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ABSTRACT

Venkatakrishnan, Singanallur V. Ph.D., Purdue University, August 2014. Model-
Based Iterative Reconstruction For Micro-scale and Nano-scale Imaging. Major
Professor: Charles A. Bouman.

Transmission electron microscopes (TEM) and synchrotron X-ray (SX) sources

are widely being used to characterize materials at the nano-scale and micron-scale

in two/three dimensions. While there has been significant progress in enhancing the

hardware in these instruments to improve image quality, the algorithms used for image

reconstruction have not fully exploited the statistical information in the data and the

properties of the material being imaged to enhance the quality of the images. Model-

based iterative reconstruction (MBIR) is an emerging theme for image reconstruction

that combines a probabilistic model for the measurement system (forward model) with

a probabilistic model for the image (prior model) to formulate the reconstruction

as a high-dimensional estimation problem. In this dissertation, we propose MBIR

algorithms for different imaging modalities used in a TEM and in SX imaging.

First, we propose an MBIR algorithm for high angle annular dark field - scan-

ning TEM (HAADF-STEM) tomography. Next, we present an MBIR algorithm for

handling anomalous measurements encountered in bright field - electron tomogra-

phy (BF-ET) of crystalline samples. Results on simulated as well as real data show

significant improvements over the typical reconstruction approaches used for HAADF-

STEM tomography and BF-ET. Furthermore, the proposed MBIR for BF-ET is also

useful for SX tomography as it can handle anomalous measurements from saturated

detector pixels.

Finally, we propose a flexible optimization framework, termed Plug-and-Play pri-

ors, that allows state-of-the-art forward models of imaging systems to be matched
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with state-of-the-art denoising algorithms for MBIR. We will demonstrate how the

Plug-and-Play priors can be used to mix and match a wide variety of denoising algo-

rithms based on advanced image models with forward models encountered in TEM

tomography, SX tomography and in sparse image reconstruction from STEM data,

thus greatly expanding the range of possible problem solutions.
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1. INTRODUCTION

The past decade has witnessed an unprecedented interest in the development of new

materials to solve key problems in areas ranging from energy to medicine. The recent

announcement of the Materials Genome Initiative [1] for advanced manufacturing

further emphasizes the interest in the rapid development of novel materials for various

applications. A key component in the development of advanced materials is to have

the ability to quantitatively characterize samples at the nano-meter scale and micron-

scale. Transmission electron microscopy (TEM) is a very popular imaging method

used in the physical and biological sciences for characterizing samples at the nano-

meter scale in 2D and 3D [2, 3]. Similarly, synchrotron X-ray (SX) tomography

is widely used for characterizing materials at the micron scale in 3D [4, 5]. While

there has been significant progress in enhancing the hardware in these instruments to

improve image quality, the algorithms used for image reconstruction have not fully

exploited the statistical information in the data and the properties of the material

being imaged to enhance the quality of the images. It is evident that the design of

advanced algorithms that exploit knowledge about the physics of acquisition, noise

characteristics of the detectors as well as knowledge about the materials being imaged,

can help improve the quality of reconstructions for the data acquired or alternately

reduce the amount of data acquired for a fixed reconstruction quality. Thus, the

design of novel imaging algorithms can play a key role in the characterization of

materials at the micro-meter and nano-meter length scale.

Model-based iterative reconstruction (MBIR) is a systematic approach for solving

problems in image reconstruction. MBIR approaches have dramatically helped to im-

prove image quality in various applications including denoising [6, 7], medical X-ray

CT [8, 9], positron emission tomography [10], dual energy CT [11], optical diffusion

tomography [12, 13], and MRI [14, 15]. Model-based approaches to imaging combine
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the physics of data formation with a noise model for the sensors and a probabilistic

model for the underlying image to formulate a posterior probability distribution for

the image given the measurements. Using this description we can reconstruct the

unknown image in several ways, the most popular being maximum a posteriori prob-

ability (MAP) estimation. A key benefit of MBIR approaches are that we can include

the estimation of missing calibration parameters associated with the measurement as

a part of the reconstruction. A common method of formulating the reconstruction

problem in the presence of unknown calibration parameters is [16]

(f̂ , φ̂)← argmin
f,φ

{− log p(g|f, φ)− log p(f)}

where g is the data, f is the image/volume to be reconstructed, φ refers to unknown

calibration parameters, p(g|f, φ) is the probability density function (pdf) of the mea-

surements given the unknowns and p(f) is the pdf for the image/volume. The main

challenges in MBIR are the formulation of tractable models and the subsequent de-

velopment of convergent optimization algorithms for very large data sets.

In this dissertation, we propose MBIR algorithms for imaging modalities used in

a TEM and in SX tomography (SXT). First, we will present MBIR algorithms for

two modalities used in TEM tomography. Finally, we will present an algorithmic

framework which can enable sophisticated prior models of images to be incorporated

into MBIR in a simple manner. We will apply this framework to tomography and to

the reconstruction of an image from a sparse set of measured pixels.

1.1 MBIR for Electron Tomography

When high energy electrons interact with a sample a variety of signals are pro-

duced such as the direct transmission, elastic scatter, inelastic scatter, back-scatter

electrons and secondary electrons (see Fig. 1.1). Each of these signals can be used for

imaging a sample and reveal different properties of the material. For example, a scan-

ning electron microscope (SEM) can collect secondary electrons and back-scattered
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Fig. 1.1.: Some signals generated when high energy electrons interact with a sample.
These signals can be analyzed using an electron microscope. A scanning electron
microscope forms images of secondary electrons and back-scattered electrons while a
transmission electron microscope can form images of the direct beam and the forward
scattered electrons.

electrons (BSE) and is used for 2-D imaging of the surface of a sample [17]. A

transmission electron microscope (TEM), on the the other hand, can collect electrons

that are transmitted through the sample and can therefore be used to probe depth

information in addition to the 2-D surface.

TEMs are widely used for 2-D and 3-D characterization of materials at the nano-

meter scale in the physical and biological sciences. The two dominant 2-D imaging

modalities in a TEM/scanning-TEM (STEM) are - bright field (BF) and high angle

annular dark field (HAADF). BF images are formed by collecting electrons transmit-

ted through the sample (or scattered through small angles), while in the HAADF

case, electrons scattered by the sample through high angles are collected using an
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Fig. 1.2.: Illustration of a typical set-up for STEM tomography. The electron beam
is rastered across the sample to form a single image. The sample is then tilted and
the process is repeated. The two dominant modalities for STEM tomography are
HAADF and BF.

annular detector (see Fig. 1.2). Fig. 1.3 shows a BF and HAADF image acquired of

the same sample. Since the BF detector collects electrons transmitted (or scattered

through very small angles), the images are “bright” in the absence of any material.

In contrast, the HAADF detector captures electrons scattered by the sample through

high angles (in the range of 50-250 mrad) and hence the image is “dark” in regions

where there is no material present. 3-D characterization of samples in a (S)TEM is

carried out using electron tomography (ET). For ET, the sample is tilted and imaged

in a limited angular range (see Fig. 1.2) to acquire a “tilt-series” data set to which

an algorithm is applied reconstruct the object.

In the first part of this dissertation, we propose an MBIR algorithm for HAADF-

STEM tomography. HAADF-STEM data is increasingly being used in the physical
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BF image HAADF image

Fig. 1.3.: Example of BF and HAADF-STEM image acquired from a sample con-
taining gold and aluminum nano-particles in a carbon support. HAADF images are
characterized by low counts in regions where there is no sample present while BF
images are characterized by high counts in region where there is no sample present.

sciences because it reduces the effects of Bragg diffraction [18] seen in BF TEM data.

Typically, tomographic reconstructions are performed by directly applying either fil-

tered back projection (FBP) or the simultaneous iterative reconstruction technique

(SIRT) to the data [19–22]. Since HAADF-STEM tomography data typically has a

low signal-to-noise ratio, a limited set of views and certain missing calibration param-

eters associated with the measurement, methods such as FBP and SIRT can result in

significant artifacts in the reconstructed volume. We propose a novel likelihood func-

tion, p(g|f, φ), for HAADF-STEM imaging that models the data formation process

while accounting for calibration parameters such as detector gains, offsets and noise

variance. We then combine it with a model for the object to formulate the MBIR cost

function. Since there are missing calibration parameters, we include their estimation

as a part of the reconstruction. Minimizing the MBIR cost function is computation-

ally expensive; hence we propose a fast, parallel, multi-resolution method that makes

the algorithm usable in practice.
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Next, we propose an MBIR algorithm for BF-ET. BF data has generally been

avoided [2, 23] for tomography in the physical sciences because of sudden changes

in intensity in certain regions of the acquired images due to Bragg diffraction from

crystalline samples [24], leading to a measurement uncharacteristic of attenuation

due to thickness alone. As a result of these anomalous measurements, methods such

as FBP or SIRT fail to reconstruct the samples effectively. We propose a new like-

lihood function, p(g|f, φ), for the data using a pdf based on a generalized Huber

function [25] which models the Bragg scatter events as outliers. One challenge with

using the generalized Huber function for MBIR is that the resulting cost function

may not be differentiable and hence is difficult to minimize using standard gradient-

based techniques. Hence, we propose an iterative optimization strategy based on

majorization-minimization [26, 27] that results in simple closed form updates while

monotonically decreasing the cost. Finally, we note that the forward model for SXT

shares similarities with the case of BF-ET; hence the proposed algorithm has also

been shown to be useful for SXT [28], where there are anomalous measurements due

to saturated detector pixels.

1.2 Towards Advanced Prior Models for MBIR

Most MBIR approaches for applications with complex forward models as in to-

mography, use conventional Markov random field (MRF) based prior models, p(f), for

the underlying image to be reconstructed [8,29–35]. These models result in tractable

cost functions and give reasonable results in several applications. However, these

models result in some artifacts and the question of which prior models best describe

images is an open problem. Recent advances in image denoising based on sophisti-

cated patch-based non-local image models (for example [6, 36, 37]), have shown that

it is possible to dramatically improve upon what was previously possible. However

incorporating these denoising algorithms into problems like tomography is challeng-
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ing because it can result in cost functions that are difficult to optimize; or in some

cases the denoising methods do not correspond to an explicit prior model.

In the last part of this dissertation, we propose a flexible framework for MBIR,

termed Plug-and-Play priors, that allows state-of-the-art forward models of imaging

systems to be matched with state-of-the-art priors via denoising algorithms. We will

demonstrate how the Plug-and-Play priors can be used to mix and match a wide

variety of existing denoising algorithms with forward models encountered in TEM

tomography, SXT and in sparse image reconstruction of STEM data, thus greatly

expanding the range of possible problem solutions.

1.3 Organization of Dissertation

The organization of the rest of this dissertation is as follows. In Chapter 2 we

present an MBIR algorithm for HAADF-STEM tomography. In Chapter 3 we present

an MBIR algorithm that can handle anomalous data in BF-ET. Finally, in Chapter

4 we present details of the Plug-and-Play priors framework for combining advanced

prior models with forward models in tomography and image reconstruction from a

sparse set of measurements.
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2. MODEL-BASED ITERATIVE RECONSTRUCTION

FOR HIGH-ANGLE ANNULAR DARK FIELD -

SCANNING TRANSMISSION ELECTRON

MICROSCOPE (HAADF-STEM) TOMOGRAPHY

2.1 Introduction

Electron tomography has been widely used in the life sciences to study biological

structures in 3D [38]. In the life sciences, electron tomography is dominated by

Bright Field (BF) tomography which is a transmission modality. However, direct

extension of the BF technique to the material sciences has proved challenging because

of diffraction effects in some regions of the acquired projection images (sinogram)

caused by crystalline samples [2]. This has led to a growing interest in the use

of HAADF-STEM tomography to study materials in 3D (e.g. [19–22, 39, 40]). This

modality, which is based on measuring electrons scattered by the material, is relatively

free from diffraction effects observed in BF TEM data. The HAADF-STEM signal

contains information about the atomic number of the region being imaged and hence

is useful for extracting chemical information about the material. As a result HAADF-

STEM tomography is also referred to as Z-contrast tomography [2].

A typical HAADF-STEM acquisition involves focusing an electron probe at a

point on the material for a short duration and measuring the electrons scattered into

an annular detector as shown in Fig. 2.1(a). The electron beam is raster scanned

and at each point a measurement is made to obtain a projection image of the object.

The object is then tilted along a single axis and the process is repeated. At the end

of the acquisition, a set of projection images is obtained corresponding to each tilt

of the object. In most cases, due to mechanical constraints the object can only be

tilted in the range of approximately ±70◦. Therefore, HAADF-STEM tomography
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can be classified as a parallel beam, limited angle tomography modality. More details

of HAADF-STEM acquisition and pre-processing can be found in [2, 41].

Most approaches (e.g. [19–22]) for HAADF-STEM tomography have directly used

the measured HAADF data for tomographic inversion using FBP or SIRT [42]. The

reconstruction quality for these algorithms is limited by the fact that they do not in-

corporate noise statistics of the measurement, and do not incorporate a prior model.

Furthermore, algorithms such as SIRT require the selection of an ad-hoc stopping

criterion; otherwise the reconstructed image will typically diverge or become exces-

sively noisy. Recently, there have been efforts on using compressed sensing (i.e. to-

tal variation prior model) based methods [39, 40] and discrete tomography [43] for

HAADF-STEM tomography. However, these examples have not explicitly taken into

account specific noise models and do not deal with the case when there are missing

calibration parameters associated with the measurement.

Model Based Iterative Reconstruction (MBIR) algorithms have enabled significant

qualitative and quantitative improvements in tomography applications like X-Ray

CT [8,29,30,32–34], positron emission tomography (PET) [10,31,35,44], bright field

electron tomography [45] , optical diffusion tomography (ODT) [12, 13], and atomic

resolution tomography [46]. These methods typically require the specification of a

model for the measurement system and its associated noise (i.e., a forward model); a

model for the unknown image volume being reconstructed (i.e., a prior model); an es-

timation criteria for finding the reconstruction (typically the MAP estimate); and an

algorithm to compute the estimate. However, computing the estimate requires solv-

ing a computationally demanding optimization problem, and typically an iterative

approach is employed to solve it. A variety of iterative algorithms have been explored

for tomographic reconstruction such as Expectation Maximization [47], Ordered Sub-

sets (OS) [48, 49], Conjugate Gradient [50, 51], graph cuts [52] and ICD [53]. It has

been shown that ICD has relatively faster convergence than other popular methods

especially at higher spatial frequencies in the X-ray CT case [54] when the algorithms
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were initialized with a FBP reconstruction. Furthermore positivity constraints can

be easily incorporated in ICD compared to other gradient based methods.

