symbols are encoded with their associated dictionary entries.

The bitstream we produce is compliant with the standard.
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ROE Encode (Y) {

/⇤ Estimate parameter � ⇤/

{D(0), f (0)} XOR-OP (Y, TXOR)

�̂ argmin
�

R̂(Y;D(0), f (0),�) (1.7)

/⇤ Estimate dictionary D and mapping f ⇤/

{D̂, f̂} argmin
D,f

R̂(Y;D, f, �̂) (1.8)

JBIG2 ENCODE
⇣

Y, D̂, f̂
⌘

}

Fig. 1.1. Pseudocode of the rate optimization encoder (ROE) for a single
page binary image. The XOR-based one pass (XOR-OP) method [4] is a
fast method to construct dictionary and indexing. The parameter TXOR

is a parameter required by XOR-OP, which is set to the value suggested
in [4]. The parameter � is introduced to approximate the number of bits
e�ciently. By alternating optimization shown in (1.7) and (1.8), we obtain
the best parameter �̂, dictionary D̂, and mapping f̂ , which minimizes the
approximated number of bits. Note that afterwards, we use standard
JBIG2 encoder to encode the dictionary, the mapping, and the symbols.
Our encoder produces a standard compliant bitstream.

1.4 Bitrate approximation

To approximate the bitrate e�ciently requires us to estimate the parameter �.

With the dictionary D and the mapping f fixed, the cost function (1.7) is converted

as,

�̂ = argmin
�

R̂(D, f,�)

= argmax
�

N
X

i=1

logP (yi|df(i);�) + log p�(�) . (1.9)
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As shown above, the first term in (1.9) is the log likelihood function. We design

the term p�(�) as the prior distribution function of �. In this way, the cost function

(1.9) results in the maximum a posteriori (MAP) estimate �.

In the following paragraphs, we propose a model for the sample distribution

P (yi|df(i);�), and a model for the prior distribution p�(�). Afterwards, we introduce

a method for computing the solution to the minimization problem of (1.9).

The conditional probability P (yi|df(i);�) can have a very complicated form, since

both yi and dj are high dimensional random variables. This makes the parameter

vector � contain too many elements to be estimated. To solve this problem, we model

P (yi|df(i);�) as the product of a sequence of simple probability density functions,

P (yi|df(i);�) =
Y

s

p (yi(s)|c(yi,dj, s);�) , (1.10)

where the term p (yi(s)|c(yi,dj, s);�) is the conditional probability for the symbol

pixel yi(s) conditioned on its reference context c(yi,dj, s), of which the definition is

shown in Fig. 2.1.

Fig. 2.1. graphically illustrates the structure of the reference context. As shown,

the reference context c(yi,dj, s) is a 10-dimensional binary vector, consisting of 4

causal neighborhood pixels of yi(s) in yi, and 6 non-causal neighborhood pixels of

dj(s) in dj.

The decomposition in (1.10) is based on the assumption that, the symbol pixel

yi(s), given its reference context c(yi,dj, s), is conditionally independent of its pre-

vious (in raster order) symbol pixels except its 4 casual neighbors. This conditional

independency design makes our decompostion di↵erent from the existing decomposi-

tion/factorization methods in inference complicated distributions [26–28].

Since the symbol pixels are binary, we model their conditional distribution given

a particular reference context as a Bernoulli distribution. We assume that, for a

given document image, the natural parameter of p (yi(s)|c(yi,dj, s);�) is completely
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(a) Neighbors in symbol (b) Neighbors in dictionary entry

Fig. 1.2. The 4 causal neighborhood pixels of yi(s) in yi, and the 6 non-
causal neighborhood pixels of dj(s) in dj. Note that this is not the only
neighborhood system we can use. We choose to use the neighborhood
system which is also used in the JBIG2 standard [1], but estimate the
conditional probability in a di↵erent way, described in section 1.4.

determined by the reference context c(yi,dj, s). We use �c to denote this natural

parameter, where c = c(yi,dj, s) is the value of the reference context vector.

p(yi(s)|c(yi,dj, s);�) = �1�yi(s)
c (1� �c)

yi(s) (1.11)

The reference context c(yi,dj, s) could possibly have 210 di↵erent values with our

10 bit neighborhood system, so there are 210 parameters to be estimated.

� = [�1,�2, . . . ,�1024]
T (1.12)

Substituting (1.11) into (1.10), we obtain the likelihood function for �.
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In order to construct the prior distribution for p�(�), we assume that all the

elements in � are independent and identically distributed, following Beta distribution,

p�(�) =
Y

c

Beta(�c|a, b) , (1.13)

Beta(�c|a, b) =
�(a+ b)

�(a)�(b)
�a�1
c (1� �c)

b�1 . (1.14)

We set a = b = 2.

The prior distribution we designed introduces the following benefits. First, our

prior makes the estimation of � more stable when the number of observations is

limited. Second, this choice of prior results in a simple form for the solution of

equation (1.9), as we will see in the following paragraphs.

With the likelihood (1.10) and (1.11), and the prior (1.13) and (1.14) presented

in the last subsection, we update the MAP cost function in (1.9) as follows,

�̂ = argmin
�

N
X

i=1

� logP (yi|df(i);�)� log p�(�)

= argmax
�

(

N
X

i=1

X

s

[1� yi(s)] log �c(yi,df(i),s)

+
N
X

i=1

X

s

yi(s) log
⇣

1� �c(yi,df(i),s)

⌘

+
X

c

log �c(1� �c)

)

. (1.15)

The sample data for this MAP estimation are the symbols Y extracted from the

same page, the dictionary D(0) and the mapping f (0) obtained in the initialization

step. With these sample date fixed, the parameter vector � is estimated by maxi-

mizing (1.15). The estimation of �c is,

�̂c =
NO(c) + 1

NA(c) + 2
, (1.16)

where NA(c) is the number of symbol bitmap pixels with the reference context c, and

NO(c) is the number of 0�valued symbol bitmap pixels with the reference context c.
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1.5 Dictionary construction and indexing

In this section, we present our method to construct and index the dictionary entries

with the conditional probability parameter � fixed. Given �̂, the best dictionary D̂

and the best mapping f̂ is obtained by

{D̂, f̂} = argmin
D,f

R̂(D, f, �̂)

= argmin
D,f

(

N
X

i=1

� logP (yi|df(i); �̂)

+
M
X

j=1

wd
jh

d
j

4
+MCd +N log2(M)

)

. (1.17)

1.5.1 Formulate the cost function as a clustering problem

To solve (1.17), We formulate this cost function as a clustering problem using the

following design. We consider the set of symbols associated with the same dictionary

entry as a cluster, called entropy-cluster. Moreover, we consider the dictionary entries

as corresponding cluster representatives. Formally, we define the jth entropy-cluster

Yj as,

Yj = {yi|f(i) = j} . (1.18)

Each entropy-cluster Yj is associated with one dictionary entry dj as the cluster

representative (codeword).

With the definition of the entropy-cluster, we re-organize the cost function in

(1.17) into the form of a clustering problem in the entropy space, shown as follow,

{D̂, f̂} = argmin
D,f

8

<

:

M
X

j=1

2

4

X

{i|f(i)=j}

� logP (yi|dj;�)

3

5

+
M
X

j=1

 

wd
jh

d
j

4
+ Cd

!

+N log2(M)

)

. (1.19)

The cost in (1.19) is composed of two parts. The first part, which we will refer to

as the intra-cluster distortion, is the summation of the distortion within each of the
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entropy-clusters, shown in the first line in (1.19). The second part, which we refer

to as the clustering penalty, is a penalty of the number of clusters or equivalently

dictionary entries used to represent the symbols, shown in the second line in (1.19).

The intra-cluster distortion generally decreases when the number of dictionary entries

increases, because the more dictionary entries we have, potentially the better asso-

ciated dictionary entries we can find for symbols. On the other hand, the increase

of the number of entropy-clusters (dictionary entries) generally increases the value of

the clustering penalty. Therefore, the best dictionary size needs to balance between

the intra-cluster distortion and the clustering penalty.

1.5.2 Optimization over D and f

With the clustering formulation, we propose an e�cient method to solve (1.19),

which is a greedy method in the unsupervised agglomerative clustering framework

(GC). First, as the initial step, we construct much more dictionary entries (entropy-

clusters) then needed. Then, we delete some of the dictionary entries by iteratively

selecting and merging entropy-clusters. The merging procedure is specified as pseudo

code in Fig. 1.3. The entropy-clusters to be merged are selected by applying a greedy

strategy. Details of our algorithms are described as follows. The overall structure of

our GC method is shown in Fig. 1.5.

Initialization

As the initial condition, we build up a large dictionary using the XOR-OP method

in [7]. After the initial stage, we build up the best dictionary by selecting and re-

moving the entries from this large dictionary, rather than constructing new entries,

mainly due to the computational e�ciency concern. Therefore, in order to provide

su�cient dictionary entry candidates, we build up a much larger dictionary than what

needed by an optimal encoder. More specifically, during the XOR-OP dictionary con-
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Cluster Merging(D, f, j, j0) { D D� {dj}

for i = 1 to N do

if f(i) = j then

f(i) j0

end if

end for

return (D, f)
}

Fig. 1.3. Pseudocode to merge the entropy-cluster Yj to Y0j. The cluster
merging consists of two operations. One is to remove the dictionary entry
dj from the dictionary set D. The other one is to associate the symbols
in Yj with the dictionary entry dj0 . The input of this pseudocode include
the current dictionary D, mapping f , the index of the dictionary entry to
be removed j, and the index of the dictionary entry to be used j0. The
output is the updated dictionary and the updated mapping.

struction, we require each symbol yi and its associated dictionary entry dj to be very

similar, formulated as,

dXOR(yi,dj)  TS , (1.20)

where dXOR(yi,dj) is the XOR dissimilarity calculated as the Euclidean distance over

symbol size for binary signals [7], while TS is a very small threshold to introduce large

dictionaries.

We further discuss the way to tune the threshold TS in details in the next subsec-

tion. This tuning plays trade o↵ between the compression ratio and the computational

cost.