In this chapter, we present a MBIR algorithm for quantitative HAADF-STEM to-

mography [55]. We begin by specifying a quantitative forward model for the HAADF-

STEM acquisition system which depends on the 3D volume of scatter coefficients

along with other parameters which can be either estimated or measured. Next, we

incorporate knowledge of either sharp or diffuse interfaces between materials by using

a q-Generalized Gaussian Markov Random Field (q-GGMRF) [56] prior for the scat-

ter coefficients. If the interfaces between materials are sharp, then the parameters

of the model can be adjusted to produce an edge preserving reconstruction; and if

they are diffuse, then the parameters can be adjusted to produce more smooth bound-

aries. Finally, we formulate the reconstruction as a maximum a posteriori probability

(MAP) estimation problem and develop a fast multiresolution iterative algorithm to

minimize the corresponding cost function.

Our algorithm to minimize the MAP cost function is based on the ICD [53] al-

gorithm. In HAADF-STEM tomography, it is also necessary to estimate certain

unknown calibration parameters, in addition to the actual 3D volume of scatter co-

efficients. In every iteration of the optimization, the voxels are updated, followed by

the update of other unknown parameters to lower the value of the MAP cost function.

To speed convergence of the algorithm we update voxels in a random order [8], use a

substitute function approach and parallelize the updates. The convergence is further

sped up by using a multi-resolution initialization for the parameters, which also elim-

inates the need to compute an analytical reconstruction as an initial condition. We

evaluate our method by comparing the reconstructions with those produced by FBP

and SIRT for a simulated as well as a real data set. Reconstructions of a simulated

data set as well as a real data set show that MBIR produces superior reconstructions

by suppressing artifacts and enhancing contrast.

The organization of this chapter is as follows. In Section 2.2 we discuss the model

used for the measurement process in HAADF-STEM tomography. In Section 2.3
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(a) (b)

Fig. 2.1.: Illustration of the measurement process in a HAADF-STEM acquisition
system. (a) A single measurement is obtained by focusing the electron beam I0 on the
material and measuring electrons scattered into the annular detector. (b) Equivalent
model for the measurement process. The scattered beam from location w0, dGk(u, v),
which is deflected by angles in the range of 50− 300 mrad, is detected by the annular
detector.

we present details of the q-GGMRF prior model. In Section 2.4 we use the image

formation model along with the prior to formulate the MAP estimation problem and

describe our algorithm to find the MAP estimate. In Section 2.5 we present results

from a simulated data set and follow it up with results on a real data set. Finally in

Section 2.6 we draw our conclusions.

2.2 Measurement Model

In HAADF-STEM tomography, a single measurement is obtained by focusing an

electron beam at a point on the surface of the material of interest. As the beam prop-

agates through the material, the electrons which are scattered through high angles,

approximately in the range 50− 300 mrad, are detected by an annular detector (see

Fig. 2.1). The number of electrons detected depends on the value of the HAADF
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scatter coefficients along the region being probed which is related to the type and

number of atoms per unit volume at each location, the beam energy used as well as

the inner and outer angle of the detector. The total number of electrons detected by

the annular detector is typically assumed to be proportional to the projected value of

the scatter coefficients through the region being probed. The electron beam is raster

scanned and at each point we get a single measurement. The measurements resulting

from a single raster scan of the material constitute a single electron microscope image.

The sample is then tilted around a single axis (y axis in Fig. 2.1) and the process is

repeated. Thus we get 2-D parallel beam tomography data which we need to invert

in order to reconstruct the HAADF scatter coefficients.

The goal of HAADF-STEM tomography is to reconstruct the HAADF scatter

coefficients (units of nm−1) denoted by f(x, y, z) at every point in space. If (x, y, z)

is the frame of reference of the object and (u, v, w) is the reference frame for the

electron source (see Fig. 2.1), then any function of space can be reparameterized so

that fk(u, v, w) = f([u, v, w]Rθk) where Rθk is an orthonormal rotation of the spatial

coordinates by an angle θk. For tomographic reconstruction we require measurements

of the projection integral
∫ +∞

−∞
fk(u, v, w)dw through the object for every tilt θk and

every point (u, v). We begin by describing how this measurement can be obtained

from the HAADF-STEM signal. Let I0(u, v) be the source electron flux in units of

electrons per nm2 corresponding to the beam at location (u, v). Under the assump-

tions that attenuation effects are minimal and the sample is relatively thin, the total

HAADF scatter is given by [57]

Gk(u, v) = I0(u, v)

∫ wmax

wmin

fk(u, v, w) dw. (2.1)

Thus we get

Gk(u, v)

I0(u, v)
=

∫ wmax

wmin

fk(u, v, w)dw

=

∫ wmax

wmin

f ([u, v, w]Rθk) dw. (2.2)
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So the normalized quantity Gk(u, v)/I0(u, v) is an estimate of the tomographic pro-

jection at angle θk and at position (u, v).

We note that the above model, though widely used for HAADF-STEM tomogra-

phy, does not account for the attenuation effects observed during the imaging of thick

specimens of heavy elements [58]. While Van den Broek at al. have addressed some

of these non-linear effects [59], the topic of developing simple tractable models that

describe all the experimentally observed characteristics of the HAADF-STEM signal

including contrast reversal [60] remains an open problem. We use the linear model

because it is still widely applicable for a range of materials and thicknesses studied

in STEM tomography including all the cases considered in this chapter.

Next we model the process by which the detector converts the incident electron

flux to a measured signal. The HAADF-STEM detector typically consists of a photo-

multiplier tube (PMT) which converts the detected electron flux to a current which

is then converted to a voltage using a preamplifier and read out using an A/D con-

verter [61]. Since the HAADF-STEM detector has a limited dynamic range, the gain

associated with the PMT (referred to as contrast) and offset associated with the

preamplifier [61, 62] (referred to as brightness) can be adjusted so a wide range of

materials and thicknesses can be imaged. We denote the PMT gain associated with

the measurements at tilt k by αk and the additive offset associated with the mea-

surements at tilt k by dk. Therefore, we model the ith measurement (corresponding

to the electron source at (ui, vi)) at tilt k by a Gaussian random variable gk,i, with

mean

E[gk,i] = αk

∫ ∫

Gk(u, v)hi(u, v) dudv + dk (2.3)

where hi(u, v) is a kernel which averages the electron flux over the area corresponding

to the ith measurement. Let f be a discretized version of f(x, y, z) organized as a

N×1 vector, where N is the total number of voxels, Ak is a M×N projection matrix
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for tilt k, and M is the number of measurements per tilt. Then substituting (2.1) in

(2.3) we get

E[gk,i]≈ Ik

∫ ∫ (∫ wmax

wmin

fk(u, v, w)dw

)

hi(u, v)dudv + dk

= Ik [Akf ]i + dk (2.4)

where [Akf ]i is the i
th entry of the vector Akf , Ik = I0αk is the product of the source

electron dose (counts) and the PMT gain at tilt k. For simplicity we will call Ik the

gain associated with the measurements at tilt k. The variance of each measurement

is modeled by

Var[gk,i] = σ2
kE[gk,i] (2.5)

where σ2
k is a parameter used to model the noise variance at tilt k and E[gk,i] accounts

for the Poisson characteristics of the measurement. We assume that all the measure-

ments are conditionally independent. If E[gk,i] ≈ gk,i, Λk = diag
(

1
gk,1

, · · · , 1
gk,M

)

,

gk = [gk,1, · · · , gk,M ]t, g = [gt1 · · · gtK ]t, I = [I1, · · · , IK ], d = [d1, · · · , dK ] and σ2 =

[σ2
1, · · · σ2

K ] then using (2.4) and (2.5) we get

p(g|f, I, d, σ2) =

(

K
∏

k=1

1

(2πσ2
k)

M
2 |Λk|−

1

2

)

exp

{

−1

2

K
∑

k=1

1

σ2
k

‖gk − IkAkf − dk1‖2Λk

}

(2.6)

where K is the total number of tilts.

2.3 Prior Model

We use a q-GGMRF [56] model for the probability density of f . The parameters of

this model can be adjusted to account for sharp or diffuse interfaces between materials.

Moreover since it has a bounded second derivative, the substitute function method of
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[8] can be used, significantly speeding up the subsequent MAP estimation algorithm.

If N is the set of all pairs of neighboring voxels (e.g. a 26 point neighborhood in 3D),

wij is a weighting kernel which is inversely proportional to the distance between voxel

i and voxel j, normalized so that
∑

j∈Ni

wij = 1 , Ni is the set of all neighbors of voxel

i, then the density function corresponding to the q-GGMRF prior is given by

p(f) =
1

Z
exp







−
∑

{i,j}∈N

wijρ(fi − fj)







(2.7)

ρ(fi − fj) =

∣

∣

∣

fi−fj
σf

∣

∣

∣

q

c+
∣

∣

∣

fi−fj
σf

∣

∣

∣

q−p

where Z is a normalizing constant and p, q, c and σf are q-GGMRF parameters.

Typically 1 ≤ p ≤ q ≤ 2 is used to ensure convexity of the function ρ(.), thereby

simplifying the subsequent MAP optimization. The value of σf is typically set to

achieve a balance between resolution and noise in the reconstructions. In this chapter

we fix q = 2. When p = 1 the prior model corresponds to strong edge preserving

reconstructions while p = 2 corresponds to smooth reconstructions (bearing some

similarities to the Cahn-Hilliard phase field model [63]). We note that when c is

zero, the p = 1 case of the q-GGMRF corresponds to the total variation prior [29].

Thus the q-GGMRF provides a flexible prior model framework enabling us to model a

range of possible materials from those with very sharp interfaces to those with smooth

interfaces.

2.4 MAP Estimation And MBIR Algorithm

We use the MAP estimate to reconstruct the values of the HAADF scatter coeffi-

cients. Since the gains (I), offsets (d) and variance parameters (σ2) are typically not
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measured we treat them as nuisance parameters in the MAP estimation framework.

The MAP estimate of the parameters is given by

(f̂ , Î , d̂, σ̂2) = argmin
f≥0,I∈Ω,d,σ2

{

− log p(g|f, I, d, σ2)− log p(f)
}

where Ω =

{

I ∈ R
K : 1

K

K
∑

k=1

Ik = Ī

}

, p(I, d, σ2) is uniformly distributed, f is con-

ditionally independent of (I, d, σ2). We impose positivity constraints on the voxels

(f ≥ 0) as it is physically meaningful to have positive values of the HAADF scat-

ter coefficients. The constraint Ω forces the average value of the gains to be equal

to a value Ī to prevent our algorithm from diverging to unreasonable values of the

HAADF scatter coefficients. The choice of Ī is arbitrary but affects the scaling of

f and hence the choice of the prior model parameter, σf . Hence if Ī is set to the

product of detector gain and source electron dose, then the reconstructions will be

quantitative.

Using (3.4) and (3.10) we obtain the MAP estimate by minimizing the cost

c(f, I, d, σ2) =
1

2

K
∑

k=1

1

σ2
k

‖gk − IkAkf − dk1‖2Λk

+
1

2

K
∑

k=1

log
(

(

2πσ2
k

)M |Λk|−1
)

+
∑

{i,j}∈N

wijρ(fi − fj) (2.8)

In general the cost function c(f, I, d, σ2) is convex in f but not jointly convex in

(f, I, d, σ2). We adapt the ICD algorithm [30] to minimize the cost function (2.8).

In ICD the parameters are updated one at a time such that each update results in a

lower value of the cost function. The basic structure of our algorithm is to repeatedly

perform the following steps until convergence is achieved.

(i) For each voxel j , f̂j ← argmin
fj≥0

c(f, I, d, σ2)

(ii) (Î , d̂)← argmin
I∈Ω,d

c(f̂ , I, d, σ2)
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(iii) σ̂2 ← argmin
σ2

c(f̂ , Î , d̂, σ2)

In Step (i) we update each voxel to lower the original cost function using a substitute

function approach [8]. The form of the substitute function is chosen so that it results

in simple closed form updates for the voxels, speeding up the implementation of our

method. It has also been shown in [8] that the substitute function approach speeds up

the overall convergence of the algorithm to the minimum. Minimizing the substitute

function does not minimize the original cost but it results in voxel updates that lower

the original cost. In Step (ii) we find the minimum of the cost function with respect

to the gain I and offset parameters d by turning the constrained optimization to an

unconstrained problem by using a Lagrange multiplier. Finally in (iii) we minimize

the cost function with respect to σ2. Thus each of the above updates lowers the value

of the original cost function. The algorithm is terminated if the relative change in

the total magnitude of the reconstruction is less than a preset threshold. Next, we

derive the update equations for the three steps of our algorithm.

2.4.1 Voxel Update

We adopt a strategy similar to [8] based on a substitute function approach and

random order update of the voxels to minimize the cost with respect to each voxel.

Sets of voxels having the same (x, z) coordinate constitute a voxel line. Voxels in

the same voxel line share geometry computation and therefore it is computationally

efficient to update a single line of voxels together. Updating the voxel lines in random

order and using a substitute function approach has also been shown to speed up the

convergence of the ICD algorithm [8]. Further the voxel updates are implemented

in parallel (on multicore machines) by allocating sets of contiguous x − z slices to

different cores similar to [64].
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UpdateVoxel(j,e) {

θ̃2 ←
K
∑

k=1

(IkAk,∗,j)
tΛ̃k(IkAk,∗,j)

θ̃1 ← −
K
∑

k=1

etkΛ̃k(IkAk,∗,j)

for each i ∈ Nj { Compute substitute function parameter aji using (3.11)}

u∗ ←

∑

i∈Nj

wjiajifi+θ̃2f̃j−θ̃1

∑

i∈Nj

wjiaji+θ̃2

fj ← max(u∗, 0)

ek ← ek − (fj − f̃j)IkAk,∗,j , k = 1, 2, · · ·K
}

Fig. 2.2.: Pseudocode for updating a single voxel j. The parameters for the 1-D
optimization problem are computed based on a substitute function approach and a
new value for the voxel is evaluated. The error sinogram e is then updated based on
this new voxel value.

In order to find the optimal update for the jth voxel we begin by rewriting the

cost function (2.8) by ignoring terms not involving voxel j as

c̃(u) = θ̃1u+
θ̃2
2

(

u− f̃j

)2

+
∑

i∈Nj

wjiρ(u− fi) (2.9)

where Λ̃k = 1
σ2

k

Λk, θ̃1 = −
K
∑

k=1

etkΛ̃k(IkAk,∗,j), θ̃2 =
K
∑

k=1

(IkAk,∗,j)
tΛ̃k(IkAk,∗,j) , Ak,∗,j is

the jth column of the forward projection matrix Ak at tilt k, ek = gk − IkAkf − dk1

, f̃j is the present value of voxel j, and Nj is the set of all neighbors of voxel j. We

must minimize this function with respect to u to find the optimal update for voxel

j. Taking the derivative with respect to u and setting it to zero does not give a

closed form update for u due to the complicated form of the potential function ρ(·).
Therefore we use a substitute function approach in which we find a function which

bounds (2.9) from above, such that minimizing the new function results in a lower



19

value of the original cost function. Typically the substitute function is chosen so

that it can be minimized in a computationally efficient manner. We find a substitute

function for each ρ(u− fi) of the form

ρ(u− fi; f̃j − fi) =
aji
2
(u− fi)

2 + bji. (2.10)

Using such a form results in a simple closed form update for a given voxel. The values

of aji and bji can be derived as shown in Appendix A and are given by

aji =











ρ′(f̃j−fi)

(f̃j−fi)
f̃j 6= fi

ρ′′(0) f̃j = fi

(2.11)

bji = ρ(f̃j − fi)−
aji
2
(f̃j − fi)

2 (2.12)

Given these values, the new cost function we need to minimize is

c̃sub(u) = θ̃1u+
θ̃2
2

(

u− f̃j

)2

+
∑

i∈Nj

wjiρ(u− fi; f̃j − fi).

Since ρ(u − fi; f̃j − fi) is quadratic in u, the minimum of c̃sub(u) has a closed form

and is given by

u∗ =

∑

i∈Nj

wjiajifi + θ̃2f̃j − θ̃1

∑

i∈Nj

wjiaji + θ̃2
. (2.13)

Enforcing the positivity constraint, the final update for voxel j is given by

f̂j ← max(u∗, 0) (2.14)

The pseudocode for updating a single voxel is given in Fig. 2.2.
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UpdateGainOffset(f, e) {
for each tilt k {

Akf ← gk−dk1−ek
Ik

Compute Qk, bk
}
Compute λ̂ using (2.15)
for each tilt k {

Compute Îk and d̂k using (2.16)
ek ← gk − Îk(Akf)− d̂k1

}
}

Fig. 2.3.: Pseudocode for updating the gain and offset parameters. The parameters
for the constrained optimization problem are computed efficiently using the present
error sinogram and used to evaluate the optimal gains and offsets. Based on these
new values, the error sinogram is updated.

2.4.2 Gain and Offset Update

To minimize the function (2.8) with respect to the gains and offsets subject to

the constraint, we turn the constrained optimization problem into an unconstrained

one by using a Lagrange multiplier λ. If Qk =





(Akf̂)
tΛ̃k(Akf̂) (Akf̂)

tΛ̃k1

(Akf̂)
tΛ̃k1 1

tΛ̃k1



 ,

bk =





bk,1

bk,2



 =





gtkΛ̃kAkf̂

gtkΛ̃k1



, Λ̃k =
1
σ2

k

Λk, I = [I1, · · · , IK ] , Q−1
k =





q̃k,11 q̃k,12

q̃k,21 q̃k,22



,

the optimal update can be derived as shown in Appendix B and is given by

λ̂ =

K
∑

k=1

(q̃k,11bk,1 + q̃k,12bk,2)−KĪ

1
K

K
∑

k=1

q̃k,11

(2.15)

and





Îk

d̂k



 = Q−1
k



bk −
1

K





λ̂

0







 . (2.16)
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The pseudocode for updating the gains and offsets efficiently is given in Fig. 2.3.

2.4.3 Variance Parameter Update

To find the optimal value of the variance parameter, we can take the gradient of

(2.8) with respect to σ2 and set it to zero. This gives us the optimal update for each

σ2
k as

σ̂2
k ←

‖ek‖2Λk

M
(2.17)

where ek = gk − ÎkAkf̂ − d̂k1 and M is the number of measurements for each tilt.

2.4.4 Multi-resolution Initialization

In model based X-Ray CT it is common to initialize the reconstruction using FBP.

In HAADF-STEM tomography initializing with FBP is challenging because there are

several nuisance parameters for which we have no initial estimates. Moreover since

the data sets are large and the optimization tend to be computationally intensive, the

overall convergence can be sped up by using a multi-resolution algorithm to initialize

the parameters. Multiresolution methods have proved to be useful in initializing

parameters in other tomographic modalities [13, 35, 66]. These methods transfer the

computational load to the coarser scales where the optimization algorithm is faster

because the dimensionality of the problem is effectively reduced. In our application

we set the parameter c in the prior model to be small, and q = 2 so our prior behaves

similar to a GGMRF [67]. Therefore we adapt the scaling parameter of the prior

model, σf , for different resolutions using Eq. 28 in [65]. Next we detail a method to

initialize the parameters at the coarsest resolution.
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UpdateParameters(f , I, d, σ2, NInnerIter, T ){
Λ̃k ← 1

σ2

k

Λk, k = 1, · · · , K
OuterIter ← 0 //holds the number of iterations
do {

ek ← gk − Ik(Akf)− dk1, k = 1, · · · , K
for Iter=1 to NInnerIter //inner loop

for each voxel j in random order
(f̂j, e)← UpdateVoxel(j, e)

(Î , d̂, e)← UpdateGainOffset(f̂ , e)
for each tilt k

σ̂2
k ←

‖ek‖
2

Λk

M

Λ̃k ← 1
σ̂2

k

Λk

if (OuterIter == 0)
NInnerIter ← 1

OuterIter ← OuterIter+1
} while (Stopping Threshold ≥ T or OuterIter ≤ 1)

}

Fig. 2.4.: Pseudocode to update all the parameters and find the optimal value of
the voxels. First, all the voxels are updated in random order, followed by the gains,
offsets and noise variance. The value NInnerIter determines the number of inner itera-
tions over the voxels. At the very first outer iteration at the coarsest resolution this
parameter is set to a fixed value greater than 1. In all subsequent iterations this value
is set to 1. The algorithm is terminated if the relative change in the magnitude of
the reconstruction is less than a threshold T and the number of outer iterations is
greater than one. Keeping track of the error sinogram (ek) at each tilt k results in a
computationally efficient algorithm.

Parameter Initialization At Coarsest Scale

In HAADF-STEM tomography, we observe that the signal measured at each view

is offset by an additive constant due to the detector. In order to estimate these offsets

in the optimization framework we require a reasonable initial estimate. To do so we

assume that the material is homogenous. Thus the measured signal at each view

k will be proportional to 1
cos(θk)

plus an unknown offset. At the coarsest resolution

the offset parameter vector d is initialized by a least squares fit of the average count

in each view k to 1
cos(θk)

. More specifically, if G is a K × 1 vector containing the
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MultiResolutionReconstruction(g, σf , Ī, NRes, NInner, T ){
Set d(0) according to (2.18) and (2.19)

I(0) = Ī1, σ2(0) = 1, f (0) = 0

for k = 1 to NRes

if(k == 1)
(

f (k), I(k), d(k), σ2(k)
)

←
UpdateParameters

(

f (k−1), I(k−1), d(k−1), σ2(k−1), NInner, T
)

else

f (k−1) ← UpSample
(

f (k−1)
)

σ
(k−1)
f ← Update σf using Eq. 28 in [65]
(

f (k), I(k), d(k), σ2(k)
)

←
UpdateParameters

(

f (k−1), I(k−1), d(k−1), σ2(k−1), 1, T
)

}

Fig. 2.5.: Pseudocode to perform multiresolution initialized reconstruction. NRes is
the number of resolutions and NInner is the number of inner iterations at the coarsest
resolution. The superscript attached to each unknown parameter indicates the res-
olution index. A superscript of 0 corresponds to the coarsest resolution with higher
values corresponding to finer resolutions. At the coarsest resolution the parameters
are initialized as shown. At subsequent resolutions the algorithm is initialized us-
ing the output of the previous resolution. The function Upsample produces a finer
resolution object from a coarser resolution object by using a suitable up-sampling
technique.

average counts of the data at each tilt, and D =







1
cos(θ1)

· · · 1
cos(θK)

1 · · · 1







t

then the

least squares estimate φ̂ = [φ̂1 φ̂2]
t is given by

φ̂ = (DtD)−1(DtG) (2.18)

and initial value of the offset is set to

d = φ̂21. (2.19)
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The initial value of the voxels (f) is set to 0. Since the source electron dose and

detector gains are typically unknown, the gains I, are set to Ī1. Finally the noise

variance parameter σ2 is set to 1.

Iterations Over Voxels At The Coarsest Scale

At the very first iteration at the coarsest scale, given the initial values of the

parameters, we update all the voxels iteratively multiple times (NInnerIter in Fig. 2.4)

so that we do not converge to a local minimum with unreasonable values for the

HAADF scatter coefficients. Beyond this stage the parameters are all updated once

per iteration.

The algorithm can be efficiently implemented by keeping track of the error vector

in the course of the iterations as shown in Fig. 2.4. We note that the stopping criteria

for our method is that the relative change in the magnitude of the reconstruction is

less than a preset threshold and the number of iterations is greater than one. The

pseudocode for the full multiresolution initialization based reconstruction is shown in

Fig. 2.5.

2.5 Experimental Results

2.5.1 Simulated Data Set

We begin by studying the performance of the MBIR algorithm on a simulated

data set produced from a phantom consisting of spheres in vacuum. Our objective

is to compare the results of our method to the most widely used algorithms for

HAADF-STEM tomography, FBP and SIRT. The FBP and SIRT reconstructions are

performed using a popular electron microscopy package, IMOD [68]. Since the scaling

is arbitrary and no positivity is enforced in IMOD [68], we clip the reconstructions

to be positive and perform a least squares fit to scale the reconstructions to a similar

range as the true phantom. We use the visual quality as well as the root mean square
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Fig. 2.6.: Simulated HAADF microscope image of aluminum spheres in vacuum when
the object is not tilted.

Table 2.1: Comparison of the Root Mean Square Error of the reconstruction with
respect to the original phantom for various scenarios. SIRT and FBP have higher
RMSE than MBIR indicating that MBIR can produce quantitatively accurate recon-
structions.

Method RMSE (nm−1)
FBP 1.278× 10−4

SIRT 0.988× 10−4

MBIR (p = 1) 0.284× 10−4

MBIR (p = 1.2) 0.324× 10−4

MBIR (p = 2) 0.496× 10−4

error (RMSE) between the reconstruction and the original phantom to evaluate the

reconstructions.

Fig. 2.6 show the simulated HAADF data corresponding to the phantom at zero

tilt. The images have been displayed by scaling them using the minimum and max-

imum count in the data. The spheres in the phantom have a scattering coefficient

of 4.132 × 10−4 nm−1 corresponding to Aluminum at 300 kV with detection angles

50− 250 mrad (value obtained using the Monte-Carlo simulator, CASINO [69]). The

sphere diameters vary (up to 100 nm) and the sample thickness is about 128 nm.
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Phantom FBP SIRT

(a) (c) (e)

(b) (d) (f)

(g) (i) (k)

(h) (j) (l)
MBIR (p = 1) MBIR (p = 1.2) MBIR (p = 2)

Fig. 2.7.: Reconstructions using FBP, SIRT and MBIR with different prior models.
(a), (c), (e), (g), (i), and (k) show a x − z slice and (b), (d), (f), (h), (j), and (l)
show a x− y slice. (a) and (b) show ground truth corresponding to a single slice. (c)
and (d) show reconstructions from FBP, (e) and (f) show SIRT reconstructions using
IMOD. (g) - (l) show MBIR reconstructions with different values of the prior model
parameter p. FBP and SIRT reconstructions are noisy and have streaking artifacts in
the x− z plane while MBIR significantly suppresses these artifacts and can produce
sharper reconstructions. Increasing the value of the prior model parameter p from 1
to 2 produces smoother MBIR reconstructions. Thus the value of p can be chosen to
best match the type of material being imaged.
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Fig. 2.8.: Final value of the gains, offset and variance parameters upon termination
of the algorithm. The gains are normalized by the dosage used and the offset are
normalized to the mean value of the counts in the data set. We observe that the
MBIR algorithm can estimate these unknown parameters and hence they need not
be explicitly measured.

The object is tilted from +70◦ to −70◦ in steps of 1◦ and the projection images are

obtained using (2.1) with an electron flux of 50000 counts per nm2 for every mea-

surement and the detector gain set to 1. The offset dk is set to 9000 counts for each

view. To each HAADF projection measurement Gaussian noise is added with variance

parameter σ2 set so that the noise variance increases with tilt. The values of σ2
k corre-

sponds to a minimum SNR

(

min
k,i

10 log

(

gk,i
σ2
k

))

of 34.471 dB. The projection images

are acquired at a pixel size of 1nm × 1nm. All the reconstructions are performed

with σf = 4.1 × 10−5 nm−1, q = 2, and c = 0.01 using a 3 stage multi-resolution

initialization. At the coarsest resolution the initial value of the image is set to f = 0,

the variance parameter is set to 1 and the number of inner iterations, NInnerIter (see

Fig. 2.5), is set to 10. The interpolation between resolutions is performed using pixel

replication. The value of Ī is set to 50000, the value of the source electron dose -

detector gain product, so that the reconstructions are quantitative. The stopping

threshold is set to 0.1%.

Fig. 2.7 (a) and (b) show a single x− z and x− y slice from the original phantom.

Fig. 2.7 (c) and (d) shows the corresponding slices from the reconstruction obtained

using the FBP algorithm implemented in IMOD [68]. The algorithm results in blurry

reconstructions with significant streaking artifacts in the x − z plane. In the x − y
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plane the reconstructions are noisy. Fig. 2.7 (e) and (f) show the reconstructions

using the SIRT algorithm. While some of the noise appears suppressed compared to

FBP we still observe the streaking artifacts in the x− z plane and noise in the x− y

plane. Moreover in regions where the phantom has no material, we observe that the

reconstructions still contain material with non zero scatter coefficients. The RMSE of

the SIRT reconstructions are lower than those of the FBP reconstructions as shown

in Table. 2.1.

Fig. 2.7 (g) - (l) shows the reconstructions when we apply MBIR algorithm to the

simulated data set with different values of the q-GGMRF parameter p. This phantom

has discontinuous boundaries so as we would expect the total-variation prior (p = 1

in Fig. 2.7 (g) and (h)) is well matched to its behavior and produces the lowest RMSE

(see Table. 2.1) reconstruction. Fig. 2.7 (i) and (j) shows the MBIR reconstruction

when we set p = 1.2. This produces results with slightly more smooth edges than the

p = 1 case. This prior been found to be useful [56] since it provides a good balance

between preserving edges and modeling the smooth regions in the reconstruction.