Dictionary and mapping update

At the initial stage, we obtain a very large dictionary, so the intra-cluster distortion

tends to be very small, while the clustering penalty is relatively large. In this step, we
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Greedy Cluster Selection(Y,D, f, TL) {

n

ĵ, ĵ0
o

=argmin
{j 6=j0}

n

R̂(Y;D\j, f j0 j,�) (1.21)

�R̂(Y;D, f,�)
o

Subject to: wd
j = wd

j0 (1.22)

hd
j = hd

j0 (1.23)

8yi 2 Yj, dXOR(yi,dj0) < TL (1.24)

8yi0 2 Yj0 , dXOR(yi0 ,dj) < TL (1.25)

return
n

ĵ, ĵ0
o

}

Fig. 1.4. Pseudocode to select the entropy-cluster pair to be merged. As
shown in (1.21), this selection is aiming to generate the greatest bitrate
reduction by merging entropy-clusters, while this selection is subject to
the constraints listed in (1.22), (1.23), (1.24), and (1.25). The terms D\j

and f j0 j are defined in (1.26). The constraints (1.24) and (1.25) require
the entropy-cluster pair in the feasible set of (1.21) to have representatives
(dictionary entries) of the same size. The term wd

j and hd
j are the width

and height of the jth dictionary entry, respectively. The constraints (1.24)
and (1.25) mean that only entropy-clusters not very di↵erent from each
other are considered to be selected to merge. The parameter TL, typi-
cally larger than TS in (1.20), is the threshold to control the number of
entropy-cluster pairs in the feasible set of (1.21). The input of this pseu-
docode include the current dictionary D, mapping f , symbols Y, and the
parameter TL. The output are the indexes of the entropy-clusters to be
merged ĵ and ĵ0.

propose a dictionary and mapping update method to remove some of the dictionary

entries and update the mapping to achieve a good balance between the clustering

penalty and the intra-cluster distortion.



17

The dictionary and mapping is updated by iteratively selecting and merging

entropy-clusters. We define the cluster merging first. Suppose we are given dic-

tionary D and mapping f , merging the entropy cluster Yj to Yj0 consists of two

operations, shown as the pseudocode in figure 1.3. One is to remove the dictionary

dj from D. The other one is to associate the symbols in Yj with the dictionary entry

dj0 . We define D\j and f j0 j as,

n

D\j, f j0 j
o

⌘ Cluster Merging (D, f, j, j0) . (1.26)

We propose a greedy method to select the entropy-clusters to be merged. The

intuition of our method is to select clusters of which the merging would generate

the greatest bitrate reduction. Moreover, in order to reduce the computational cost,

we apply constraints to limit the feasible set of the selection of the entropy-clusters.

The algorithm is listed in Fig. 1.4. Further detailed discussion on parameter tuning

is provided in the next subsection.

The value of (1.21) is calculated by substituting (1.5) into (1.21),

{ĵ, ĵ0} = argmin
{j 6=j0}

(

�
wd

jh
d
j

4

+
X

yi2{Yj}

[logP (yi|dj;�)� logP (yi|dj0 ;�)]

9

=

;

. (1.27)

Termination

We iteratively apply the greedy entropy-cluster selection in Fig. 1.4 and entropy-

cluster merging in Fig. 1.3, until the bit reduction due to cluster merging (minimum

value of the cost in (1.21)) is not smaller than 0.

R̂(Y;D\ĵ, f ĵ0 ĵ,�)� R̂(Y;D, f,�) � 0 (1.28)

This termination condition ensures the overall approximated number of bits (1.5)

keeps monotonically decreasing during our clustering, until a minimum point (maybe

local though) is arrived. Though our solution might be local optimum, in Sec. 1.6,
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we conducted experiments to demonstrate that the dictionary and the mapping we

obtained represent the test images e↵ectively. Note that to search the global minimum

of the cost function (1.17) is NP-hard.

The minimum value in (1.28) is calculated as,

R̂(Y;D\ĵ, f ĵ0 ĵ,�)� R̂(Y;D, f,�)

=
X

yi2{Yĵ}

⇥

logP (yi|dĵ;�)� logP (yi|dĵ0 ;�)
⇤

�
wd

ĵ
hd
ĵ

4

�N log2(M) +N log2(M � 1)� Cd . (1.29)

The empirical value we used for Cd is 2.5.

After the clustering procedure, with fixed the dictionary D̂ and parameter �̂, we

go through all the symbols again, and update the best dictionary entry index for each

symbol,

f̂(i) = argmin
j
� logP (yi|d̂f(i); �̂) . (1.30)

1.5.3 Computational cost

Two threshold parameters TS and TL are introduced during our GC dictionary

construction method to trade o↵ between computational cost and compression ra-

tio. If TL is fixed, typically, smaller TS in (1.20) introduces more dictionary entry

candidates at the initial stage, which needs more merging operations but generally

results in higher compression ratio. On the other hand, larger TS introduces less dic-

tionary entry candidates at the initial stage, which needs less merging operations but

generally results in lower compression ratio.

If TS is fixed, larger TL in the constraints (1.24) and (1.25) gives more entropy

cluster pair candidates to be selected, which typically needs more computing time but

generally results in higher compression ratio. On the other hand, smaller TL needs

less computing time but generally results in lower compression ratio.
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GC Dictionary Construction Indexing
⇣

Y, �̂, TS, TL

⌘

{

/ ⇤ Initialization ⇤ /

{D, f} XOR-OP (Y, TXOR  TS)

repeat

/ ⇤ Select two entropy-clusters ⇤ /
n

ĵ, ĵ0
o

 Greedy Cluster Selection (Y,D, f, TL) (1.31)

/ ⇤ Update Dictionary and Mapping ⇤ /

{D, f} Cluster Merging
⇣

D, f, ĵ, ĵ0
⌘

(1.32)

until R̂(Y;D\ĵ, f ĵ0 ĵ, �̂)� R̂(Y;D, f, �̂) � 0

for i = 1 to N do

/ ⇤ Update Mapping ⇤ /

f(i) argmin
j
� logP (yi|df(i); �̂) (1.33)

end for

return (D, f)
}

Fig. 1.5. Pseudocode of the dictionary construction and indexing with
fixed �̂. First, as the initial step, we construct much more dictionary
entries (entropy-clusters) then needed. Then, we update the dictionary
and mapping by iteratively selecting and merging entropy-clusters. The
entropy-clusters are selected by the greedy strategy in (1.31). Afterwards,
with fixed dictionary and parameter, the mapping is updated using (1.33).

By choosing di↵erent combinations of TS and TL, people can trade o↵ between

the compression ratio and the computing e�ciency. Unfortunately, if people want
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to obtain the smallest file size within the given encoding time, it is not practical to

try all the possible combinations of TS and TL. Therefore, we conducted experiments

with a lot of document images to obtain the relationship between the averaged file

size l and the threshold parameters,

l = l(TS, TL) , (1.34)

as well as the relationship between the averaged encoding time ⌧ and the threshold

parameters,

⌧ = ⌧(TS, TL) . (1.35)

Then, the threshold parameters TS and TL which can achieve the smallest expected

file size within the given encoding time ⌧max is obtained by,

[T ⇤S , T
⇤
L ] = argmin

TS,TL

l(TS, TL)

⌧(TS, TL)  ⌧max . (1.36)

We introduce a slack variable � to construct the equivalent Lagrange multiplier

form.

[T ⇤S , T
⇤
L ] = argmin

TS,TL

l(TS, TL) + �⌧(TS, TL) (1.37)

As shown in Eq. (1.37), larger values of � result parameter pairs with less compu-

tational cost but lower compression ratio, while smaller values of � result parameter

pairs with more computational cost but higher compression ratio.

1.6 Experimental Results

In this section, we conduct experiments by encoding a variety of documents to

demonstrate the performance of our CEE-GC method in dictionary learning. First,

we evaluate the bitrate approximation accuracy of our CEE method. For compari-

son, we also investigate the conventional methods including XOR [7], WXOR [8, 9],

and cross-entropy-based pattern matching [10,11]. Then, we conduct experiments to

demonstrate that our CEE-GC method construct better dictionary entries and use
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Fig. 1.6. The test image img01.pbm with a region (marked by the red
rectangle) zoomed in.

those dictionary entries more e↵ectively, compared with the other widely used dic-

tionary design techniques. Last but not least, we investigated the trade o↵ between

computational cost and compression ratio.

The test images we used are 41 scanned binary document images. All of them

were scanned at 300 dpi, and have size 3275 ⇥ 2525 pixels. The test images contain

mainly text, but some of them also contain line art, tables, and generic graphical

elements, but no halftones. The text in these test images has various typefaces and

font sizes. The first test image img01.pbm is shown in Fig. 1.6 as an example. More

details of the experimental procedure are provided in the following subsections.
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1.6.1 Bitrate approximation

In this subsection, we evaluate the performance of our CEE method in approx-

imating the number of bits used to encode symbols. For comparison, the follow-

ing conventional dissimilarity measures are also investigated, the XOR method [7],

WXOR method [8,9], and the cross entropy-based pattern matching method [10,11].

The formula for these conventional methods are listed in the Appendix for the review

conveniency.

We used sample correlation to evaluate the performance of the bitrate approxi-

mation, with procedure described as follows. First, we encoded all the test images

using the arithmetic entropy encoder specified in the JBIG2 standard [1]. For each

of the test images, we calculated the sample correlation between the bitrate and each

type of the dissimilarity measures listed in the previous paragraph. In the sample

correlation calculation, each sample is a symbol extracted from the given test image.

The sample measurements of the bitrate are the actual number of bits used to en-

code each of the symbols using its associated dictionary entry. Then, for each of the

dissimilarity measures, we averaged its sample correlation with the bitrate across all

the test images.

The experimental results are listed in Table 1.1. As shown, our CEE method

provides a much better approximation to the bitrate in terms of sample correlation.

For better visualization, in Fig. 1.7, we provide the scatterplot for the samples in the

test image in Fig. 1.6. In Fig. 1.7, each sample (symbol) is represented as a dot.

1.6.2 Dictionary construction and indexing

In this subsection, we conduct experiments to empirically demonstrate that our

CEE-GC method has advantages in the following aspects: dictionary size chosen,

mapping estimation, and dictionary entry construction. These advantages are the

underlying reasons that the encoders with our CEE-GC method achieved high com-
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(c) CE-LPF experimental result
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(d) CEE experimental result

Fig. 1.7. Comparison of the performance of di↵erent methods for estimat-
ing the number of bits needed to encode the symbols in the image. Each
dot in the figures corresponds to one symbol in the test image shown in
Fig. 1.6. For each of the subfigures, the vertical coordinate of each dot
is the number of bits used to encode the symbol using the associated
dictionary entry in the JBIG2 bitstream. In the subfigure (a), the hori-
zontal coordinates are the XOR between the symbols and the associated
dictionary entries. In the subfigure (b), the horizontal coordinates are
the WXOR between the symbols and the associated dictionary entries.
In the subfigure (c), the horizontal coordinates are the CE-LPF between
the symbols and the associated dictionary entries. In the subfigure (d),
the horizontal coordinates are the approximation of the number of bits
required to encode symbols using the associated dictionary entries using
our CEE method. As can be seen in the figure, CEE achieved a much
higher correlation with the number of bits used to encode symbols using
the dictionary than the correlation XOR, WXOR, or CE-LPF achieved.
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Table 1.1.
Performance of XOR, WXOR, CE-LPF, and CEE in estimating the num-
ber of bits needed to encode a page of symbols, as indicated by correlation.