Finally Fig. 2.7 (k) and (l) show the MBIR reconstruction when p = 2. In this case

the edges are most diffuse and hence the RMSE is higher than the p = 1 and p = 1.2

case for this phantom. In all cases the streaking artifacts in the x − z plane are

significantly suppressed and noise in the x− y slices is effectively reduced compared

to FBP and SIRT. The RMSE of the MBIR reconstructions (see Table. 2.1) are

lower than those of the SIRT and FBP suggesting that the MBIR reconstructions are

quantitatively more accurate than FBP and SIRT. Thus this experiment illustrates

that MBIR is superior to FBP and SIRT and furthermore the parameters of the

algorithm can be chosen to model a range of interfaces from very sharp to diffuse.

Fig. 2.8 (a), (b), and (c) show the final estimated values of the normalized gain,

Ik
Ī
, normalized offset, dk

ḡ
, (where ḡ is the average count in the data set) and variance

parameters, σ2
k. We observe that the parameters are accurately estimated demonstrat-

ing that the MBIR method can accurately account for missing calibration parameters

without explicitly measuring them.
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2.5.2 Experimental Data Set
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Fig. 2.9.: Acquired HAADF data for a Titanium dioxide nanoparticle data set at
zero tilt. The dark regions represent a void in the material.

In order to evaluate our approach on real data, we compare our algorithm with

FBP and SIRT from IMOD [68]. The data acquired is of a ≈ 150 nm thick sample of

polystyrene functionalized Titanium dioxide nano particle assembly [70]. The TEM

used was a FEI Titan operating in STEMmode with 300 kV accelerating voltage, spot

size 7, +/- 70◦ with 2◦ increments for +/- 54◦ and 1◦ increments for 54◦ to 70◦ and

−54◦ to −70◦ . The exposure time was 12.6 seconds, magnification was set to 225 kX,

the frame size set to 2048× 2048, with 0.34 nm pixel size, and STEM dynamic focus

activated. A Fischione model 3000 HAADF photomultiplier tube detector was used

at camera length of 130 mm. We use a ≈ 350 nm ×350 nm section of the projection

images for reconstruction. Fig. 2.9 shows a single projection image acquired when

the object is at zero tilt, displayed by scaling it to the range of the data.

The FBP and SIRT reconstructions are performed with voxels of size 0.343 nm×
0.343 nm× 0.343 nm. The filter parameters for FBP are chosen to produce the most

visually appealing results. The particles of interest in this data set are approximately

cylindrical with a diameter of 18 nm and a height of 40 nm [70]. Thus in order to

reduce computation, MBIR is performed with voxels of size (3 × 0.343) nm × (3 ×
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0.343) nm× (3×0.343) nm. The parameter σf is chosen for the best visual quality of

reconstruction. The value of c is set to 0.01. We use a three stage multiresolution ini-

tialization for the reconstruction. The interpolation between resolutions is performed

using pixel replication. At the coarsest resolution the number of inner iterations

(NInnerIter in Fig. 2.5) is set to 10. Since the source electron dose and detector gains

are unknown in this case, we set Ī = 20000 and jointly estimate the gains along with

the offsets and variance parameters as a part of the reconstruction. The stopping

threshold is set to 0.9%. The dimensions of the reconstructed volume are set so as

to account for all the voxels contributing to the projection data. In presenting the

results we only show voxels that can be reliably reconstructed from the projection

data i.e. at every tilt there is a projection measurement corresponding to those voxels.

Additionally while displaying the results, we use a scaling window ranging from the

minimum to the maximum value in the reconstructed volume.

Fig. 2.10 shows a single x − z and x − y slice from FBP, SIRT and the MBIR

reconstruction. We observe that in SIRT and FBP there are streaking artifacts in the

x− z plane of reconstruction while MBIR significantly suppresses these artifacts. In

the x−y plane the effects of noise are effectively suppressed in MBIR clearly showing

the Titanium dioxide nano particles against the background support material. This

demonstrates the effectiveness of the method even for this particularly limited tilt

data set.

Finally we study the effect of varying the parameter p of the q-GGMRF prior

on the quality of reconstruction. Fig. 2.11 shows a reconstructed x − z and x − y

slice for p = 1 and p = 2. Values of p close to 1 represent strong edge preserving

reconstructions values close to 2 result in smoother reconstructions. This is an addi-

tional flexibility which our model based approach offers compared to SIRT and FBP

i.e. the ability to incorporate our prior knowledge of the nature of the interfaces of

the material. Knowledge of smooth interfaces can be incorporated by setting p = 2

and sharp interfaces can be represented by the setting p close to 1. Fig. 2.12 shows

the final values of the gains, offsets and variance parameters upon termination of the
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FBP SIRT MBIR (p = 1.2)

(a) (c) (e)

(b) (d) (f)

Fig. 2.10.: Comparison of MBIR with FBP and SIRT on a real HAADF-STEM
data set. The top row shows a x − z reconstructed slice and the bottom shows a
x− y reconstructed slice. (a) and (b) FBP reconstruction, (c) and (d) SIRT with 20
iterations, (e) and (f) MBIR with p = 1.2. MBIR produces images with no streaks
in the x− z plane and significantly suppresses noise in the x− y plane.

algorithm for the case when p = 1, p = 1.2 and p = 2. However, we do not have

knowledge of the true value of the parameters to compare with those estimated by

our algorithm.

2.6 Conclusions

In this chapter, we presented a model based iterative reconstruction algorithm

for HAADF-STEM tomography. We used a model for the measurement process and

combined it with a prior model of the 3D volume to formulate the reconstruction as

a MAP estimation problem. We presented a fast algorithm for quantitative recon-
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MBIR (p = 1) MBIR (p = 2)

(a) (c)

(b) (d)

Fig. 2.11.: Effect of varying q-GGMRF shape parameter p on the reconstruction.
The top row shows a x − z reconstructed slice and the bottom row shows a x − y
reconstructed slice. (a) and (b) p = 1, (c) and (d) p = 2. As the value of p increases
the edges in the reconstructions become smoother.
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Fig. 2.12.: Final estimates for normalized gain
(

Ik
Ī

)

, normalized offset
(

dk
ḡ

)

and

variance parameter (σ2
k) with respect to tilt θk for p = 1, p = 1.2 and p = 2.
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struction of the local HAADF scatter rate per unit distance which also accounted for

unknown calibration parameters. Furthermore, the algorithm is flexible to incorpo-

rate knowledge of the type of interfaces present in the material via the prior model.

We showed that our algorithm produces superior reconstructions compared to FBP

and SIRT on a simulated and a real data set.
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3. MODEL-BASED ITERATIVE RECONSTRUCTION

FOR BRIGHT FIELD ELECTRON TOMOGRAPHY

3.1 Introduction

Bright Field (BF) electron tomography (ET) has been widely used in the life

sciences to characterize biological specimens in 3D [38] using either a transmission

electron microscope (TEM) or a scanning transmission electron microscope (STEM)

[71]. BF-ET typically involves focusing an electron beam on a sample, acquiring

images of transmitted electrons corresponding to various sample tilts, and using an

algorithm on the acquired “tilt-series” to reconstruct the object. In most cases due

to the geometry of the acquisition and mechanical limitations of the tilting stages,

BF-ET is a limited angle parallel beam transmission tomography modality. Further

details of the ET acquisition and preprocessing are discussed in [3].

While there are a few instances where BF-ET has been used in the physical sciences

[72–74], it has generally been avoided [2,23], due to the occurrence of contrast reversals

[24] from dynamical diffraction effects such as Bragg scatter [18]. Bragg scatter occurs

when the crystal lattice is oriented in such a manner that the incident electrons

are elastically scattered away from the direct path [18] leading to a measurement

uncharacteristic of attenuation due to thickness alone. We refer to measurements

which are not well modeled by attenuation due to thickness alone as anomalous

measurements. These anomalies make interpretation of the individual BF images

complicated and result in strong artifacts if the BF tilt-series is used for tomographic

reconstruction using standard reconstruction algorithms such as FBP [23]. Thus BF-

ET has generally been avoided in the physical sciences due to the complicated nature

of the data and the inability of the standard reconstruction algorithms like FBP to

handle such data.
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Fig. 3.1.: Illustration of the “anomalies” present in a real BF-TEM data set of Alu-
minum nanoparticles. The figure shows BF images corresponding to three different
tilts of the specimen. Note that certain spheres turn dark (fewer counts) and then
again turn bright due to Bragg scatter (contrast reversal). These effects make it chal-
lenging to directly apply standard analytic tomographic reconstruction algorithms to
the data.

Model-based iterative reconstruction (MBIR) provides a powerful framework for

tomographic reconstruction that uses a probabilistic model for the measurement (for-

ward model) and a probabilistic model for the object (prior model) to obtain recon-

structions that are qualitatively superior and quantitatively accurate for a variety

of applications [8, 10, 12, 31, 33, 75]. Typically MBIR involves the design and mini-

mization of a cost function corresponding to the maximum a posteriori probability

(MAP) estimate with two sets of terms - one corresponding to a likelihood for the

data and the other corresponding to a prior model for the object. While most efforts

for BF-ET have used the FBP algorithm [23,71–74] Levine [45] has developed a MBIR

algorithm for BF-ET in the case of thick specimens. However his work deals with

amorphous samples, for which there are no anomalies due to dynamical diffraction in

the measurement.

In this paper, we present an MBIR algorithm for accurate reconstruction of BF-ET

data [76] containing anomalous measurements that typically result from crystalline
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samples. Our approach is based on a novel generalized Huber function that is used in

the forward model (i.e., log likelihood) to account for the anomalous measurements

due to Bragg or other errors. The generalized Huber function is parameterized so that

it can model the heavy tailed distribution of the errors that are present in anomalous

measurements. Using this forward model, we derive an MBIR cost function which

allows for joint estimation of both the unknown image, f , and a key parameter of the

generalized Huber function. This approach allows for adaptive parameter estimation

in the reconstruction process, which is important in practical applications.

We also propose an optimization algorithm that is based on majorization-minimization

using a surrogate function [26,27] together with a fast multiresolution iterative algo-

rithm to find a minima of the MBIR cost function. The surrogate function that we

propose bounds the MBIR cost as a function of both the unknown image, f , and the

unknown model parameters of the generalized Huber function. Consequently, mini-

mization of the surrogate function allows for efficient estimation of model parameters

during the MBIR reconstruction process.

Importantly, the surrogate function requires the introduction of a binary auxiliary

variable for each measurement. This auxiliary variable has the interpretation of form-

ing a binary mask that classifies each measurement as either anomalous or normal.

During the reconstruction process, the anomalous measurements are then attenuated

relative to normal measurements. The resulting binary masks also contains poten-

tially important information about the Bragg scatter and consequently the crystal

orientation for each particle in the 3D reconstruction. Therefore, we also propose

an algorithm that extracts a Bragg feature vector for each particle in the volume by

correlating the projection of each segmented particle with the binary anomaly mask

at each view angle. We conjecture that the extracted Bragg feature vector for each

particle can provide useful information in applications.

We apply our method to simulated data containing Bragg scatter like anomalies as

well as real TEM data from crystalline particles. Results from the simulated as well as

the real data set show that MBIR with anomaly modeling can significantly improve
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the reconstruction quality compared to FBP and conventional MBIR, suppressing

the artifacts that arise due to the anomalous measurements. We also use our new

method to extract a Bragg feature vector for each particle and demonstrate how this

feature vector can potentially provide useful information about the crystal orientation

for each particle in the 3D volume. The source code along with a GUI application

implementing our method is publicly available at the website - www.openmbir.org.

The organization of the rest of the paper is as follows. In section 3.2 we introduce

a new statistical model for the measurement system and formulate the MBIR cost

function. In section 3.3 we propose an efficient algorithm to minimize the cost func-

tion. In section 3.4 we present results from a simulated data set, followed by results

from a real data set. Finally, in section 3.5 we draw our conclusions.

3.2 Statistical Model and Cost Formulation
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Fig. 3.2.: Illustration of the generalized Huber function βT,δ used for the likelihood
term with T = 3 and δ = 0, 0.5 and 1. When δ = 1 the function reduces to the Huber
function. Large model mismatch errors are penalized by restricting their influence on
the overall cost function.

The goal of BF-ET is to reconstruct an attenuation coefficient at every point

in the sample. The attenuation coefficient is related to the ability of the material

to scatter the incident beam away from the direct path which is dependent on the

differential cross section, geometry of the detector, density of the material and incident

electron energy. An electron beam is focused on the material and the electrons that

are scattered by the sample through small angles are captured by a BF detector to
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obtain a single image. The sample is then tilted along a fixed axis and the process

is repeated. Thus, at the end of the acquisition, we obtain a collection of BF images

that can be used for tomographic reconstruction of the attenuation coefficients.

In order to reconstruct the attenuation coefficients associated with the sample,

we use an MBIR framework. The reconstruction in the MBIR framework is typically

given by the joint-MAP [16] estimate

(f̂ , φ̂) = argmin
f,φ

{− log p(g|f, φ)− log p(f)} (3.1)

where g is the vector of measurements, f is the vector of unknown voxels (attenuation

coefficients), φ is a vector of unknown calibration parameters (nuisance parameters),

p(g|f, φ) is the likelihood (forward model) and p(f) is the prior probability for the

unknown voxels.

In order to develop a forward model for BF-ET that accounts for the anomalous

effects, we start with the simple case when there are no anomalies. Let λk,i be the

electron counts corresponding to the ith measurement at the kth tilt and λD,k be the

counts that would be measured in the absence of the sample at that tilt (blank scan).

We model the attenuation of the beam through the material using Beer’s law. Thus,

an estimate of the projection integral corresponding to the ith measurement at the

kth tilt is given by log
(

λD,k

λk,i

)

. Notice that unlike in high-angle annular dark field

electron microscopy [75], the BF case requires a log operation to be applied to a

normalized version of the measurement. There can be cases in which the blank scan,

λD,k, is not measured, and we can include it as an unknown parameter in the MBIR

framework and estimate it as a part of the reconstruction. If gk is a M × 1 vector

with gk,i = − log(λk,i), f is an N×1 vector of unknown attenuation coefficients of the

material and, dk = − log(λD,k), then, assuming λk,i’s are conditionally independent

Poisson random variables it has been shown that [53] the conditional mean of gk,i

can be approximated by Ak,i,∗f + dk and the conditional variance is proportional to
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1
E[λk,i]

, where Ak is a M ×N forward projection matrix and Ak,i,∗ is the i
th row of Ak.