Averaged sample correlation

XOR 0.561± 0.010

WXOR 0.455± 0.016

CE-LPF 0.611± 0.018

CEE 0.955± 0.003

pression ratio in the experiments presented in the next subsection. The test image

img01.pbm in Fig. 1.6 was used in this subsection.

First, the experimental results show that our CEE-GC dictionary learning method

automatically generates dictionary of good size. For comparison, we first investigate

the XOR-based one pass (XOR-OP) method [4]. The XOR-OP method requires

one to specify a threshold parameter TXOR to determine the dictionary size. In our

experiment, we adjusted TXOR to construct dictionaries of di↵erent sizes, and used

each of these dictionaries to encode the test image separately. The results with XOR-

OP are shown as the red curve in Fig. 1.8. As shown, dictionaries of di↵erent sizes lead

to di↵erent bitstream file sizes. For this particular test image, the best dictionary

contains 548 entries. Note for di↵erent images, the best value for TXOR could be

di↵erent .

Similarly, the WXOR-OP method [8, 9] also requires one to specify a threshold

TWXOR to determine the dictionary size. By applying the same schema used for

XOR-OP, we obtained the results for the test image in Fig. 1.6 with the WXOR-OP

method, shown as the black curve in Fig. 1.8.

We applied our CEE-GC method to construct a dictionary for the test image in

Fig. 1.6. No parameter needed for our method to determine the size of the dictionary.
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Fig. 1.8. Our CEE-based dictionary learning method can automatically
obtain the dictionary of good size, and achieves high compression ratio.
The XOR-OP/WXOR-OP dictionary construction method requires peo-
ple to specify a parameter value before encoding. Di↵erent values of this
parameter lead to dictionaries of di↵erent sizes, and di↵erent compression
ratio.

As shown in Fig. 1.8, our CEE-GC method automatically constructed dictionary of

good size, which provided very good balance between providing enough information

to encode the image while limiting the size of itself.

Second, experimental results show that our CEE-GC dictionary learning select

dictionary entries for each of the symbols more e↵ectively. In order to evaluate the

benefit only due to our CEE measurement-based dictionary selection in (1.30), we

propose a method called CEE-index, described as follows. First, the dictionary entries

are constructed by using WXOR-OP (TWXOR = 0.27 here). Then, for each of the

symbols, its associated dictionary entry is selected using (1.30). As shown in Fig. 1.8,

though the dictionary entries of CEE-index are identical to the ones of WXOR-OP,
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the bitstream file size achieved with CEE-index method is still smaller than the file

size with XOR-OP or WXOR-OP. This is because the CEE measurement we invented

helps us use dictionary entries more e↵ectively.

Third, experimental results show that our CEE-GC dictionary learning constructs

better dictionary entries compared to the dictionary entries constructed using con-

ventional methods. Though CEE-index and CEE-GC use the same strategy to index

dictionary entries, CEE-GC achieved higher compression ratio. This is because the

dictionary entries constructed by our greedy algorithm in clustering framework (GC)

are more informative and better represent the image. Due to limited page space, we

can not present detailed results for all the test images, but we list the compression

ratio improvement for all the test images in the following subsection.

1.6.3 Compression ratio

In this section, we present the compression ratio improvement obtained by using

CEE-GC. No distortion is considered since we focus on lossless compression. The one-

pass (OP) dictionary construction and indexing algorithm proposed in [4] is listed for

comparison due to its widely usage and comparable computing time. The lossless

TIFF compression algorithm are also listed for comparison.

The OP algorithm can be based on XOR, WXOR, or CE-LPF. The compression

ratio obtained by using XOR-OP [4] is sensitive to its threshold parameter TXOR. In

our experiment, the best TXOR (in terms of compression ratio) for di↵erent images

ranged from 0.01 to 0.09. Therefore, we compressed each image with XOR-OP four

times using TXOR = 0.01, 0.03, 0.06, and 0.09, respectively. Then for each test image,

we averaged its bitstream file size obtained by using di↵erent TXOR values. Afterwards,

we averaged the bitstream file size across all the test images and report the results in

Table 2.1.

The WXOR-OP method [8, 9] also requires a threshold parameter TWXOR. The

compression ratio obtained by using the WXOR-OP method is not sensitive to the
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Table 1.2.
Compression performance comparison between di↵erent dictionary con-
struction algorithms. The overall bitstream file size listed in the table is
the sum of the bitstream file sizes of all 41 test images. The compression
ratio is calculated as the raw image file size of all the test images divided
by the overall bitstream file size.

Dictionary design method Averaged file size Compression ratio

Lossless-TIFF 53.7 KB 19.37

XOR-OP (Averaged) 35.4 KB 29.36

WXOR-OP 32.0 KB 32.54

CE-LPF-OP 32.0 KB 32.54

CEE-Indexing 30.7 KB 33.83

CEE-GC 27.8 KB 37.40

value of TWXOR. In our experiment, we set TWXOR = 0.27, which produces the smallest

bitstream file size for our test set, shown in Table 2.1.

Both our CEE-GC method and our CEE-index method are investigated. The

parameter (control computing time) for CEE-GC in this experiment is TS = 0, TL =

0.20. The experimental results are listed in Table 2.1. The averaged bitstream file

size in the table is the average of the bitstream file sizes across all the 41 test images

in our test set described in the beginning of this section. The compression ratio is

calculated as the raw image file size of all the test images divided by the bitstream

file size.

As shown in Table 2.1, using our CEE-GC dictionary learning method improves

the compression ratio by 26.26% compared with the XOR-OP (Averaged), and 14.45%

compared with the WXOR-OP. Note that the bitstream we generate is still compatible

with the standard JBIG2, and can be decoded by a public JBIG2 decoder.
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Fig. 1.9. The file size reduction (compared with the file size obtained by
using WXOR-OP) for each of the test images.

More detailed experiment results on the file size reduction obtained by using

our CEE-GC method for each of the test images are presented in Fig. 1.9. Since

the WXOR-OP dictionary learning is widely used and considered as one of the most

cutting-edge technologies, we use the bitstream file size for WXOR-OP as the baseline,

and for any other given algorithm, we calculate its file size reduction as the bitstream

file size using this algorithm over the bitstream file size using WXOR-OP.

As shown in Fig. 1.9, the CEE-index method reduces the file size (compared to

WXOR-OP) in 38 out of 41 cases. The CEE-GC dictionary design and indexing can

always produce smaller bitstream file sizes than WXOR-OP or CE-LPF-OP.

Note that our CEE measurement can also be incorporated with other dictionary

construction methods, such as minimum spanning tree or K-means [12]. We do not

list the results obtained by using the minimum spanning tree or K-means because the

method with minimum spanning tree (or K-means) needs more than 100 seconds to

construct dictionary for one page of image, as reported in [12]. The computing time
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Fig. 1.10. Di↵erent encoding time and bitstream file size obtained by using
di↵erent values of TS and TL. Each blue dot in the figure corresponds to
one case with a given pair of values of TS and TL.

for our method is typically less than 1 second, more details on computing time are

reported in the next subsection.

1.6.4 Computing time

In the previous subsections, we mainly focus on the e↵ectiveness of our CEE-

GC method, while in this subsection, we conducted experiment to demonstrate the

e�ciency of our method in terms of computing time. All the 41 test images were used

in this experiment. The CPU we used to conduct this experiment is only one core of

AMD Opteron(tm) Processor 6172, which only has 800MHz. Either using CPU with

higher frequency or using more cores with parallelized coding structure could reduce

the computational time dramatically.
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In our experiment, we set TS and TL to di↵erent values, then encoded all the 41

test images. For a given pair of values of TS and TL, we recorded the corresponding

bitstream file size and encoding time for each of the test images. The encoding

time includes the time for connected component extraction, dictionary learning, and

arithmetic entropy coding. Then, we calculated the averaged bitstream file size and

the averaged encoding time across the 41 test images, shown in Fig. 1.10.

In Fig. 1.10 (a), each golden dot corresponds to a pair of values of TS and TL.

The horizontal coordinate of the dots are the averaged time to encode one document

image, while the vertical coordinate of the dots are the averaged bitsream file size

for one document image. By constructing the convex hull of these dots, we obtain

the smallest file size for any given encoding time constraint, shown as the magenta

curve in Fig. 1.10. The corresponding values of the vertexes on the boundary for this

convex hull are reported in Table 1.3.

We also presented the averaged bitstream file size and encoding time with the

method XOR-OP andWXOR-OP, shown in Fig. 1.10 (b). People can choose methods

and set parameters according to the computing time budget and compression ratio

expectation.

1.7 Conclusion

In this paper, we propose a novel dictionary learning method that can construct

better dictionary entries and use those dictionary entries more e↵ectively. There are

three major novelties in our dictionary learning method. First, we propose an accu-

rate and e�cient approximation (CEE) of the number of bits required to encode a

symbol using its associated dictionary entry. Second, we propose an e�cient greedy

algorithm in the agglomerative clustering framework to construct dictionary. Third,

a prescreening strategy is designed to reduce the computational cost. We applied our

dictionary learning in the JBIG2 compression and achieved promising results. The

experimental results show that our CEE can provide much more accurate prediction
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Table 1.3.
Trade-o↵ between computating time and compression ratio. The param-
eter � can be adjusted to balance this trade-o↵.

Encoding time (Second) Averaged file size (Kilobyte)

0.42 34.4

0.42 32.1

0.44 30.9

0.48 29.4

0.57 28.7

0.64 28.3

0.73 28.0

0.96 27.8

with just a little more computational cost compared with conventional methods in-

cluding XOR and WXOR. The averaged sample correlation between CEE and the

number of bits used to encode each symbol in a sample document is larger than

90%, while the conventional methods can only provide an averaged sample corre-

lation around 50%. The experimental results also show that the compression ratio

obtained by using our CEE-GC dictionary learning method is about 14% higher than

the compression ratio with the best existing methods.

1.8 Appendix

The conventional dissimilarity measure between symbols and dictionary entries

include XOR [7], WXOR [8,9], and the cross entropy-based pattern matching method
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[10, 11]. Among these conventional methods, XOR [7] and WXOR [8, 9] are widely

used. The WXOR between the symbol yi and dictionary entry dj is computed as

dWXOR(yi,dj) =

P

s2Si
a(s)(yi(s)� dj(s))2

wi · hi

, (1.38)

where

a(s) =

P

r2{�1,0,+1}⇥{�1,0,+1}[yi(s+ r)� dj(s+ r)]2

9
. (1.39)

The cross entropy-based pattern matching in [10, 11] is implemented based on

a low pass filter, so we denote the dissimilarity measured by using this method as

dCE�LPF. The dCE�LPF between the symbol yi and dictionary entry dj is computed

as

dCE�LPF(yi,dj) =
X

s2Si

� log
⇣

1� |yi(s)� d̃j(s)|
⌘

, (1.40)

where d̃j is obtained by applying a 3⇥ 3 low pass filter g to the dictionary entry dj.

The filter g used in [10,11] is fixed as

g =

2

6

6

6

4

1/36 4/36 1/36

4/36 16/36 4/36

1/36 4/36 1/36

3

7

7

7

5

. (1.41)
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2. MODEL-BASED ITERATIVE RECONSTRUCTION

FOR BINARY IMAGE COMPRESSION WITH

DICTIONARY LEARNING

2.1 Problem statement

The JBIG2 standard is widely used for binary document image compression pri-

marily because it achieves much higher compression ratios than conventional facsim-

ile encoding standards. The noise introduced during the image procedure, including

printing, scanning and quantization, of binary document image consumes extra bits,

which lower the compression ratio of JBIG2 encoding. In this paper, we propose a

model-based iterative reconstruction method to remove the noise introduced during

the imaging procedure. The image procedure is modeled as a low pass filter and im-

plemented as a circulant sparse matrix. We propose a patch-based prior to regularize

the reconstruction procedure. The non-local information of the document image is

utilized via online learning dictionary. Experiments with a variety of document im-

ages demonstrate the e↵ectiveness of our method. No substation error was found in

our test image set. Meanwhile, the compression ratio was substantially improved,

compared with encoding the document image without denoising.

2.2 Reconstruction model

Maximum a posteriori (MAP) estimation is used to estimate the original noise free

image x 2 {0, 1}K from the observed image y 2 {0, 1}K . How to setup the following

frame work is described in the following subsections.

x̂ = argmin
x

{� log p(y|x)� log p(x)} . (2.1)
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2.2.1 Forward model and likelihood term

Assume the original image (noise-free) is x, we model the printing and scanning

procedure as low pass filter, due to the limited resolution of these procedure. The

low pass filter is denoted by A, which is a sparse and circulant matrix, satisfying the

following condition,
X

l

Ak,l = 1 . (2.2)

The scanned image is binarized. Therefore, the scanned image, denoted by y is,

y = Ax+ ✏ , (2.3)

where the term ✏ 2 [�1, 1] is the quantization error.

Heuristically, we make the following two assumptions. First, the probability of

the quantization error at the kth pixel is related with the value of the error. More

specifically,

p(yk|x) = 1� kyk �
X

l

Ak,lxk (2.4)

The second assumption is that we assume the quantization error is independently

distributed, following the same distribution.

p(y|x) =
Y

k

p(yk|x) (2.5)

2.2.2 Prior model with dictionary learning

Since we are dealing with document images, we assume that there exists repeated

patterns in the image. This non-local information could be explored and utilized in

a dictionary learning procedure. Following the dictionary learning method in our

previous paper, we have

log p(x) /
X

i

log p(Bix|df(i)) +
X

j

log p(dj) , (2.6)

where Bi is the operator used to extract the ith symbol in the image, and df(i) is the

jth dictionary entry. The term p(Bix|df(i)) denotes the conditional probability of the

ith symbol given the jth dictionary entry.
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2.3 Optimization

WIth the description on the likelihood term and the prior term, we obtain the

cost function to be optimized as,

{x̂, D̂, f̂} = argmin
x,D,f

�
X

k

log(1� kyk �
X

l

Ak,lxk) (2.7)

�
X

i

log p(Bix|df(i))�
X

j

log p(dj) (2.8)

We use alternating optimization strategy. First, we fix x, then update {dM
j=1 and

f . Second, we fix {dM
j=1 and f , then update x. We repeat the above two steps until

converge. At the initial stage, we set,

x = y . (2.9)

2.4 Experimental result

In this section, we conduct experiments by encoding a variety of documents to

demonstrate the performance of our MBIR-image compression with dictionary learn-

ing.

The test images we used are 41 scanned binary document images. All of them

were scanned at 300 dpi, and have size 3275 ⇥ 2525 pixels. The test images contain

mainly text, but some of them also contain line art, tables, and generic graphical

elements, but no halftones. The text in these test images has various typefaces and

font sizes. More details of the experimental procedure are provided in the following

subsections.

We verified the compressed images using both tesseract-OCR and manually checked

each of the symbols in the image. No substitution error was found. Meanwhile, the

compression ratio was substantially improved compared with encoding method with-

out denoising, shown in the Table 2.1.

The image quality is visually improved for some of the symbols in the image.
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Table 2.1.
Compression ratio improvement by reconstruction.

Dictionary design method Averaged file size Compression ratio

Lossless-TIFF 53.7 KB 19.37

XOR-OP 35.4 KB 29.36

CEE-GC 27.8 KB 37.40

MBIR-DL 21.5 KB 48.01

(a) Original image (b) Scanned image (c) Estimated image

Fig. 2.1. The quality of the image obtained by MBIR-DL.

2.5 Conclusion

We proposed a model-based reconstruction with dictionary learning to reduce

the noise in the scanned image. No substitution error is found in our experiments

with a variety of document images. Meanwhile, the compression ratio is improved

substantially, compared with the encoding without denoising preprocessing.
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3. DYNAMIC HIERARCHICAL DICTIONARY DESIGN

FOR MULTI-PAGE BINARY DOCUMENT IMAGE

COMPRESSION

3.1 Problem statement

The JBIG2 standard is widely used for binary document image compression pri-

marily because it achieves much higher compression ratios than conventional facsimile

encoding standards. In this paper, we propose a dynamic hierarchical dictionary de-

sign method (DH) for multi-page binary document image compression with JBIG2.

Our DH method outperforms other methods for multi-page compression by utilizing

the information redundancy among pages with the following technologies. First, we

build a hierarchical dictionary to keep more information per page for future usage.

Second, we dynamically update the dictionary in memory to keep as much information

as possible subject to the memory constraint. Third, we incorporate our conditional

entropy estimation algorithm to utilize the saved information more e↵ectively. Our

experimental results show that the compression ratio improvement by our DH method

is about 15% compared to the best existing multi-page encoding method.

3.2 Introduction

Binary document image compression is widely used for document scanning, stor-

age, and transmission. Very often, people compress multi-page binary document

images. Since these images usually come from consecutive pages of the same docu-

ment source, there is typically information redundancy among pages. In this paper,

we focus on how to utilize this information redundancy to improve the compression

ratio for multi-page binary document image compression.
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The JBIG2 compression standard, developed by the Joint Bi-level Image Experts

Group [1], is considered to be the best existing standard for binary image compression

because it can achieve much higher compression ratios than the previous methods,

such as T.4, T.6, and T.82 [2, 29–32]. The high compression ratio of JBIG2 com-

pression comes from its dictionary-symbol encoding procedure, briefly described as

follows. A typical JBIG2 encoder works by first separating the document into con-

nected components, or symbols. Next it creates a dictionary by encoding a subset of

symbols from the image, and finally it encodes all the remaining symbols using the

dictionary entries as a reference [3, 4, 12, 33, 34].

There are two straightforward methods to compress multi-page document images

with the JBIG2 encoder. The first method creates an independent and static dictio-

nary (IS) for each of the pages. Since the IS method does not utilize the information

redundancy among pages, it generally results in the highest bit rate. Alternatively,

the global-dictionary approach builds a single dictionary for the entire document, so

it can generally achieve the lowest bit rate. However, the global-dictionary approach

is not practical, since it requires enormous memory to bu↵er the entire multi-page

document before any compression can occur.

In fact, practical JBIG2 encoders usually load only one page (sometimes even

part of one page) to compress, and do not load the next page until the compression

is finished [35]. Therefore, the information redundancy among pages is utilized by

sharing dictionaries among pages, which is supported by the standard [1]. The first

and widely cited practical algorithm, called LDM, was proposed by Ye and Cosman

in [14, 36]. The LDM algorithm forms a dictionary for each of the pages by starting

with the dictionary from the previous page, adding new dictionary entries needed

for the current page, and expunging the dictionary entries (from the previous page)

not used for the current page. The LDM algorithm improves the compression ratio

compared to the IS method, and is memory e�cient. Figuera, Yi, and Bouman also

proposed a multi-page encoding algorithm referred to as “dynamic symbol caching

(DSC)” in [9, 37]. The DSC algorithm is claimed to have higher compression ratio
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compared to LDM, because DSC only discards dictionary entries when there is no

space available in the memory. The discarded dictionary entries are the least recently

used ones.

In this chapter, we introduce a dynamic hierarchical (DH) dictionary design

method for e�cient compression of multi-page documents [38]. The encoding e�-

ciency improvement of the document symbols needs better utilizing of the information

redundancy, which can be accomplished by constructing and sharing large dictionar-

ies. However, the large dictionaries consume large number of bits to be encoded, and

large size of memory to be retained. Our DH method solves these contradictory by

using hierarchical structure, which encodes large dictionaries much more e�ciently,

and dynamic strategy, which keeps as much information subject to the memory con-

straint. In addition, we use the conditional entropy estimation technique of [21,39] to

measure the information redundancy between two dictionary entries. This results in

further improvements to the encoding e�ciency of the dictionary design and symbol

encoding processes. Our experimental results shows that the DH method improves

compression by approximately 15% relative to the best existing methods.

The rest of the paper is organized as follows. We present the dynamic hierarchical

dictionary design method in details in Sec. 3.3. The experimental results are shown

in Sec. 3.4 and the conclusion is in Sec. 3.5.

3.3 Dynamic hierarchical design

In this section, we introduce the dynamic update approach for encoding of hierar-

chical dictionaries. Sec. 3.3.1 explains how the first page is encoded. Sec. 3.3.2 and

Sec. 3.3.3 then explain the dynamic updating strategy for successive pages.

3.3.1 Encoding of First Page

The Figs. 3.1 (b) illustrates how the hierarchical dictionary structure is used to

encode the first page of the document. First, we encode a smaller dictionary, called
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(a) Single dictionary (b) Hierarchical dictionary

Fig. 3.1. Single dictionary and hierarchical dictionary structure for the
first page. The hierarchical dictionary structure e�ciently encodes a large
refinement dictionary, which more e�ciently encodes the document sym-
bols.

the direct dictionary, denoted as D1. This direct dictionary is encoded using the

direct coding mode of the JBIG2 standard [1]. Next, we use the refinement coding

mode of the JBIG standard [1] to encode a much larger refinement dictionary, denoted

by Dr
1. The refinement dictionary is compressed very e�ciently because refinement

coding uses a reference symbol from the direct dictionary to encode each new symbol

in the refinement dictionary. Finally, we encode all the symbols in the first document

page by using the refinement dictionary as a reference.