Modeling the conditional density of the measurements as a Gaussian distribution [11]

results in a probability density function (pdf),

p(g|f, d, σ) =

1

Zl

exp

{

−1

2

K
∑

k=1

M
∑

i=1

(gk,i − Ak,i,∗f − dk)
2 Λk,ii

σ2

}

(3.2)

where K is the total number of tilts, g = [gt1 · · · gtK ]t is a KM × 1 data vector, Λk

is a diagonal matrix with entries set so that σ2

Λk,ii
is the variance of the measurement

gk,i with σ2 being a proportionality constant, d = [d1 · · · dK ] is a vector containing

the offset parameters, and Zl is a normalizing constant. For such a transmission

tomography model it has been shown that Λk,ii = E[λk,i] ≈ λk,i [29]. We note that

our formulation can account for more sophisticated physics models as introduced

in [77], but in this paper we focus on using Beer’s law as it has been found to be

accurate for a class of materials and thickness typically studied using BF-ET [77].

3.2.1 Generalized Huber Functions for Anomaly Modeling

Bragg scatter from crystalline material can cause the BF-ET measurements to

vary substantially from the model of equation (3.2). Fig. 3.1 shows an example of

three tilts from a BF tilt series with regions having significant anomalies.

A precise way of accounting for these anomalies would require identifying 3D

regions of the object that consist of a single crystal, and modeling the associated

crystal structure. While possible, this would be a highly ill-posed inverse problem to

recover from a single 2D tilt series due to the unknown 3D orientation of the crys-

tals. Furthermore, modeling other classes of anomalies such as Fresnel fringes [78]

and extinction contours involve more complex physics making the data more diffi-
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cult to invert. Therefore, instead of modeling the complicated physics of dynamical

diffraction that leads to anomalies, we will use an alternate approach.

In order to account for anomalous effects like Bragg scatter, we propose a modified

likelihood function that models the anomalies as outliers of a pdf

p(g|f, d, σ) =

1

Z
exp

{

−1

2

K
∑

k=1

M
∑

i=1

βT,δ

(

(gk,i − Ak,i,∗f − dk)

√

Λk,ii

σ

)}

(3.3)

where βT,δ : R→ R such that

βT,δ(x) =











x2 |x| < T

2δT |x|+ T 2(1− 2δ) |x| ≥ T

and Z is a normalizing constant. We call βT,δ the generalized Huber function. Fig. 3.2

shows the generalized Huber function for three different values of δ. Notice that δ

controls the tail behavior of the density function while T controls the threshold beyond

which a measurement is considered anomalous. When δ = 0, βT,δ corresponds to the

weak-spring potential [79] used for image modeling and results in a function with the

heaviest tails among the three cases. However, when δ = 0 we cannot jointly estimate

the calibration parameters because the likelihood is not a valid density function since

it does not integrate to 1. When δ = 1, βT,δ reduces to the Huber function [25]

which is a convex function and corresponds to a pdf with the lightest tail among the

three cases. When T is very large then βT,δ is effectively a quadratic function and

the likelihood reduces to the standard transmission tomography model in (3.2). Thus

the generalized Huber function can be adjusted to have heavier tails than the density

function in (3.2) to account for the various anomalies in the data set.
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Restricting 0 < δ ≤ 1 and using the fact that

∫

p(g|f, d, σ)dg = 1

we can show that the normalizing constant has the form

Z = σMK × Constants.

Hence, the modified log-likelihood function for the BF-ET case is given by

− log p(g|f, d, σ) =

1

2

K
∑

k=1

M
∑

i=1

βT,δ

(

(gk,i − Ak,i,∗f − dk)

√

Λk,ii

σ

)

+MK log(σ) + Constants (3.4)

Each term in the summation corresponds to a penalty on the ratio of the data mis-

match error (gk,i−Ak,i,∗f−dk) to the noise standard deviation

(

σ√
Λk,ii

)

. Thus T has

the interpretation that if the data fit error is greater than T times the noise standard

deviation then that measurement is likely to be an anomaly. Notice that typically σ

is not known and hence we will jointly estimate it as a part of the reconstruction.

3.2.2 MBIR Cost Formulation

Combining the statistical model in (3.4) with a prior model of the form

p(f) =
1

Zf

exp {−s(f)} (3.5)
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where Zf is a normalizing constant, the reconstruction is obtained by minimizing the

cost

c(f, d, σ) =
1

2

K
∑

k=1

M
∑

i=1

βT,δ

(

(gk,i − Ak,i,∗f − dk)

√

Λk,ii

σ

)

+MK log(σ) + s(f). (3.6)

Alternately, we can define hk,i : R
N+K+1 → R to be a function such that

hk,i(f, d, σ) = (gk,i − Ak,i,∗f − dk)

√

Λk,ii

σ
.

The cost function can then be written as

c(f, d, σ) =
1

2

K
∑

k=1

M
∑

i=1

βT,δ(hk,i(f, d, σ)) +MK log(σ) + s(f).

(3.7)

Additionally, we will constrain f ≥ 0, as it is physically meaningful to have positive

values of the attenuation coefficients. Thus, the MBIR BF-ET reconstruction is given

by

(

f̂ , d̂, σ̂
)

← argmin
f≥0,d,σ

c(f, d, σ)

The cost function (3.7) is non-convex in general, and thus finding the global mini-

mum is computationally expensive. Therefore we will present an algorithm to find

a local minimum of the cost. Furthermore, since the likelihood term of (3.7), is not

differentiable, gradient-based methods can not be directly applied. Hence, we use a

majorization-minimization strategy [26, 27] combined with alternating minimization

to find a minimum of the cost.
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3.3 Optimization Algorithm

Our optimization approach is based on the repeated minimization of a differen-

tiable surrogate function. The function q(z; z′) is a surrogate function for the function

t(z) at the point z′ if the following two conditions hold.

q(z; z′) ≥ t(z)

q(z′; z′) = t(z′) (3.8)

If Q(f, d, σ; f ′, d′, σ′) is a surrogate function to c(f, d, σ) at the point (f ′, d′, σ′),

our algorithm consists of repeating the following steps until convergence

(i) For each voxel j

f ′
j ← argmin

fj≥0,fk=f ′

k
∀k 6=j

Q(f, d′, σ′; f ′, d′, σ′)

(ii) d′ ← argmin
d

Q(f ′, d, σ′; f ′, d′, σ′)

(iii) σ′ ← argmin
σ

Q(f ′, d′, σ; f ′, d′, σ′)

The algorithm is terminated if the ratio of the average change in the magnitude

of the reconstruction to the average magnitude of the reconstruction is less than a

preset threshold. In addition we use a multiresolution initialization [35] to speed

up the convergence of the algorithm and prevent the method from getting stuck in

undesirable local minima. In multi-resolution initialization, we perform a reconstruc-

tion at a coarser resolution (larger voxel sizes) and use this result to initialize a finer

resolution reconstruction. This transfers the computational load to the coarser scale
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Fig. 3.3.: Illustration of the surrogate function, QT,δ, to the generalized Huber func-
tion with T = 3 and δ = 1

2
. The surrogate function is plotted for two cases : one

when x′ = 2 and the other when x′ = 5. The surrogate function in each case is a
quadratic function thereby simplifying the subsequent optimization.

where the optimization can be done quickly due to to the reduced dimensionality of

the problem.

Note that the surrogate function approach ensures monotonic decrease of the orig-

inal cost function (3.7) with each update; so the sequence of costs must be conver-

gent. In addition we have empirically observed that the reconstructions also converge.

While theoretical convergence proof exist for majorization techniques with alternat-

ing minimization, we have no formal proof of convergence in this case due to the

complicated nature of the cost function.

To derive the exact updates for the above algorithm we will first design a surrogate

function to the original cost assuming any general prior model s(f). Next we will

present a specific s(f) and derive a surrogate for this case and use it to derive the

update equations for each iteration.
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3.3.1 Construction of Surrogate Function

We design surrogate functions for each function βT,δ(hk,i(f, d, σ)) in (3.7) at a given

point (f ′, d′, σ′) and sum them up to form a surrogate to the overall cost function. In

order to design a surrogate function, note that each term in the summation in (3.7)

is a composition between the generalized Huber function βT,δ and the function hk,i.

Therefore, we first design a surrogate function to the generalized Huber function, βT,δ,

and then use this function along with a composition property to design a surrogate

function to the composition βT,δ ◦ hk,i.

In particular

QT,δ(x; x
′) =











x2 |x′| < T

δT
|x′|

x2 + δT |x′|+ T 2(1− 2δ) |x′| ≥ T

is a surrogate function to βT,δ(x). Fig. 3.3 shows the construction of a surrogate

function to the generalized Huber function for the case when T = 3 and δ = 0.5.

Notice that while the generalized Huber function is non-differentiable, the surrogate

function is quadratic and hence differentiable in x.

Next, we will use the composition property of surrogate functions to design a sur-

rogate function for each βT,δ ◦ hk,i in (3.7). The composition property of surrogate

function states that if q(z; z′) is a surrogate function to t(z) at z′ then q(h(z);h(z′)) is a

surrogate function to t(h(z)) at z′ (proof in Appendix C). Using the composition prop-

erty of surrogate functions, the composition ofQT,δ with hk,i, QT,δ(hk,i(f, d, σ);hk,i(f
′, d′, σ′))

is a surrogate function to βT,δ(hk,i(f, d, σ)) in (3.7).
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Using the surrogate function for each βT,δ(hk,i(f, d, σ)),

Q̃(f, d, σ; f ′, d′, σ′) =

1

2

K
∑

k=1

M
∑

i=1

QT,δ(hk,i(f, d, σ);hk,i(f
′, d′, σ′))

+MK log(σ) + s(f) (3.9)

is a surrogate function to the original cost (3.7). Hence, even though the terms

corresponding to the generalized Huber function in the original cost function may

be non-differentiable, we have constructed a surrogate function which overcomes this

difficulty and makes the optimization tractable.

3.3.2 Prior Model and Surrogate Function

We use a special case of the q-generalized Gaussian Markov random field (qG-

GMRF) [56] for the prior, resulting in

s(f) =
∑

{j,k}∈N

wjkρ(fj − fk)

ρ(fj − fk) =

∣

∣

∣

fj−fk
σf

∣

∣

∣

2

c+
∣

∣

∣

fj−fk
σf

∣

∣

∣

2−p

N is the set of pairs of neighboring voxels (e.g. a 26 point neighborhood), and p,

c and σf are qGGMRF parameters. The weights wjk are inversely proportional to

the distance between voxels j and k, normalized to 1. We fix c = 0.001 and restrict

1 ≤ p ≤ 2 similar to [75].

In order to simplify the optimization, we also introduce a surrogate function for

the prior with the form

ρ(fj − fk; f
′
j − f ′

k) =
ajk
2
(fj − fk)

2 + bjk. (3.10)
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The values of ajk and bjk can be derived as shown in [75] and are given by

ajk =











ρ′(f ′

j−f ′

k
)

(f ′

j−f ′

k)
f ′
j 6= f ′

k

ρ′′(0) f ′
j = f ′

k

(3.11)

bjk = ρ(f ′
j − f ′

k)−
ajk
2
(f ′

j − f ′
k)

2 (3.12)

Thus a surrogate function to s(f) at f = f ′ is given by

s(f ; f ′) =
∑

{j,k}∈N

wjkρ(fj − fk; f
′
j − f ′

k). (3.13)

Substituting (3.13) into (3.9) results in the final surrogate function given by

Q(f, d, σ; f ′, d′, σ′) =

1

2

K
∑

k=1

M
∑

i=1

QT,δ(hk,i(f, d, σ);hk,i(f
′, d′, σ′))

+MK log(σ) +
∑

{j,k}∈N

wjkρ(fj − fk; f
′
j − f ′

k). (3.14)

In order to simplify the subsequent updates, we define the following binary indicator

variable,

b′k,i =











1 |(gk,i − Ak,i,∗f
′ − d′k)

√
Λk,ii

σ′
| < T

0 |(gk,i − Ak,i,∗f
′ − d′k)

√
Λk,ii

σ′
| ≥ T

(3.15)
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function [f̂ , d̂, σ̂]← Reconstruct(g, f ′, d′,σ′)
%Inputs: Measurements g, Initial reconstruction f ′, Initial offset d′, Initial

variance parameter σ′

%Outputs: Reconstruction f̂ and nuisance parameters (d̂,σ̂)
e′ = g − Af ′ − d′1 ⊲ Initialize error vector
while Stopping criteria is not met do

for each voxel j do ⊲ Voxel updates
Compute θ1 and θ2 using (3.17)
for k ∈ Nj do

Compute surrogate function parameter ajk using (3.11)
end for
Compute u∗ using (3.18)
fj ← max(u∗, 0)
e′ ← e′ − (fj − f ′

j)A∗,j

f ′
j ← fj
Update b′ using (3.15)

end for
d′ ← Update d using (3.20) ⊲ Offset parameter update
Update e′

Update b′ using (3.15)
σ′ ← Update σ using (3.21) ⊲ Variance parameter update
Update b′ using (3.15)

end while
(

f̂ , d̂, σ̂
)

← (f ′, d′, σ′)

end function

Fig. 3.4.: MBIR algorithm for BF data with anomalies. The algorithm works by
constructing a surrogate to the original function based on the current values of the
voxels and nuisance parameter and minimizing this surrogate function with respect
to each variable. The process is then repeated. The algorithm can be efficiently
implemented by keeping track of the error sinogram, e′, and the anomaly classifier
vector, b′.
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Intuitively b′k,i indicates if a given measurement is classified as anomalous or not, based

on the current state of the reconstruction. If we define the error ek,i = gk,i−Ak,i,∗f−dk
and e′k,i = gk,i − Ak,i,∗f

′ − d′k we can rewrite (3.14) as

Q(f, d, σ; f ′, d′, σ′) =

1

2

K
∑

k=1

M
∑

i=1

e2k,i
Λk,ii

σ2

(

b′k,i + (1− b′k,i)
δTσ′

|e′k,i|
√

Λk,ii

)

+MK log(σ) +
∑

{j,k}∈N

wjkρ(fj − fk; f
′
j − f ′

k)

+ Terms not dependent on (f, d, σ) (3.16)

Thus we observe that the surrogate function can be easily constructed by maintaining

an error vector, e′, based on the current values of the unknowns, and the indicator

variable, b′.