In order to construct the hierarchical dictionary of Figs. 3.1b), we use a bottom-up

procedure. First, we extract all the distinct symbols on the first page. Then, for each

of the distinct symbol, we construct one refinement dictionary entry. Next, we group

the similar refinement dictionary entries into clusters, and create one representative

for each of the clusters. These representatives are the dictionary entries which form

the direct dictionary. In order to perform the clustering, we use the conditional

entropy estimation-based dictionary indexing and design algorithm (CEE-DI) of [21].
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3.3.2 Encoding of Successive Pages

The Fig. 3.2 illustrates the dynamic hierarchical dictionary construction of succes-

sive pages of the document. For successive pages, we introduce the stored dictionary,

denoted as Ds
k, for the kth page (k 6= 1). When there is no memory constraint,

the stored dictionary Ds
k is the union of all dictionaries from the previous pages (of

which indices < k). The case with memory constraint will be discussed in the next

subsection.

Once again, the refinement dictionary Dr
k is formed by every unique symbols in

the kth page. For each of the given refinement dictionary entries, we try to find a good

match in the stored dictionary, Ds
k, to encode it e�ciently. Typically, most of the

entries in the refinement dictionary will have a good match in the stored dictionary.

Thus, in this case, the refinement dictionary is encoded very e�ciently.

However, there will typically be some refinement dictionary entries, that do not

have a good match in the stored dictionary. In order to encode these unmatched

refinement dictionary entrees, we form a new direct dictionary Dk. We build this

direct dictionary using the conditional entropy estimation-based dictionary indexing

algorithm (CEE-I) [21].

Fig. 3.2. Hierarchical dictionary structure for the kth page. The stored
dictionary Ds

k is the pruned union of all the dictionaries from previous
pages. Some entries in the refinement dictionary are encoded using the
stored dictionary, while the rest are encoded using the direct dictionary.



42

The criteria to determine whether we can find a good match for the given refine-

ment dictionary entry in the stored dictionary is based on the conditional entropy

estimation (CEE) in [21]. Let dr
k,j denote the j

th entry in Dr
k, and ds

k,i denote the i
th

entry in Ds
k. The best match for dr

k,j in Ds
k is found by

ds
k,̂i(j)

= argmin
ds
k,i2Ds

k

Ĥ(dr
k,j|ds

k,i) , (3.1)

where Ĥ(dr
k,j|ds

k,i) is the estimation of the conditional entropy of dr
k,j given ds

k,i. If

the conditional entropy of dr
k,j given ds

k,̂i(j)
is smaller than the predefined threshold

TR,

Ĥ(dr
k,j|ds

k,̂i(j)
)  TR , (3.2)

we encode dr
k,j using the stored dictionary entry ds

k,̂i(j)
as a reference. Otherwise, we

do not encode dr
k,j using the stored dictionary.

3.3.3 Dynamic updating strategy

In order to make our algorithm practical, we must ensure that the size of the

dictionaries retained in the memory will not grow beyond our available memory size.

The method we used is to discard some of the stored dictionary entries whenever

the memory size for all the dictionaries for the kth page is larger than 1M bytes. We

choose the threshold value to be 1M because the standard requires a decoder to have

at least a 1M byte of storage for the dictionary [35].

The memory size for the dictionaries for the kth page is the summation of the

memory size for Dk, Dr
k, and Ds

k, which can be calculated using the formula in [35].

The entry to be discarded is the stored dictionary entry ds
k,m̂ satisfying both of the

following two conditions.

1. The entry ds
k,m̂ is not referred by any entry in Dr

k.

2. The entry ds
k,m̂ is least distinct, defined as

m̂ = argmin
m

dXOR(d
s
k,m,d

·
k,n) , (3.3)
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where d·
k,n is any dictionary entry di↵erent from ds

k,m, that belongs to Dk,

Dr
k, or D

s
k. The function dXOR calculates the Hamming distance between two

dictionary entries.

Similar dictionary entries typically have more mutual information. Therefore, by

the above strategy, we maintain as much total information as possible in the memory

under the memory size constraint.

3.4 Experimental results

In this section, we compare the DH method with the best existing method DSC

of [9,37]. The DSC method in our experiments is based on the widely used weighted

Hamming distance (WXOR) [8, 40] for the dissimilarity measurement between sym-

bols and dictionary entries. For the DH method, we investigated two versions. The

first one is as described in the Sec. 3.3, called DH-CEE, since it uses the condi-

tional entropy estimation (CEE) as the dissimilarity measure. For the second one, we

substitute the CEE dissimilarity measure with the WXOR dissimilarity measure, in

order to see the benefit due only to the dynamic hierarchical dictionary design. We

call this method DH-WXOR.

The test image set contains three documents, EEPaper, Vita, and I9intro. Each of

them was scanned from consecutive pages of the same document at 300 dpi. EEPaper,

contains 9 images with 3275⇥2525 pixels. Vita contains 10 images with 3300⇥2550,

while I9intro contains 6 images with 3300⇥ 2550. These test images contain mainly

text, but some of them also contain line art, tables, and graphical elements, but no

halftones. The JBIG2 lossless text mode was used for all experiments.

We limited the memory usage for dictionaries to be less than 1MB, as described

in 3.3.3. Unless otherwise stated, we adjusted the parameters of all the methods so

that each of the methods achieved its optimal compression ratio.
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3.4.1 Compression ratio improvement

In the experiment in this subsection, all the document images were compressed.

The following plot in Fig. 3.3 shows a comparison of the DH-CEE method to the

alternative methods in encoding the document EEPaper. In the plot, everything

is relative to the independent and static dictionary constructed with the WXOR

dissimilarity measure (IS-WXOR). Notice that, our method DH-CEE has the highest

compression ratio for all the pages. For the entire document EEPaper, the DH-CEE

improved the compression ratio by 14% compared to DSC, while 15% for Vita and

17% for I9intro.
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Fig. 3.3. Compression ratio improvements by di↵erent dictionary design
methods (relative to IS-WXOR).

The main reason for the compression ratio improvement by DH-CEE over DSC

is that DH-CEE produced a much larger dictionary for each of the pages, shown in

Figs. 3.4 (a), and the larger dictionaries can more e�ciently encode the documents.

Meanwhile, using DH-CEE, only a small overhead is needed to encode the large dic-

tionary. The e�cient encoding of large dictionaries is demonstrated with an example

in the next subsection.
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(a) DH-CEE vs. DSC
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Fig. 3.4. The number of the dictionary entries obtained by using di↵erent
dictionary design methods. The large dictionaries produced by the DH
methods encode the documents e�ciently. For DH-CEE and DH-WXOR,
the dynamic updating controls the size of their dictionaries after the 7th

page due to the memory constraint.

3.4.2 E�cient encoding of large dictionaries

In this subsection, we show that the DH method allows us to encode a large

dictionary with a relatively little overhead using the following experiment. We used

DH-CEE and DSC to create large dictionaries for the first page in EEPaper, and

compared the numbers of bits they used to encode their dictionaries.

The refinement dictionary produced by the DH-CEE method is large in size, be-

cause DH-CEE creates one refinement dictionary entry for each of the distinct symbols

in the page. For the DSC algorithm, we adjusted its parameters to obtain a single

dictionary, which is as large as the refinement dictionary with DH-CEE.

As shown in Fig. 3.5, the bitstream filesize obtained by using DH-CEE are signifi-

cantly smaller than that obtained with DSC. This is due to the hierarchical structure

of DH-CEE: DH-CEE builds up the direct dictionary using CEE-ID to encode the

refinement dictionary e�ciently.



46

0 10 20 30 40 50 60 70 80

DSC

DH−WXOR

DH−CEE

Filesize in KB

D
ic

tio
n

a
ry

 d
e

si
g

n
 a

lg
o

ri
th

m
s

 

 Number of bits for direct dictionary

Number of bits for refinement dictionary

Number of bits for single dictionary

Number of bits for symbols

Fig. 3.5. Comparison of bit rate using three methods for dictionary com-
pression. Note that DH-CEE results in the smallest encoded dictionary.

3.4.3 Conditional entropy estimation

The compression ratio improvement by DH-CEE also comes from the conditional

entropy estimation (CEE). For comparison, we investigate the DH-WXOR method,

which substitutes CEE with WXOR.

First, we repeated the single page experiment in Sec. 3.4.2 with the DH-WXOR

method. The refinement dictionaries obtained by using DH-WXOR and DH-CEE are

identical since they used the same method to create their refinement dictionaries. As

shown in Fig. 3.5, the bit rate obtained by using DH-WXOR is smaller than that

with DSC because of the hierarchical dictionary design. One the other hand, the

bit rate with DH-WXOR is larger than that of DH-CEE. This is because CEE used

in DH-CEE provides better measurement for the information redundancy between

dictionary entries than WXOR in DH-WXOR [21]. And thus DH-CEE creates a

better direct dictionary to encode the refinement dictionary.

Then, we repeated the multi-page experiment in Sec. 3.4.1 with the DH-WXOR

method. As shown in Figs. 3.3, DH-WXOR improved the compression ratio by 11%

compared to DSC. This improvement purely comes from the large dictionaries pro-

duced by the dynamic hierarchical design of DH-WXOR, shown as Figs. 3.4 (b). On
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the other hand, The compression ratio with DH-WXOR is about 4% less than that of

DH-CEE. This is because, based on CEE, DH-CEE creates better direct dictionaries

and selects better stored dictionary entries to encode the refinement dictionary in Eq.

(3.1) than DH-WXOR.

Please note that all the above experiments were conducted subject to the 1MB

memory constraint. As shown in Figs. 3.4 (a), The dynamic updating has kept

discarding stored dictionary entries since the 7th page was encoded. If we release

the memory constraint, no dictionary entries are discarded and extra memory is

consumed. However, according to our experimental results, the extra memory usage

only improved the compression ratio by less than 1%. This is because the dynamic

updating minimizes the information loss caused by discarded dictionary entries by

selecting the least distinct stored dictionary entries.

3.5 Conclusion

In this paper, we proposed the dynamic hierarchical dictionary design method

(DH) for the multi-page binary document image compression. A typical dictionary

design method for multi-page image improves the encoding e�ciency by maintaining

and utilizing the information from previous pages to encode the successive pages.

The DH method outperforms the previously existing methods using the following

technologies. First, hierarchical design allows us to maintain more information per

page. Second, the dynamic updating helps us to maintain as much information as

possible subject to the memory size constraint. Third, the conditional entropy esti-

mation helps us to utilize the maintained information more e�ciently.
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4. TEXT LINE DETECTION BASED ON COST

OPTIMIZIED LOCAL TEXT LINE DIRECTION

ESTIMATION, AND APPLICATIONS IN

REGISTRATION AND SEARCH

4.1 Problem statement

Text line detection is a critical step for applications in document image processing.

In this paper, we propose a novel text line detection method. First, the connected

components are extracted from the image as symbols. Then, we estimate the di-

rection of the text line in multiple local regions. This estimation is, for the first

time, formulated in a cost optimization framework. We also propose an e�cient way

to solve this optimization problem. Afterwards, we consider symbols as nodes in a

graph, and connect symbols based on the local text line direction estimation results.

Last, we detect the text lines by separating the graph into subgraphs according to

the nodes’ connectivity. Preliminary experimental results demonstrate that our pro-

posed method is very robust to non-uniform skew within text lines, variability of font

sizes, and complex structures of layout. Our new method works well for documents

captured with flat-bed and sheet-fed scanners, mobile phone cameras and with other

general imaging assets.

4.2 Introduction

Text line detection is a critical step for tasks such as document layout analysis

[41, 42]. Text line detection with low computational cost and high accuracy is still

considered as an open problem for complex document images or natural images. The

complexity of document images comes from irregular layout structure, a mixture
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of machine printed and hand written charters, and/or the variability of text line

directions.

Many methods have been proposed for accurate text line detection. One cate-

gory of popular methods are top-down approaches, such as the Hough transform-

based methods [43–45]. Hough transform-based methods detect text lines using the

“hypothesis-validation” strategy: The potential text lines (collinear alignments of

symbols), are hypothesized in the Hough domain, and validated in the image do-

main. This “hypothesis-validation” strategy is computationally expensive. Moreover,

in order to deal with non-straight text lines, or complex layout structure, extra pre-

processing and post-processing strategies are required to make this method robust.

Another category of popular methods are the smearing methods in [46,47], which

follow a bottom-up scheme. The basic idea is to grow the text line region by re-

cursively finding and incorporating the closest characters. Compared with Hough

transform-based methods, smearing methods can deal with fluctuating lines better.

But the smearing methods contain parameters that need to be accurately and dy-

namically tuned. A nice review of the text line detection methods can be found

in [48–51].

We also notice that a lot pre/post processing methods have recently been proposed

to improve the text line detection performance. One pre-processing example is the

edge-enhancement based connect component extraction [41, 52]. In the same paper

[41], a text line is rejected (as post processing) if a significant portion of the objects

in this text line are repetitive. Our paper is purely focus on the text line detection,

but can potentially incorporate with these pre-post processing.

In our paper, we propose a novel text line detection method composed of two algo-

rithms that are applied in sequence: the local text line direction estimation (LTDE),

and the graphical model-based text line construction (GMTC). In the LTDE algo-

rithm, we, for the first time, to the best of our knowledge, define a cost function based

on the following two observations. First, within a relatively small region, the symbols

in the same text line tend to fall on a straight line. Second, along the direction of the
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text line, the symbol density is higher than the symbol density is in the other direc-

tions. We propose an e�cient way to solve this optimization problem. By optimizing

the cost function, we obtain the text line direction in the local region, and simultane-

ously the collinearity relationship for symbol pairs within the local region. In GMTC,

we build a graphical model by considering each of the symbols as a node. Our model

is di↵erent from the graphical models previous used for text line detection since the

messages passed between nodes in our model are from the local collinearity obtained

by our LTDE. Then, we group symbols into text lines by separating the graph into

subgraphs based on the local text line direction estimation results. Experiments with

a variety of images demonstrate that the proposed method is very fast and robust to

non-uniform skew within text lines, variability of font sizes, and complex structures

of layout.

In section 4.3, we present our text line detection method. In section 4.4, we present

experimental results.

4.3 Text line detection

A text line consists of a set of symbols, the centroids of which fall on a smooth

curve. In this section, we propose a text line detection method.

First, we extract the N symbols from the image, denoted by {si}Ni=1, [21, 38, 53].

The centroid of the ith symbol is denoted by xi = (xi,1, xi,2, 1)T , where xi,1 and

xi,2 are its horizontal and vertical coordinates, respectively. In this paper, we use

homogeneous coordinate to introduce compactness in our formulation. Then, the

text line is constructed according to the geometric locations of the centroids of the

symbols, with details described in the following subsections.

4.3.1 Local text line direction estimation

Although text lines may contain non-uniform skew, within a relatively small re-

gion, the centroids of the symbols in the same text line tend to fall on a straight line.
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Fig. 4.1. We estimate the direction of text lines in multiple local regions.
This figure shows an example of the local region we use. For each given
symbol si, e.g. the letter “o” colored red in the figure, we define a small
region centered at its centroid. The local direction of the text line con-
taining si is estimated according to the location of the symbols si and s@i
in the local region. Here, the term @i denotes the indexes of the symbols
within the local region centered at the centroid of si. As shown in the
figure, the set of symbols s@i are colored blue. The left figure is the origi-
nal document image, while the right figure is obtained by zooming in this
document image.

Therefore, we estimate the directions of the text lines in di↵erent local small regions

separately.

More precisely, we go through all the symbols. For the ith symbol, we define

a local region centered at its centroid xi. All the symbols in this local region are

denoted by s@i. An example is shown in Fig. 4.1. In the local region centered at xi,

the direction of the text line containing si is denoted as ✓i, while the location of the
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text line is controlled by a scalar �i,3. Following the homogenous coordinates used in

the definition of xi, we define a vector

�i = [cos ✓i, sin ✓i, �i,3]
T . (4.1)

With this homogenous framework, it can be shown that the distance between the

centroid xj and the straight line represented by �i is

d(xj,�i) = |�T
i xj| . (4.2)

In addition to the above assumption on the local collinearity of symbol centroids,

we estimate �i based on the assumption that the symbol density is higher along the

text line direction than the symbol density is in other directions. Since not all the

symbols in s@i belong to the same text line, we propose a binary variable �i,j to

describe whether the jth symbol belongs to the text line containing the ith symbol.

�i,j = 1$ sj belongs to the text line containing si;

�i,j = 0$ sj does not belong to the text line containing si;

With the notation above, we design the following cost function to estimate �i and

�i = {�i,j|j 2 @i},
n

�̂i, �̂i

o

=argmin
�i,�i

(

X

j2@i

↵j |1� �i,j|

+d(xi,�i)
2 +

X

j2@i

�i,jd(xj,�i)
2

)

, (4.3)

where the term d(xi,�i)
2 +

P

j2@i �i,jd(xj,�i)
2 accounts for the local collinearity as-

sumption. During the minimization procedure, this term produces the estimation of

�i by fitting a straight line onto the centroids of symbols with non-zero �i,j. Simulta-

neously, this term tends to prune out symbols from the local text line by encouraging

�i,j to be 0.

On the other hand, the penalty term
P

j2@i ↵j |1� �i,j|, encourages the local text

line to contain as many symbols as possible. Without this term, after the minimiza-

tion, none of the symbols in s@i will be considered to be in the text line containing si,
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since purely minimizing the second line of (4.3) would make all the �i,j to be 0. The

strength of the penalty term is controlled by the parameter ↵j. We design the pa-

rameter ↵j to introduce geometric meaning to our cost function. Suppose the width

and height of the jth symbol are denoted by wj and hj, respectively. The parameter

↵j is calculated as

↵j =

✓

max{wj, hj}
2

◆2

. (4.4)

The way we calculate ↵j has the following geometric interpretation. Calculating the

partial derivative of (4.3) according to �i,j, we get

If d(xj,�i) 
max{wj, hj}

2
, then�i,j = 1 (4.5)

If d(xj,�i) >
max{wj, hj}

2
, then�i,j = 0 . (4.6)

The result in (4.5) shows that if the straight line �i passes through the symbol sj,

�i,j = 1, which means that the location of the symbol sj contributes to the estimation

of �i. On the contrary, as shown in (4.6), if the straight line �i does not cut through

the symbol sj, �i,j = 0, which means the symbol sj is not considered to belong to the

text line with si; and the location of sj will not contribute to the estimation of �i.

We design an alternating optimization scheme to solve (4.3). Multiple initial

conditions are applied to handle the non-convexity of the cost function; and the matrix

transform strategy in [39,54] is applied to improve the computational e�ciency. Due

to space limitations, we do not describe the details of the optimization here. After

we obtain �̂i, we calculate the direction of the local text line containing the symbol

si as

✓̂i = arctan(
�̂i,2

�̂i,1

) . (4.7)

4.3.2 Text line construction

After we obtain �̂i and �̂i, i = 1, . . . , N , we set up a graphical model G = (V,E)

to cluster the symbols into text lines. Here, the term V and E denote the set of nodes

and the set of edges, respectively. Each of the symbols is considered as a node in the
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graph. For any two symbol nodes si and sj, The probability that the symbol nodes

si and sj belong to the same text line is calculated as

pi,j = �i,j�j,i�(✓i, ✓j) . (4.8)

In order to obtain a very e�cient method, we here design �(✓i, ✓j) to have a binary

output.

� (✓i, ✓j) = 1, if |✓i � ✓j|  ✓max

= 0, otherwise . (4.9)

Empirically, we set ✓max = ⇡
6
. At the cost of greater computation, a continuous

output model for �(✓i, ✓j) with a more sophisticated graph inference methods, such

as loopy belief propagation or expectation propagation [27, 28, 55] could improve the

robustness of our method.

With the graph G constructed, we construct text lines using the following proce-

dure.

1. Mark all the symbol nodes as unclustered.

2. Pick any unclustered symbol node in the graphG as the source node, and find all

the reachable symbol nodes using the breadth-first search (BFS) algorithm [56].

These reachable symbols and the source symbol are considered to belong to the

same text line.

3. Mark these symbols as clustered.

4. Repeat Step 2 and Step 3 until all the symbols are clustered.

4.4 Experimental results

We conducted experiments with a variety of document images to demonstrate the

e↵ectiveness of our text line detection method. We also demonstrate that the pro-

posed method can be applied to improve the accuracy of a state-of-art text detection

method [53].
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(a) Symbol centroids in local region
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(b) Cost value in (4.3) with di↵erent � values

Fig. 4.2. Example of the local text line direction estimation. In subfigure
(a), each of the dots represents the centroid of a symbol in the local region
shown in Fig. 4.1. Fixing �i to have di↵erent values, we minimized the
cost function in (4.3) over �i, and show the result in subfigure (b). As
indicated in the figure, the best value for ✓i is 90.6�, corresponding to the
green line in subfigure (a).

4.4.1 Local direction estimation

In this subsection, we show an example to demonstrate our local text line direction

estimation. The local region used in this subsection is shown in Fig 4.1; and the

centroids of the symbols in this region are shown in Fig 4.2. (a).

In our experiment, we obtained the value of the cost function in (4.3) with di↵erent

�i using the following scheme. We gradually changed the value of ✓i from 1� to 180�.

For each fixed �i = [cos ✓i, sin ✓i, �i,3]T , we minimized (4.3) over �i. The minimum

values of the cost function given di↵erent ✓i values are shown in Fig. 4.2. (b). As

indicated in the figure, when ✓ = 90.6�, the overall minimum value was obtained,

which corresponds to the straight line shown as the green line in Fig. 4.2 (a).
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(a) Test case 1 (b) Test case 2

Fig. 4.3. Text line detection example. Each of the the text lines in the
image is marked with a red rectangle.