3.3.3 Update Equations Corresponding to the Surrogate Function

Voxel Update

The voxels are updated in random order similar to [8] in order to speed up the

overall convergence of the algorithm. To speed up the implementation of the algorithm

the voxel updates are parallelized similar to [64]. To minimize the surrogate function

with respect to voxel j, we can fix fk = f ′
k ∀k ∈ {1, · · · ,M} \ {j}, d = d′ and σ = σ′

in (3.16). The cost function to minimize is

c̃sub(u) = θ1u+
θ2
2

(

u− f ′
j

)2
+
∑

k∈Nj

wjkρ(u− f ′
k; f

′
j − f ′

k)
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where Nj is the set of all neighbors of voxel j and

θ1 = −
K
∑

k=1

M
∑

i=1

Ak,i,j

√

Λk,ii

σ′

[

b′k,ie
′
k,i

√

Λk,ii

σ′
+(1−b′k,i)δT

e′k,i
|e′k,i|

]

θ2 =
K
∑

k=1

M
∑

i=1

A2
k,i,j

√

Λk,ii

σ′

[

b′k,i

√

Λk,ii

σ′
+ (1− b′k,i)

δT

|e′k,i|

]

.

(3.17)

Since ρ(u − f ′
k; f

′
j − f ′

k) is quadratic in u, the minimum of c̃sub(u) has a closed form

and is given by

u∗ =

∑

k∈Nj

wjkajkf
′
k + θ2f

′
j − θ1

∑

k∈Nj

wjkajk + θ2
. (3.18)

Enforcing the positivity constraint, the update for the voxel is

f ′
j ← max (u∗, 0) (3.19)

Offset Parameter Update

In order to minimize the surrogate function with respect to the offset parameter d,

we take the gradient of the surrogate function (3.16) Q(f ′, d, σ′; f ′, d′, σ′) with respect

to d and set it to zero. This gives the optimal update as

d′k ← d′k +

K
∑

k=1

√

Λk,ii

[

e′k,ib
′
k,i

√

Λk,ii

σ′
+ δT

e′k,i
|e′k,i|

(1− b′k,i)

]

K
∑

k=1

√

Λk,ii

[

b′k,i

√

Λk,ii

σ′
+

δT

|e′k,i|
(1− b′k,i)

] .

(3.20)
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Variance Parameter Update

In order to update the variance parameter we minimize the surrogate function

(3.16) with respect to σ setting f = f ′ and d = d′. This gives the optimal update as

σ′ ←

√

√

√

√

√

√

K
∑

k=1

M
∑

i=1

e′2k,iΛk,iib
′
k,i +

K
∑

k=1

M
∑

i=1

(1− b′k,i)δT |e′k,i|σ′
√

Λk,ii

MK
.

(3.21)

The MBIR BF-ET algorithm for a single resolution is summarized in Fig. 3.4.

3.3.4 Initialization

Since the MBIR cost function is non-convex, initializing the algorithm with a

reasonable initial estimate is important. We use a multi-resolution initial condition to

prevent the algorithm from becoming stuck in undesirable local minima. We initialize

the values of f to 0 nm−1 at the coarsest scale. The value of d and σ are initialized

from a region of the image where there is no sample present. Furthermore, at the

coarsest scale we perform a few iterations (typically 10) over the voxels with the value

of T set to be very large in order to obtain a reasonable initial condition for the overall

multiresolution algorithm. Since the size of the voxels is large at the coarse scales,

this initialization takes few iterations and is computationally inexpensive to perform.

3.4 Results

In this section we compare four algorithms for BF-ET: FBP, conventional model-

based iterative reconstruction (MBIR), the proposed MBIR with anomaly modeling

and known parameter values (MBIR-AM), and the proposed method with anomaly

modeling and parameter estimation (MBIR-AM-PE). We apply the methods to sim-

ulated data as well as real data. For the simulated data we will compare results from
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Fig. 3.5.: Simulated BF data corresponding to a 3D phantom of spheres for three
successive tilts. The arrows in the figure show example locations with the simulated
Bragg scatter obtained by increasing the attenuation coefficient of a few spheres
in the phantom. We model these as anomalies in the projection data as they can
cause artifacts in the reconstructions produced using the standard reconstruction
techniques.

Table 3.1: Comparison of the Root Mean Square Error of the reconstruction with
respect to the original phantom for various scenarios. MBIR with anomaly modeling
produces quantitatively more accurate reconstructions.

Algorithm RMSE (×10−4 nm−1)
FBP 13.90
MBIR 4.95

MBIR-AM (T = 3, δ = 0.5) 4.30
MBIR-AM-PE (T = 3, δ = 0.5) 4.31

Table 3.2: Comparison of the Root Mean Square Error (×10−4nm−1) of the recon-
struction with respect to the original phantom when varying T and δ. A value of
T = 3 and δ = 0.5 produces the lowest RMSE reconstruction.

T δ 0.1 0.5 1
1 4.50 4.42 4.44
3 4.40 4.31 4.60
5 4.33 5.09 5.14
20 5.06 5.06 5.06



53

Phantom FBP Conventional MBIR

(a) (c) (e)

(b) (d) (f)

Proposed MBIR (T = 3, δ = 0.5) Proposed MBIR with parameter estimation

(g) (i)

(h) (j)

Fig. 3.6.: Comparison of BF reconstructions for a data set with Bragg scatter like
anomalies. (a) and (b) show a single x− z and x− y cross-section from the phantom
used. The horizontal direction represents the x axis. (c) and (d) show the correspond-
ing cross sections from a FBP reconstruction. (e) and (f) show the conventional MBIR
reconstruction. The reconstruction has streaks because of Bragg scatter but much
lesser compared to FBP. (g) and (h) show the cross-section from MBIR with anomaly
modeling (T = 3 and δ = 0.5). The method effectively suppresses the artifacts in
(c) - (f), and produces a more accurate reconstruction. Finally (i) and (j) show the
reconstruction using MBIR with anomaly modeling and nuisance parameter estima-
tion. The reconstructions are comparable to the MBIR-AM case showing that the
algorithm can work well despite of the unknown parameters. All images are scaled in
the range of 0− 7.45× 10−3 nm−1.
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(a) T = 1, δ = 0.5 (b) T = 5, δ = 0.5 (c) T = 20, δ = 0.5

Fig. 3.7.: Illustrates the impact of varying anomaly threshold T on the proposed
MBIR reconstructions. (a) shows a x − z cross section from the 3-D reconstruction
when T = 1. (b) and (c) shows the corresponding slices when T = 5 and T = 20.
Notice that for (b) and (c) there are visible streaking artifacts. A value of T = 3 as
shown in Fig. 3.6 produces an accurate reconstruction.

all four methods while in the real data, since we do not know the parameters, we

will not consider the MBIR-AM case. Finally, we will present a method for using

the anomalies identified by our method to associate a Bragg feature vector for each

particle in the reconstructed volume.

The FBP reconstructions are performed in Matlab using the iradon command

and the output is clipped to be positive. For the MBIR reconstructions with anomaly

modeling, we set T = 3, δ = 0.5, and p = 1.2. The value of σf is chosen to obtain the

lowest root mean square error (RMSE) for the simulated data set and is chosen to

obtain the best visual quality of reconstruction for the real data set. Since our prior

behaves similar to a GGMRF [67], we adapt the scaling parameter σf according to

Eq.28 in [65] for the multi-resolution reconstructions. The offset parameter for each

tilt, dk, is initialized to the mean value of the log of the measurements from a void

region in the sample. The variance parameter, σ2, is initialized as the ratio of the

mean value of the log measurements to the mean value of the measurements from a

void region in the sample.



55

Data and anomaly classifier as T is varied

T=3

T=5

T=20

T=1

Data

Fig. 3.8.: Data (top row) and corresponding anomaly classifier upon termination of
the algorithm for three tilts from the phantom data set corresponding to different
values of T . The white regions indicate areas classified as non-anomalous and the
black regions correspond to the anomalies identified by the algorithm. As the value
of T increases the algorithm starts to misclassify anomalies. A value of T = 3 provides
a good trade off between the false alarms and missed detections.
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3.4.1 Simulated Data Set

We use a 3-D cubic phantom containing spheres of varying radii with an attenua-

tion coefficient of 7.45×10−3 nm−1 to generate the simulated data set. The phantom

has a dimension of 256 nm × 512 nm × 512 nm (z − x − y respectively). It is pro-

jected at 36 tilts in the range of −70◦ to +70◦ in steps of 4◦ about the y axis with

a dosage λD,k = 1865 counts using the Beer’s law model with Gaussian noise having

variance equal to the mean of the signal. The value of σ is set to 1. At certain tilts

the attenuation of a fraction of the spheres are adjusted to simulate Bragg scatter

like effects (Fig. 3.5) as in a real data set.

Fig. 3.6 (a) and (b) shows a single x− z and x− y cross-section from the original

phantom. Fig. 3.6 (c) - (j) shows the corresponding cross-section from the recon-

structed volume using the different algorithms. The FBP reconstruction (Fig. 3.6(c),

(d)) has strong streaking artifacts in the x − z cross section and noise in the x − y

cross section. The conventional MBIR (Fig. 3.6 (e), (f)) shows prominent streaking

artifacts in the x− z cross section even though there are fewer artifacts than in FBP.

Furthermore, there is some underestimation at the center of the spherical particles.

However MBIR with anomaly modeling (MBIR-AM) (Fig. 3.6(g)-(h)) produces a re-

construction which effectively suppresses these artifacts. In the x − y cross section,

we notice that the MBIR reconstructions are less noisy as compared to FBP and that

the anomaly modeling significantly improves the reconstruction. Next, we evaluate

the performance of the proposed MBIR algorithm with parameter estimation (MBIR-

AM-PE). Fig. 3.6 (i) and (j) show that the MBIR-AM-PE can accurately reconstruct

the 3D volume suppressing the artifacts despite the unknown nuisance parameters.

The value of σ upon termination of the algorithm is 1.770. We note that this value

is not the final converged value of the parameter since our stopping criteria depends

only on the relative change in voxel values. However we still get a good reconstruc-

tion at this termination point. In addition to the qualitative improvements shown

in Fig. 3.6, Table 3.1 shows that MBIR with the anomaly modeling (MBIR-AM and
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MBIR-AM-PE) significantly improves the quantitative accuracy of the reconstruction

compared to FBP as well as conventional MBIR. The wall-clock time taken for the

MBIR-AM-PE reconstruction (256 × 512 × 512 voxels) using a node with two Intel

Xeon-E5s (total of 16 cores) was approximately 11 minutes.

Finally, we study the sensitivity of the MBIR reconstructions to the choice of pa-

rameters T and δ. Fig. 3.7 shows an x− z cross section from the reconstructions for

different values of T when δ = 0.5. Notice that as T increases, streak artifacts start

to appear in the reconstruction. This is because some of the anomalous measure-

ments are misclassified. Fig. 3.8 shows the binary classifier mask, b′, corresponding

to three successive tilts from simulated data upon completion of the reconstruction.

This variable indicates which measurements are classified as anomalous based on the

generalized Huber function used for the reconstruction. Notice that when T = 1, sev-

eral non-anomalous measurements are classified as anomalous (false alarms). When

T = 5 the algorithm misses certain anomalies. When T = 20, all the measurements

are classified as non-anomalous leading to large errors in the reconstruction. A value

of T = 3 provides a good tradeoff and is intuitively appealing because this implies

that if the data fit error for a measurement is less than 3 times the standard deviation

of the noise, then that measurement is non-anomalous. Thus the trade off between

false positives and missed detection of anomalies can be varied via the parameter

T in the algorithm. Table. 3.2 shows the RMSE when we vary δ for the different

values of T . The value of δ controls the influence of the anomalous measurements on

the reconstruction. A value of δ close to 0 implies the anomalous measurements are

weighted less in the cost function, while δ = 1 implies the anomalies are weighted

significantly. For this particular simulation, we get the lowest RMSE for the T = 3

and δ = 0.5 case.
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FBP Conventional MBIR MBIR with anomaly modeling

(a) (c) (e)

(b) (d) (f)

Fig. 3.9.: A single x−z and x−y cross-section reconstructed using different algorithms
from a BF-TEM data set of Aluminum sphere nanoparticles. The horizontal direction
represents the x axis. The FBP reconstruction (a)-(b) has very strong streaking
artifacts in the x − z cross-section, and noise in the x − y cross-section suggesting
why it has been avoided for BF-ET. The MBIR algorithm with the anomaly modeling
and parameter estimation (T = 3 and δ = 0.5) (e)-(f) is superior to the conventional
MBIR (c)-(d), suppressing the streaking artifacts seen in (c). In the case of MBIR,
the circular cross section of the spherical particles are clearly visible compared to
FBP. All images are scaled in the range of 0− 6.0× 10−3 nm−1.

3.4.2 Real Data Set

In order to evaluate our approach on real data, we use a data set of approximately

700 nm thick crystalline aluminum nanoparticles in a carbon support. We used a FEI



59

Data and anomaly classifier (MBIR-AM-PE)

Fig. 3.10.: Data and corresponding anomaly classifier upon termination of the algo-
rithm for the real data set corresponding to three different tilts. The white region in
the classifier correspond to non-anomalous measurements and the black regions in-
dicate an anomaly. While the classifier selects certain non-anomalous regions notice
that the regions in the data with anomalies are accurately classified by the algorithm.

Titan TEM with a 300 kV accelerating voltage, and a spot size1 of 5. The exposure

time was set to 1 second, magnification was set to 100 kX, the frame size set to

2048 × 2048, with a pixel size of 0.83 nm × 0.83 nm. The detector used was a

CCD with a 30 µm objective aperture resulting in a detector which captures electron

scattered in the 0 − 15 mrad range. The BF-TEM data consists of 33 tilts in the

range of −70◦ to +70◦. We use a ≈ 580 nm ×580 nm section of the projection

images for reconstruction. The dimensions of the reconstructed volume are set so as

1The spot size is a manufacturer dependent unit-less parameter that refers to the size of the condenser

aperture and controls the electron flux on the sample.
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to account for all the voxels contributing to the projection data. In presenting the

results we only show voxels that can be reliably reconstructed from the projection data

[75]. We reconstructed the data set using our algorithm (MBIR-AM-PE), FBP and

conventional MBIR without anomaly modeling. All reconstructions are performed

with voxels of size 0.83 nm× 0.83 nm× 0.83 nm.

Fig. 3.9 (a) and (b) show a x− z and x− y cross-section reconstructed from the

data using FBP. The reconstruction has strong streaking artifacts in the x− z plane

and noise in the x − y plane similar to the simulated data set. The reconstruction

using the conventional MBIR algorithm (Fig. 3.9 (c)-(d)), also has streaking artifacts

in the x − z plane that are similar to those in the simulated data set of Fig. 3.6.

However, the conventional MBIR result also significantly reduces streaking artifacts

as compared to FBP. This is likely do to the fact that MBIR reduces the weighting

of the highly attenuated projections corresponding to measurements with anomalous

Bragg scatter. Fig. 3.9 (e) shows that using the anomaly modeling and parameter

estimation reduces streaking in the x− z plane. The arrows in Fig. 3.9 (d,f) indicate

regions where the MBIR with anomaly modeling reduces the under-estimation as

well as other artifacts in the x− y cross-section compared to the conventional MBIR.