4.4.2 Text line detection in complex document image

In this subsection, we conduct experiments with complex document images to

demonstrate the robustness of our algorithm. Some of the challenging cases are

shown in Fig. 4.3. The text lines detected using our algorithm are marked with

red rectangle. Figure. 4.3 (a), shows a di�cult case for smearing methods. Since the

smearing methods keep trying to find the closest symbols to merge, the closely located

hand written text line and the printed text line tend to be considered as the same

text line. But as shown in Fig. 4.3 (a), our algorithm successfully separated the hand

written text line from the machine printed text lines. This is because our method

connects symbols according to the local text line direction information. Fig. 4.3 (b)

shows that our method can detect text lines in very complicated layout environment.
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Fig. 4.4. Text line detection example. Text lines are tracked by blue lines.

Another example is in Fig. 4.4, which shows that our method can detect text lines that

are not straight in a complex layout structure, while a typical Hough-based method

cannot.

4.4.3 Text detection in natural images

In this subsection, we demonstrate that our text line detection can be used to im-

prove the accuracy of the the text detection in natural images. In our experiment, the

natural images were first fed into the cost optimized segmentation (COS) algorithm

in [53]. COS output a binary image, in which the text symbols are detected with very

low mis-detection rate. In [53], a training-based connected component classification

(CCC) method is applied to reduce the false alarm in the output of COS. Both the

COS and CCC results are show in Fig. 4.5, and Fig. 4.6. We applied our text line

detection method to the output of COS, and only consider the connected components
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(a) Natural image 1 (b) COS result

(c) CCC result (d) Our algorithm

Fig. 4.5. Performance in text detection in natural image I.

with a line structure as text symbols. The results are shown in the forth column of

Fig. 4.5, and Fig. 4.6.

4.4.4 Text detection in image registration

In this subsection, we present a novel image registration method designed for bi-

nary document images. The reference images we are using are obtained by rastering

the original pdf image, called template image. The sensed images are obtained by
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(a) Natural image 2 (b) COS result

(c) CCC result (d) Our algorithm

Fig. 4.6. Performance in text detection in natural image II.

scanning the printed image, called query image. The deformation in the query image

includes skew, a bit wrapping, extra information, white noise, etc. The basic proce-

dure is as follows. First, we detect text lines for both the template and the scanned

images. Then, for each of the text lines, construct a feature vector for each of the text

lines. The feature vector consists of the size, position, and pixel value information

of the corresponding text line. Then we match the text lines between the query and

template image. Figure 4.7 demonstrates our idea.
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Fig. 4.7. Binary document image registration results.

4.4.5 Binary document image search results

We built up a template image database by collecting blank forms from USCIS,

IRS Tax return, Purdue business and academic forms, and Test forms provided by

HP. In total, we have 341 blank forms. Then, we collected 54 filled out forms by

randomly selecting and letting lab-mates fill template forms. The basic procedure of

our search system is shown in Figure 4.8. This is a small experiment just to illustrate

the e↵ectiveness of our method in document images. We can extend the image search

scale by incorporating this to a larger indexing and searching system.

We achieved 100% accuracy in our database. Two search results are show in

Figure 4.9 and Figure 4.10 as illustrations.
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Fig. 4.8. Binary document image search flow chart.

4.5 Appendix

In order to solve the cost function (4.3), we set initial values for �i, then alterna-

tively update �i and �i until converge. Since this cost function (4.3) is not a convex

problem, we start with di↵erent initial conditions for �i. For each of the initial con-

dition, we obtain one estimate for �i and �i. The estimate with the smallest cost
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Fig. 4.9. Binary document image search result I.

function value is chosen to be the final estimate. In our experiments, we used 4 initial

values for �i .

�i = [0, 1,�yi]T (4.10)

�0i = [1, 0,�xi]
T (4.11)

�00i = [0.71,�0.71,�0.71⇥ xi + 0.71⇥ yi]
T (4.12)

�000i = [0.71, 0.71,�0.71⇥ xi � 0.71⇥ yi]
T (4.13)
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Fig. 4.10. Binary document image search result II.

The estimate of �i,j, j 2 @i with �i fixed has been shown in (4.5) and (4.6). Here

we show how to update �i with �i fixed. Let X be the matrix of which the columns

consists of xi and {�i,jxj|j 2 @i}, we have

�⇤i = argmin
�i

�T
i XXT�i +

X

j2@i

↵i,j |1� �i,j| (4.14)

subject to �2
i,1 + �2

i,2 = 1
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Let R = XXT . We decompose R into the following form using the matrix trans-

form in [39,54].

R =

2

6

6

6

4

R1,1 R1,2 R1,3

R2,1 R2,2 R2,3

R3,1 R3,2 R3,3

3

7

7

7

5

(4.15)

=

2

6

6

6

4

cos(✓) sin(✓) 0

� sin(✓) cos(✓) 0

0 0 1

3

7

7

7

5

⇥

2

6

6

6

4

R̃1,1 0 R̃1,3

0 R̃2,2 R̃2,3

R̃3,1 R̃3,2 R3,3

3

7

7

7

5

⇥

2

6

6

6

4

cos(✓) � sin(✓) 0

sin(✓) cos(✓) 0

0 0 1

3

7

7

7

5

where

✓ =
1

2
arctan

�2R2,1

R1,1 �R2,2

(4.16)

Without loss of generality, we can decompose the vector �i as

�i = ki,1

2

6

6

6

4

cos(✓)

� sin(✓)

0

3

7

7

7

5

+ ki,2

2

6

6

6

4

sin(✓)

cos(✓)

0

3

7

7

7

5

+ ki,3

2

6

6

6

4

0

0

1

3

7

7

7

5

(4.17)

Substituting (4.15) and (4.17) back to the cost function (4.14) results the update

of �i.
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5. HIGH DIMENSIONAL REGRESSION USING THE

SPARSE MATRIX TRANSFORM (SMT)

5.1 Problem statement

Regression from high dimensional observation vectors is particularly di�cult when

training data is limited. More specifically, if the number of sample vectors n is less

than dimension of the sample vectors p, then accurate regression is di�cult to perform

without prior knowledge of the data covariance.

In this paper, we propose a novel approach to high dimensional regression for

application when n < p. The approach works by first decorrelating the high dimen-

sional observation vector using the sparse matrix transform (SMT) estimate of the

data covariance. Then the decorrelated observations are used in a regularized re-

gression procedure such as Lasso or shrinkage. Numerical results demonstrate that

the proposed regression approach can significantly improve the prediction accuracy,

especially when n is small and the signal to be predicted lies the subspace of the

observed signal corresponding to the small eigenvalues.

5.2 Introduction

Regression from high dimensional observation vectors is particularly di�cult when

training data is limited. Traditional regression methods that use the sample covari-

ance, such as the ordinary least squares (OLS) approach, perform poorly in this

situation. This is because, if the sample number n is less than data dimension p,

then the sample covariance is singular, with at least p� n of the smallest eigenvalues

estimated to be zero. In this case, the sample covariance does not accurately charac-
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terize any signal that falls in the subspaces corresponding to the smallest eigenvalues

of the observations.

In the past decades, regression methods that adopt regularization have been intro-

duced, such as ridge regression [57], subset selection, and Lasso [58]. More recently,

there has also been increasing interest in replacing the sample covariance with some

sparse estimates of the true covariance or its inverse for high dimensional regression

problems [59,60].

In this paper, we propose a novel regression approach that first decorrelates the

high dimensional observation vector using the sparse matrix transform (SMT) es-

timate of the covariance [54]. To improve the prediction accuracy, model selection

is then performed by regularizing the regression in the domain of the decorrelated

data. In particular, we explore the use of both Lasso and shrinkage methods for this

regularized regression step. While the technique we propose can be used with other

estimates of the covariance, we have found that SMT covariance estimation results in

relatively good estimates particularly when n < p [54,61]. The SMT covariance esti-

mate achieves this improved accuracy by imposing a constraint that the eigenvector

transformation should be formed by a product of sparse rotations.

Our numerical results demonstrate that the both the SMT-Lasso and SMT-Shrinkage

regression methods can significantly improve the prediction performance when n < p,

and that, for our experiments, the SMT-Lasso method yields better results than the

SMT-Shrinkage method, but at the cost of greater computational cost.

5.3 Regression Model

Without loss of generality, let y 2 <n⇥1 be a vector of n i.i.d. zero-mean Gaussian

random variables which we would like to estimate. Our observations are X 2 <n⇥p,

a matrix containing n independent zero mean Gaussian random row vectors, each of
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dimension p. The minimum mean square error (MSEE) estimate of y given X has

the form

ŷ = Xb (5.1)

where b is a vector of regression coe�cients given by

b = R�1x ⇢ , (5.2)

where Rx = 1
n
E[X tX] is the covariance of the observations X, and ⇢ = 1

n
E[X ty] is

the correlation between the observations X and y.

Of course, in practice Rx and ⇢ are often unknown, so that b must be estimated

from training data (y,X). This problem has been widely studied over the years, and

most recently has become of particular interest in the challenging case when n < p.

The traditional method for solving the regression problem is ordinary least squares

(OLS). However, OLS becomes ill-posed when n < p, so partial least squares (PLS),

ridge regression [57], and the Lasso [58] have been proposed as alternatives.

5.4 SMT Regression for High Dimensional Data

Our approach will be to estimate y based on the assumption that we can accurately

estimate the covariance Rx. Our approach is motivated by a variety of new methods

for estimating high dimensional covariance matrices through the use of sparsity con-

straints [54, 62]. In particular, we will use the recently introduced SMT covariance

estimation method, which has been shown to produce substantially more accurate co-

variance estimates for certain physical data through the introduction of a covariance

model [54, 61]. Importantly, the SMT covariance estimate can accurately produce

all the eigenvalues of the covariance even when n < p, and the resulting estimate is

typically full rank.

Perhaps surprisingly, we will demonstrate that even when the exact value of the

covariance is used in Eq (5.2), the resulting regression coe�cients may yield estimates

that are inferior to established methods. Intuitively, this is because the correlation
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⇢ must also be accurately determined. Therefore, having an accurate estimate of Rx

does not insure success.

Therefore, our proposed regression approach is based on two steps. In the first

step, we decorrelate the observations using the estimate of Rx. In the second step,

we estimate the regression coe�cients in this decorrelated domain. We propose three

possible methods for estimating these regression coe�cients. The first method, which

we refer to as SMT-Lasso, applies the Lasso regression method in the decorrelated

domain. The second method, which we refer to as SMT-Shrinkage, shrinks the regres-

sion coe�cients toward zero; and the third method, which we refer to as SMT-subset

selection, simply selects the coordinates which are most correlated with the y.

For all the three methods, we use the SMT covariance estimate to decorrelate the

observation data in the first step. Let R̂x be the covariance estimate, and let the

eigen decomposition of the covariance estimate be given by

R̂x = Ê⇤̂Êt , (5.3)

where Ê is the orthonormal matrix of eigenvectors and ⇤̂ is a diagonal matrix of

eigenvalues. Using these estimated quantities, we can approximately decorrelate and

whiten the observed data using the transformation

X̃ = XÊ⇤̂�
1
2 . (5.4)

For the SMT covariance estimate, the entries of the diagonal matrix ⇤̂ are generally

positive, so the matrix is invertible.

Using the whitened observations X̃, the estimate of y can now be expressed as

ŷ = X̃� . (5.5)

Since X̃ is a linear transformation of the observations X, it does not change the

OLS estimate. However, it can change other regression results based on nonlinear

estimators of the regression coe�cients.
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An important special case occurs if the observations are perfectly whitened. In

this case, 1
n
E
h

X̃ tX̃
i

= I, and the regression parameters for MMSE estimation are

given by

� =
1

n
E[X̃ ty] . (5.6)

The question remains of how to compute an e↵ective estimate of �. For this purpose,

we propose three methods.

5.4.1 SMT-Lasso

The first method we propose for estimating �, which we call SMT-Lasso, is based

on the use of least squares minimization with an L1 norm constrain on � [58]. The

SMT-Lasso estimate is given by

�̂ = argmin
�

n

k y � X̃� k2 +� k � k1
o

. (5.7)

Notice that the solution to (5.7) depends on the specific whitening transformation

used in (5.4) because the L1 norm is not invariant to orthonormal rotations. There-

fore, SMT-Lasso will produce a di↵erent solution from conventional Lasso performed

in the native coordinates of X. Since the columns of the matrix X̃ are not exactly

orthogonal, the SMT-Lasso regression coe�cients are computed as the solution to a

quadratic programing problem. As with conventional Lasso, this optimization prob-

lem can be computed using a variety of e�cient techniques [58, 63].

5.4.2 SMT-Shrinkage

The second method we propose for estimating �, which we call SMT-Shrinkage,

is based on the approximation that the columns of X̃ are orthogonal, and have an L2

norm of n. More specifically, we assume that

1

n
X̃ tX̃ ⇡ I . (5.8)

In fact, the form of the SMT covariance estimate ensures that 1
n
diag

n

X̃ tX̃
o

= I.

So the columns of X̃ have a constant norm of n. In addition, the columns are
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approximately orthogonal because SMT covariance estimation attempts to minimize

correlation between columns subject to a constraint on the required number of sparse

rotations.

Using this approximation, the solution to (5.7) can be computed by first solving

the unconstrained optimization problem to yield

�̂ =
1

n
X̃ ty , (5.9)

and then applying the soft shrinkage operator to yield

�̂�i = sign(�̂i)(| �̂i | ��)+ , for i = 1, 2, . . . , p , (5.10)

where the operator (·)+ returns the positive portion of the argument. Notice that this

soft shrinkage operator has the same form of wavelet shrinkage for image denoising.

5.4.3 SMT-Subset Selection

The third method we propose for estimating �, which we call SMT-Subset Selec-

tion, is similar to SMT-Shrinkage, but it selects a subset of decorrelated components

for the regression, rather than shrinking the components toward zero.

For SMT-Subset selection, we first compute �̂ of (5.9). We then apply the following

operation to each component of �̂

�̂�i =

8

<

:

�̂i if | �̂i |> �

0 otherwise
. (5.11)

Notice that this operation selects the components that have the largest correlation

with the observations to be predicted.

5.5 Numerical Experiments

LetX 2 <n⇥p be a matrix containing n independent observations of a p-dimensional

vector. These observations are formed as

X = y · ⌧ t +W . (5.12)
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Fig. 5.1. (a) Simulated color IR view of airborne hyperspectral data over
Washington DC Mall [64]. (b) Ground-truth pixel spectrum of grass. (c)
Ground-truth pixel spectrum of water.

where ⌧ 2 <p⇥1 is a deterministic but unknown signal, y 2 <n⇥1 is a vector of n

independent Gaussian random variables to be estimated, and each row of W 2 <n⇥p

is an independent p-dimensional Gaussian random vector of correlated noise or clutter.

Without loss of generality, we assume that W , y, and X are all zero mean, and that

elements of y have unit variance.

To demonstrate the e↵ectiveness of the proposed SMT regression methods, nu-

merical examples of high dimensional regression are performed. In these examples,

the signal and the clutter have a dimension of p = 191. The “true” covariance of the

clutter Rw = 1
n
E[W tW ] is computed from real hyperspectral data [64]; and we know

Rx = Rw + ⌧⌧ t. Spectra of some ground-truth grass and water samples are shown in

Fig. 5.1. Di↵erent cases of ⌧ and W will be investigated.

Performance of di↵erent regression models is tested on another independently

generated dataset of 300 observations using the achieved signal-to-noise ratio (SNR),

SNR =
k y k2

k y �Xb̂ k2
. (5.13)

Next, we first use two specific cases of t to demonstrate the SMT regression meth-

ods in detail. More aggregate results are then provided. Among all these experiments,

3-fold cross validation was used to determine the values of the regularization param-

eters.
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5.5.1 When ⌧ Is a Small Eigenvector

Here, we investigate the case that the signal ⌧ falls in small eigenvector subspaces

of Rw. We choose ⌧ to be the 170-th eigenvector of Rw with k ⌧ k2= 32. Here, Rw

is computed using hyperspectral grass data [64]. A total number of n = 100 training

samples is used.

Figure 5.2(a) shows the SNR as a function of shrinkage threshold (� in (5.10)) af-

ter the data were whitened using di↵erent covariance estimates; Similarly, Fig. 5.2(b)

shows the SNR as a function of subset selection threshold (� in (5.11)). The marker

points represent the achieved SNRs using the threshold values chosen by cross val-

idation. The SNRs using the zero estimator and the optimal MMSE estimator are

also listed for comparison.

Notice that both shrinkage and subset selection significantly improve the regres-

sion performance after the data were whitened using the true covariance or the SMT

estimate. However, if the sample covariance estimate is used, neither shrinkage nor

subset selection improves the regression performance. This is because the signal ex-

ists in the small eigenvector subspaces that can not be represented by the sample

covariance.

5.5.2 When ⌧ Is a Random Signal

Here, ⌧ is generated as a Gaussian random vector with zero mean and covariance

I. Again, Rw is the “true” covariance of the hyperspectral data of grass class. A total

number of n = 100 training sample is used.

Figure 5.3 shows the results for a specific example of ⌧ : Fig. 5.3(a) shows the

SNR as a function of shrinkage threshold after the data were whitened using di↵erent

covariance estimates; Fig. 5.3(b) shows the SNR as a function of subset selection

threshold. It may be surprising to notice that the SMT-Shrinkage regression even

works slightly better than the true covariance-shrinkage as shown in Fig. 5.3(c).
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Fig. 5.2. Results when t is the 170-th eigenvector of Rw: (a) SNR ver-
sus shrinkage threshold. (b) SNR versus subset selection threshold. The
marker points represent the achieved SNRs using shrinkage thresholds
chosen by cross validation.

5.5.3 Aggregate Results

Here, more aggregate experiments are performed for further assessment of dif-

ferent regression methods. Traditional Lasso and ridge regression are included for

comparison. Here, ⌧ is generated as a Gaussian random vector as above. The am-

plitude of t is scaled in order to investigate di↵erent SNR cases. Rw is computed as

the “true” covariance matrix of hyperspectral data of grass and water, respectively.

n = 50, 100, 200 and 300 training samples are used for building the regression models,

respectively. For each case, 30 repeated experiments are run, and the average SNR is

calculated. For each run, ⌧ and W are re-generated.

Figure 5.4 shows the plots of the average SNRs. Notice that the SMT-Lasso

regression results in significantly higher SNRs, especially in the range of n < p. Fig-

ure 5.5 shows the SNRs of SMT-Lasso, SMT-Shrinkage and SMT-Subset selection,

respectively. SMT-Lasso performs best, but are much more computationally expen-

sive.
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Fig. 5.3. Results when t is a generated random Gaussian signal: (a) SNR
versus shrinkage threshold. (b) SNR versus subset selection threshold.
The marker points represent the achieved SNRs using shrinkage thresholds
chosen by cross validation.
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Fig. 5.4. Plots of average SNRs using di↵erent regression methods. Notice
that SMT-Lasso regression results in highest SNRs, especially in the range
of n < p compared to the other regression methods. (a) Clutter W is
generated using hyperspectral grass data. (b) Clutter W is generated
using hyperspectral water data.

5.6 Conclusions

In this paper, we proposed a novel regression approach for high dimensional data.

In this approach, the SMT covariance estimate is computed and used to decorrelate

the data, and then di↵erent model selection methods are used to obtain good esti-

mates of regression coe�cients in the decorrelated data domain. Numerical examples

show that the proposed approach can significantly improve the SNR of the regression

models, especially for ‘small n, large p’ problems.

5.7 Alternative Regression Methods

This section lists out some alternative methods for regression. We will compare

our proposed regression approaches with these methods in the numerical simulations.
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Fig. 5.5. SMT-Lasso versus SMT-Shrinkage versus SMT-Subset. SMT-
Lasso works best, but are much more computationally expensive. (a)
Clutter W is generated using hyperspectral grass data. (b) Clutter W is
generated using hyperspectral water data.
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5.7.1 Ordinary Least Squares Regression

In practice we do not usually know the true covariance and the correlation coef-

ficient, therefore, the sample covariance S = 1
n
X tX and sample correlation Xty

n
are

generally used to estimate the regression coe�cient vector b, which is called ordi-

nary least squares (OLS) regression. OLS can be formulated as the unconstrained

optimization problem

b̂ = argmin
b
k y �Xb k2 , (5.14)

and the solution is given by

b̂ = (X tX)�1
�

X ty
�

. (5.15)

We know the OLS estimator is unbiased, and it has lowest variance among all linear

unbiased estimators [57]. However, its variance can be very high for high-dimensional

data, compared to regularized estimators that are usually biased. Especially, if p > n,

the sample covariance is singular and non-invertible.

5.7.2 Ridge Regression

Ridge regression imposes a L2 penalty on the magnitude of the regression coe�-

cients. It can be formulated as the constrained optimization problem

b̂ = argmin
b

�

k y �Xb k2 +� k b k2
 

. (5.16)

5.7.3 Traditional Lasso Regression

Traditional Lasso regression is usually performed in the native coordinates of X

with L1 regularization on the regression coe�cients [58]

b̂ = argmin
b

�

k y �Xb k2 +� k b k1
 

. (5.17)
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