The wall-clock time taken for the proposed MBIR reconstruction (844× 4516× 1008

voxels) using a node with two Intel Xeon-E5s (total of 16 cores) was approximately

9 hours and 40 minutes.

Fig. 3.10 shows the binary classifier mask b′ along with 3 successive tilts from the

real data upon termination of the reconstruction algorithm (MBIR-AM-PE). Notice

that most of the anomalous measurements are successfully identified by the general-

ized Huber function at the end of the reconstruction. Similar to the simulated data

set a few of the noisy measurements are also classified as anomalous but this does not

effect the final quality of the reconstruction significantly.
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Fig. 3.11.: Illustration of calculation of the similarity score between a certain anomaly
and the projection of a given segmented particle in the 3D volume. The projection
is binarized and the score is then computed as the extent of overlap between the
anomaly and the projection using (3.22).

3.4.3 Bragg Feature Extraction

While the particles that undergo Bragg diffraction in a given tilt result in anoma-

lous measurements, the Bragg scatter event contains potentially useful information

about the crystal structure and the orientation of the particles. For this reason it is

advantageous to correlate the anomalous Bragg event identified in the acquired data

with the particle in which it occurred, to produce a Bragg feature vector for each

particle.

We will use the binary classifier mask, b′, produced by our algorithm along with the

reconstructed volume to associate a particle in the volume to an identified anomaly.

In order to extract the Bragg feature vector for each particle we apply the following

algorithm :

1) Segment the reconstructed volume into individual particles. We use a fixed

threshold for segmentation followed by a watershed transformation [80] to separate

the fused particles.
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(a) Cross section from segmentation (MBIR-AM-PE)
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Fig. 3.12.: Illustration of Bragg feature identification for the simulated data set.
(a) shows the output of segmentation from a single slice of the reconstruction. The
particle labeled 2 was simulated to be in the Bragg condition at tilts indexed by
17, 19, 27, 29, 30 and 36. (b) shows the estimated Bragg feature vector for the
particle labeled 2 using the proposed algorithm. In this case the estimated Bragg
feature vector matches the ground truth indicating that the Bragg condition can be
accurately identified.

2) Identify the connected components (CC) of the anomaly classifier.

3) For each identified CC in the anomaly classifier, project each particle, binarize

the projection and find its similarity with that CC. Fig. 3.11 illustrates how to find

the similarity between the binarized projection of a single particle and a particular CC

anomaly at a given tilt. If pk is a binarized version of the projection of a given particle

at tilt k and bk is the binary anomaly classifier with the relevant CC segmented out,

we define the similarity score as

Sk = 1− ‖p
t
kb̄k‖1 + ‖p̄tkbk‖1
‖pk‖1 + ‖bk‖1

(3.22)
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(a) Cross section from segmentation (MBIR-AM-PE)
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(b) Bragg feature vector extracted for particle (1)
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Fig. 3.13.: Illustration of Bragg feature identification for a single particle in a real data
set. (a) shows the output of segmentation from a single slice of the reconstruction.
(b) shows the Bragg feature vector for the particle labeled (1). While we do not have
ground truth for this, we visually observed that the Bragg feature extracted matches
what can be seen in the acquired tilt series.

where b̄k and p̄k refers to the binary complement operator and ‖.‖1 is the l1 norm.

4) For a given CC anomaly (at tilt k), find the particle that has the maximum

similarity score with it. If this score is higher than a threshold, we label that particle

as being in the Bragg condition at tilt k.

In this manner we can associate a binary Bragg feature vector with each segmented

particle from the MBIR reconstruction. In order to test our algorithm we apply it

to the simulated data set as well as the real data presented earlier. Fig. 3.12 (a)

shows the result of segmentation from a single reconstructed slice of the MBIR-AM-

PE reconstruction in 3.4.1. In our simulation we had set the particle labeled 2 to
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be in the Bragg condition at tilts indexed by 17, 19, 27, 29, 30 and 36. Fig. 3.12 (b)

shows the estimated Bragg feature vector for the particle labeled 2 by using the above

algorithm. We observe that this matches the ground truth, illustrating the potential

of the proposed technique.

Fig. 3.13 (a) and (b) show a similar result from the real data set. Note that in

this case segmentation of the particles are very challenging. However for the particle

labeled 1 we are still able to recover the Bragg feature vector and this matches our

visual observation from the tilt series data. The results of Fig. 3.13 show that it is

possible to extract potentially useful information about when a single particle is in

the Bragg scattering condition. However, the method depends on the assumptions

that the volume can be accurately segmented into individual particles corresponding

to single crystal orientations.

3.5 Conclusion

In this paper we presented a MBIR algorithm for BF-ET which can significantly

decrease the artifacts in the reconstruction due to anomalies such as Bragg scatter.

Our method works by modeling the image formation and the sample being imaged to

formulate a cost function that lowers the influence of measurements that do not fit the

model accurately. Results on simulated and real data demonstrate that our method

can effectively suppress the artifacts due to the anomalies, producing qualitatively

and quantitatively accurate reconstructions. We also proposed a simple method for

extracting a Bragg feature vector for each particle in a volume that contains poten-

tially useful information about crystal orientation.
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4. PLUG-AND-PLAY PRIORS FOR MODEL-BASED

RECONSTRUCTION

4.1 Introduction

Model-based reconstruction is a powerful framework for solving a variety of inverse

problems in imaging including denoising, deblurring, tomographic reconstruction, and

MRI reconstruction. The method typically involves formulating a model for the noisy

measurement system (i.e., a forward model) and a model for the image to be recon-

structed (i.e., a prior model). The reconstruction is then computed by minimizing a

cost function that balances a fit to these two models. For example, a typical approach

is to compute the maximum a posteriori (MAP) estimate as the minimum of the sum

of the log likelihood forward model and the log probability of the prior distribution.

In recent years, there have been enormous advances in the solution of a particular

inverse problem generally referred to as image denoising [81, 82]. The problem of

image denoising is to recover an image that has been corrupted by noise, the most

commonly considered noise model being additive white Gaussian noise. Since image

denoising is the simplest case of an inverse problem, the forward model being the

identity operator, research in this field tends to provide a fertile environment for the

creation of new prior models. Some denoising algorithms are based on an explicit

regularized inversion formulation using, for example, a MAP estimate; but in other

cases, the denoising algorithms are directly formulated as ad hoc non-linear estimates

of the noiseless image. In fact, a number of very novel and effective approaches

have recently emerged for image denoising. Examples of new methods include a wide

variety of patch based non-local means approaches [83], generalizations of bi-lateral

filtering approaches [81], patch-based dictionary learning methods such as K-SVD [6],

block-matching with transform-based denoising such as BM3D [36], and a variety of
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total-variation [82], and Markov random field (MRF) based approaches [7]. These

new methods have demonstrated that it is possible to vastly improve on what was

previously believed to be possible.

In parallel with these efforts, researchers have been pioneering ways to create

forward models for a wide array of imaging and sensing systems from medical scan-

ners [8] to microscopes [75]. Research in this field has demonstrated that model-based

inverse methods can greatly improve the quality of reconstructed images [84]. How-

ever, since this research primarily deals with the challenges of accurately modeling

large and complex forward models and solving the associated optimization problems,

there has been much less emphasis on the incorporation of state-of-the-art prior mod-

els. Therefore, research in model-based inversion has tended to lag behind from the

perspective of advanced prior modeling; and moreover, has not fully benefited from

the recent progress in denoising methods.

In fact, recent progress has been made in incorporating advanced priors into gen-

eral inverse problems. For example, patch based dictionary priors have been used

in inverse imaging problems such as tomography [85, 86] and MRI [14]. Egizarian et

al. [87] have proposed a method for using a general denoising algorithm for regularized

inversion problems but their approach does not allow for the incorporation of noise

models associated with the measurement system. Furthermore, while BM3D may not

naturally lend itself to formulation as a prior, Danielyan et al. [88, 89] have adapted

the BM3D [36] denoising for the inverse problem of image deblurring. However, this

approach is not directly applicable to a general inverse problem. So, while some sig-

nificant advances have been made in the integration of advanced prior and forward

models, they tend to be highly customized to the problem and currently no simple

turn-key approach exists to match denoising algorithms as regularizers for general

inverse problems.

In this chapter, we propose a flexible framework for using denoising algorithms

as regularizers for model-based inversion. This framework, which we term Plug-and-

Play priors, has the advantage that it simplifies software integration, and moreover,
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it allows state-of-the-art denoising methods that are not explicitly formulated as op-

timization problems to be used. For denoising algorithms based on well-behaved

optimization criteria (e.g. - closed, proper and convex functions [90]), it can be easily

shown that the Plug-and-Play framework is convergent to the MAP estimate of the

reconstruction. In more general cases, we empirically demonstrate that the method

converges robustly to a good solution. We show with some simple examples how

Plug-and-Play priors can be used to mix and match a wide variety of existing de-

noising models with the type of forward model that is typically used in applications

such as tomographic reconstruction and image reconstruction from a sparse set of

samples. Consequently, this new approach can greatly expand the range of possible

models used in model-based inversion.

Our proposed Plug-and-Play framework is based on a direct application of the

alternating directions method of multipliers (ADMM) [90–93] that has recently be-

come popular for the solution of a variety of MAP estimation/regularized inverse

problems [9, 15, 94–97]. Our application of ADMM works by first splitting the state

variable so as to decouple the prior and forward model terms of MAP estimation

problem. The application of the ADMM technique to the resulting constrained min-

imization problem then results in two decoupled optimizations, one for the forward

model and one for the prior model. We note that this allows for a completely decou-

pled software implementation with one module corresponding to a denoising algorithm

only dependent on the prior, and a second module corresponding to a model-based

inversion with l2 regularization only dependent on the forward model. Importantly,

this framework can be used to solve a regularized inversion problem even when the

explicit function corresponding to the prior model is not known. Moreover, we also

demonstrate empirically that the method can be used with denoising algorithms such

as BM3D [36] and PLOW [37] that are not explicitly formulated as optimization

problems.

In order to demonstrate the approach, we first apply a wide range of denoising

algorithms as Plug-and-Play priors for a simple tomographic reconstruction problem
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using the well-known Shepp-Logan phantom. The results indicate that methods such

as K-SVD [6], BM3D [36], PLOW [37], q-GGMRF [56], TV [82], and discrete recon-

struction (DR) [98] can all be easily applied as priors through direct use of software

implementations of the denoising algorithms. Next, we apply the method to a real

synchrotron X-ray tomography data set and compare the effect of different priors

models/denoising algorithms on the reconstruction. Finally, we apply the algorithm

to the problem of reconstructing a scanning TEM image from a sparse set of mea-

surements to potentially reduce dose for beam sensitive specimens.

The organization of the rest of this chapter is as follows. In Section 4.2 we in-

troduce the cost function corresponding to the MAP estimation for a general inverse

problem. In Section 4.3 we briefly discuss the variable splitting and ADMM algo-

rithm and use it to propose the Plug-and-Play priors method. In Section 4.4 we

apply the algorithm on simulated and real data sets for various applications while ex-

perimenting with different denoising algorithms (priors) and in Section 4.5 we draw

our conclusions.

4.2 MAP cost function for solving inverse problems

Let g be a M × 1 measurement vector from which we desire to estimate the

unknown f , a N×1 vector. Let p(g|f) be the conditional probability density function

(pdf) of the measurements g given f , and p(f) be the pdf of the unknown, then the

MAP estimate of f is given by

f̂ ← argmin
f

{− log p(g|f)− log p(f)}

f̂ ← argmin
f

{l(g; f) + s(f)} (4.1)

where l(g; f) = − log p(g|f) and − log p(f) = s(f) + terms independent of f . In the

special case of l(g; f) = 1
2σ2

n
‖g−f‖22+ M

2
log (2πσ2

n) the MAP estimate corresponds to

denoising designed to remove additive white Gaussian noise of variance σ2
n. For this
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special case, we define H(g; σ2
n) to be the operator that denoises the signal g when it

has been corrupted by additive Gaussian noise of variance σ2
n. This operator is then

given by the solution to the following MAP optimization problem:

H(g; σ2
n) = argmin

f

{

1

2σ2
n

‖g − f‖22 + s(f)

}

. (4.2)

Sometimes it is useful to have an additional regularization parameter to control the

relative effect of the prior model on the reconstruction. To allow for this additional

control, we can rewrite the estimation problem as

f̂ ← argmin
f

{l(g; f) + βs(f)} , (4.3)

where β can be used to modulate the amount of regularization applied to the inversion.

Notice that when β = 1 the problem is exactly the MAP estimation problem (4.1).

4.3 Variable Splitting and ADMM

In order to design an algorithm for (4.3) that decouples the forward and prior

terms, we first split the variable f into two new variables f and v, and reformulate

equation (4.3) as the following constrained optimization problem [94,95].

(f̂ , v̂) ← argmin
f,v

{l(g; f) + βs(v)}

subject to f = v . (4.4)

We then solve (4.4) by forming the augmented Lagrangian function and using the

ADMM technique [90–93]. The augmented Lagrangian for this problem is given by

Lλ(f, v, u) = l(g; f) + βs(v) +
λ

2
‖f − v + u‖22 −

λ

2
‖u‖22 . (4.5)
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where u is a scaled dual variable and λ is the penalty parameter. The ADMM

algorithm consists of repeatedly performing the following steps until convergence.

f̂ ← argmin
f

Lλ(f, v̂, u)

v̂ ← argmin
v

Lλ(f̂ , v, u)

u ← u+ (f̂ − v̂) .

Notice that for convex problems, λ does not effect the final result but controls the

rate of convergence of the ADMM algorithm.

If f̃ = v̂− u and ṽ = f̂ + u then each iteration of the algorithm can be written as

f̂ ← argmin
f

{

l(g; f) +
λ

2
‖f − f̃‖22

}

(4.6)

v̂ ← argmin
v

{

λ

2
‖ṽ − v‖22 + βs(v)

}

(4.7)

u ← u+ (f̂ − v̂). (4.8)

The first step only depends on the choice of forward model. The second step only

depends on the choice of prior and can be interpreted as a denoising operation as in

equation (4.2).

In order to emphasize the modular structure of the ADMM update, we define the

operator F(g, f̃ ;λ) as

F(g, f̃ ;λ) = argmin
f

{

l(g; f) +
λ

2
‖f − f̃‖22

}

. (4.9)

This function returns the MAP estimate of f given the data g, using very simple

quadratic regularization to a value, f̃ . We call F a simplified reconstruction operator.

Notice that F is also the proximal mapping [99] associated with the function 1
λ
l(g; f).

Using our definition of the simplified reconstruction operator F(g, f̃ ;λ) from (4.9), and
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our definition of the denoising operator H(g; σ2
n) from (4.2), we may now reformulate

the ADMM iterations as the following three steps.

f̂ ← F(g, f̃ ;λ) (4.10)

v̂ ← H(ṽ;
β

λ
) (4.11)

u ← u+ (f̂ − v̂). (4.12)

The overall algorithm is summarized in Fig. 4.1. Importantly, using this Plug-and-

Play framework, the minimization can now be written as two independent software

modules - one for implementing the simplified reconstruction operator F(g, f̃ ;λ) and

the other for implementing the denoising algorithm H(ṽ; σ2
n). Furthermore changing

the prior model only involves changing the implementation of H(ṽ; σ2
n). Thus the

Plug-and-Play priors framework can be used to mix and match different denoising

algorithms (priors) with the forward model of interest. Notice that the minimization

corresponding to the simplified reconstruction operator and the denoising operator

need not be exact. Instead, they can be replaced by the approximate operators F̃ and

H̃ that do not minimize the respective cost functions but instead decrease its value

sufficiently. This is an important technique for speeding up the implementation of

the ADMM [90] and making the algorithm useful in practical applications.

We note that the variable splitting approach discussed here has been exploited to

solve a variety of inverse problems [94, 95, 97, 100]. However the main motivation of

this research was to create better algorithms for solving the optimization problems

resulting from regularized inversion. For example, this variable splitting/ADMM

approach has been used to more effectively solve problems with l1 norms, TV norms,

and positivity constraints that can create difficulties in conventional gradient based

optimization. In distinction to this earlier research, our primary goal is to use splitting

strategies as a mechanism to create a flexible framework to easily match prior models

(embodied in the form of denoising algorithms) with forward models.
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function [f̂ ]← Reconstruct(g, β, λ)
% Inputs: Measurements g, Regularization β, Augmented Lagrangian pa-

rameter λ
Initialize f̂
v̂ ← f̂ , u← 0 ⊲ Initialize v̂ and u
σ2
n ← β

λ
⊲ Variance for denoising algorithm

while Stopping criteria are not met do
f̃ ← v̂ − u
f̂ ← F(g, f̃ ;λ) ⊲ Only dependent on forward model
ṽ ← f̂ + u
v̂ ← H(ṽ; σ2

n) ⊲ Denoising operator only dependent on prior
u← u+ (f̂ − v̂) ⊲ Update the scaled dual variable u

end while
end function

Fig. 4.1.: Pseudocode for Plug-and-Play priors framework. In each iteration an alter-
nating minimization is done. The first minimization depends only on the likelihood
function while the second minimization only requires the application of a denoising
algorithm. Thus introducing a new prior only requires introducing a new denoising
software module.

Finally, we note that in this chapter we do not discuss theoretical convergence

properties of the Plug-and-Play framework. While the ADMM is guaranteed to con-

verge if l and s are convex, closed and proper functions and L0 has a saddle point [90],

we observe via our numerical experiments that substituting H with denoising algo-

rithms that do not explicitly correspond to a convex function s or even a strict opti-

mization problem, still produces a stable result. Thus we rely on empirical evidence

from our experiments to show that our framework produces a stable result.

4.4 Experimental Results

In this section, we will use the Plug-and-Play priors for two applications - tomog-

raphy and image reconstruction from a sparse set of measured pixels. We will first

present results on a simulated tomography dataset to demonstrate the empirical con-

vergence properties of the method and how it compares to a direct implementation
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in case of a prior model that corresponds to a well defined function. Next, we will

apply the method to a real synchrotron X-ray tomography data set and compare the

reconstructions using different prior models. Finally, we will apply the method to the

problem of recovering a scanning TEM image from a sparse set of measured pixels.

4.4.1 Tomography

In the case when there are no missing calibration parameters or anomalous mea-

surements, the log-likelihood for the electron tomography problem has the form

l(g; f) = 1
2
‖g − Af‖2Λ, where A is a tomographic forward projector, and Λ is a di-

agonal weighting matrix with entries corresponding the to inverse variance of the

measurements. This type of model also occurs in synchrotron X-ray tomography [28].

We will match this type of forward model with a variety of state-of-the-art denois-

ing algorithms which may or may not explicitly be formulated as prior models in a

regularized inversion framework.

Simulated Data

We evaluate the Plug-and-Play method on a 64× 64 Shepp-Logan phantom with

values scaled between 0−255. The phantom is forward projected at 141 views between

−70◦ and +70◦ and the noise is simulated to be Poisson. This type of forward model

is widely used in electron tomography [55,101], where due to mechanical constraints,

the sample can only be tilted in a limited range. We compare reconstructions using

the Plug-and-Play priors framework by experimenting with six different denoising

techniques/priors - K-SVD [6], BM3D [36], PLOW [37], Total Variation (TV) [102],

q-GGMRF [56] and discrete reconstruction (DR) [98]. The regularization parameter

β is adjusted for achieving the minimum root mean square error (RMSE) between the

reconstruction and phantom. Instead of using the simplified reconstruction operator

F in the ADMM loop, we use an approximate operator F̃, which lowers the value

of the cost function corresponding to F using NIter number of iterations of iterative
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coordinate descent (ICD) [53] with random order updates [8]. The algorithm is ini-

tialized with a filtered back projection reconstruction. The value of NIter is set to

1 for all algorithms except the DR prior in which case it is set to 20. The value of

λ is set to 1/20 for all experiments. For non-convex priors like the K-SVD and the

DR prior we observed that the value of λ effects the final solution. The algorithm is

terminated after 150 iterations. Further details of the parameters used for different

denoising algorithms are given in Appendix D.

Fig. 4.2 shows the reconstructions resulting from the use of the six denoising

algorithms as regularizers, and Table. 4.1 shows the corresponding RMSE for each

regularizer. For this very simple Shepp-Logan image, the DR prior results in the

lowest RMSE. However, the other methods result in a comparable RMSE. Most im-

portantly, each denoising algorithm was easily matched to the tomographic forward

model and for each prior, the convergence in terms of RMSE to the original phan-

tom is stable and robust (see Fig. 4.3). Another measure of convergence in the

ADMM is that the ‖f̂ − v̂‖ (primal residual) and the change in v̂ in subsequent it-

erations (dual residual) [90] must go to zero as the number of iterations increase.

Fig. 4.4 shows the plots the primal and dual residual normalized by the number of

pixels for each of the denoising algorithms. We observe that even for denoising al-

gorithms that are not formulated as optimization problems these residuals decrease

and hence provide empirical evidence that the framework can be useful. However,

the error in the constraint being met (primal residual) is greater in the case of K-

SVD, BM3D,PLOW and DR than in the TV and qGGMRF case. Interestingly, the

BM3D [36] and PLOW [37] algorithms do not explicitly correspond to a prior model,

so the Plug-and-Play methodology provides a simple and robust framework to use

them for regularized inversion problems.

Finally we compare the convergence of the ADMM technique to the direct im-

plementation of the MAP estimate using a q-GGMRF prior model that is tightly

integrated into the cost function [56]. The traditional approach of tight integration

allows for more flexibility in the design of optimization algorithms, so it might be
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(a) Ground Truth

(b) K-SVD (c) BM3D (d) PLOW

(e) TV (f) q-GGMRF (g) Discrete reconstruction

Fig. 4.2.: Comparison of the minimum RMSE reconstructions using different priors
for the Shepp-Logan phantom projected in a limited angular range (+/ − 70◦). All
images are displayed in the window [0−255]. (a) Phantom (b) K-SVD (c) BM3D (d)
PLOW (e) TV (f) q-GGMRF (g) Discrete reconstruction. We observe that the patch
based denoising algorithms (b) - (d) work well producing qualitatively comparable
reconstructions to the typically used priors like TV and q-GGMRF. Some of the
features in the phantom are not reconstructed accurately due to the limited angle
nature of the projection data.
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Fig. 4.3.: Comparison of the convergence (RMSE between the reconstruction and
the original phantom) as a function of iteration number for the different denoising
algorithms used. The original phantom has values in the range 0−255. We note that
the convergence for all algorithms is robust and stable. Furthermore the convergence
rates across the different denoising algorithms are similar.
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Fig. 4.4.: Comparison of the primal residual ( 1
N
‖f̂k−v̂k‖) and dual residual ( 1

N
‖v̂k+1−

v̂k‖) as a function of iteration number for the different denoising algorithms used. We
note that the convergence for all algorithms is robust and stable.

expected to have faster convergence; but this faster convergence is at the cost of

a less modular and flexible design. Nonetheless, one would expect that both the

Plug-and-Play and traditional formulation should yield the same result when run
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Table 4.1: Comparison of the minimum Root Mean Square Error of the reconstruction
with respect to the original phantom for various priors. The original phantom has
values in the range 0− 255. We observe that the the patch based nonlocal denoising
operators result in a low RMSE reconstruction.

Algorithm RMSE
K-SVD [6] 1.67
BM3D [36] 2.20
PLOW [37] 2.34
TV [102] 3.56

q-GGMRF [56] 4.57
Discrete Recon [98] 1.10

to convergence. Moreover, for this case, the denoising algorithm corresponds to the

minimization of a convex function, and hence the ADMM technique is known to be

globally convergent provided that the inner minimizations are either exact or are run

for a sufficiently large number of iterations [90]. Fig. 4.5 shows the RMSE as a func-

tion of iteration number for the tightly integrated approach where the ICD algorithm

is used to solve the tomographic inversion compared to the two step ADMM approach

with a q-GGMRF denoising prior. We set the number of inner iterations in the q-

GGMRF denoising step in ADMM to 1 for a fair comparison. While the ADMM

approach is slower than ICD for our implementation and requires greater memory to

store the auxiliary variables [9, 97], it provides a more flexible framework for incor-

porating different priors. Furthermore, several techniques that have been proposed

to speed up the ADMM algorithm [9, 90] can also be applied to the Plug-and-Play

priors framework.

Real Data

In this section, we apply the Plug-and-Play priors to a real data from a syn-

chrotron X-ray tomography (SXT) experiment. SXT corresponds to a parallel beam

tomography modality and has the same form of likelihood function as the simulated
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Fig. 4.5.: Comparison of the convergence of ICD versus ADMM for the q-GGMRF
prior with p = 2, q = 1.2, c = 1/100, σf = 0.594. The convergence is measured by
using the RMSE between the reconstruction and the original phantom. The number
of inner iterations in the ADMM is set to 1 for a fair comparison. We observe that
ICD converges faster but ADMM’s speed is comparable. However the time taken per
iteration in ADMM will be higher due to the two step minimization.

data set discussed above. The data acquired is of a coarsening experiment of an

Aluminum-Copper alloy at the Swiss Light Source [103]. The CCD detector has

1024 × 1024 pixels. The data acquired consists of 1024 views between 0◦ and 180◦.

We will reconstruct a single 2-D slice of the 3-D volume from the data set using the

different prior models/denoising algorithms use for the simulated data set. In order

to reduce the computation, the acquired data is subsampled in the view space, and in

the detector direction resulting in a sinogram with 141 views and 512 detector entries.

The algorithm is terminated after 100 iterations. The value of the regularization pa-

rameters are adjusted for achieving a good visual quality of reconstruction. Details

of the parameters used for different denoising algorithms are given in Appendix D.

Fig. 4.6 (a) shows the FBP reconstruction from a single slice of the object. Fig. 4.6

(b)-(g) shows the MBIR reconstruction using different denoising algorithms. Notice

that the MBIR reconstructions produce a less noisy and sharper reconstruction than

the FBP case. Furthermore, all the priors produce a satisfactory reconstruction.
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(a) Filtered Back Projection

(b) K-SVD (c) BM3D (d) PLOW

(e) TV (f) q-GGMRF (g) Discrete reconstruction

Fig. 4.6.: Comparison of tomographic reconstructions using different priors for a
real data set acquired from a synchrotron X-ray set up. All images are displayed
in the same viewing window. (a) FBP reconstruction (b) K-SVD (c) BM3D (d)
PLOW (e) TV (f) q-GGMRF (g) Discrete reconstruction. We observe that the patch
based denoising algorithms (b) - (d) work well producing qualitatively comparable
reconstructions to the typically used priors like TV and q-GGMRF. The discrete prior
(g) produces a reconstruction with some artifacts, most likely due to the algorithm
getting stuck in a local minimum.
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Table 4.2: Comparison of the minimum Root Mean Square Error of the reconstruction
with respect to the original cameraman image for various priors. We observe that the
the patch based nonlocal denoising operators result in a low RMSE reconstruction.

Algorithm RMSE
K-SVD [6] 12.49
BM3D [36] 11.97
PLOW [37] 13.00
TV [102] 15.16

q-GGMRF [56] 15.53

However, note that in the DR case there are some artifacts because of the algorithm

getting stuck in undesirable local minima. This experiment demonstrates that the

Plug-and-Play framework can be used to incorporate different prior models for SXT

reconstructions potentially enabling improvements in image quality or reduction in

the amount of data acquired at the synchrotron facilities.

4.4.2 Sparse Image Reconstruction

Image interpolation/inpainting from a sparse set of measurements has been hy-

pothesized to be useful for reducing dose in transmission electron microscopy [104]

and for reducing the acquisition time in scanning electron microscopy [105]. Here we

will apply the Plug-and-Play priors for the sparse image reconstruction problem for

a simulated data set consisting of the cameraman image with only 40% of the pixels

measured. We assume the measurements are corrupted by Gaussian noise with vari-

ance σ2
w set to approximately 10% of the maximum value in the original image. The

likelihood function is given by l(g; f) = 1
2σ2

w
‖g − Af‖22, where A is a M × N matrix

which selects a subset of pixels from the underlying image f . Thus the entries of A
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(a) Ground Truth (b) Sampled, noisy data

(c) K-SVD (d) BM3D (e) PLOW

(f) TV (g) q-GGMRF

Fig. 4.7.: Comparison of the minimum RMSE reconstructions using different priors
for the Cameraman image sampled at 40% of the pixels with Gaussian noise of stan-
dard deviation 10. All images are displayed in the window [0 − 255]. (a) Phantom
(b) Measured data (c) K-SVD (d) BM3D (e) PLOW (f) TV (g) q-GGMRF recon-
struction. We observe that the patch based denoising algorithms (c) - (e) produce
qualitatively better reconstructions than priors like TV and q-GGMRF.
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Fig. 4.8.: Comparison of the convergence (RMSE between the reconstruction and
the original phantom) as a function of iteration number for the different denoising
algorithms used. The original phantom has values in the range 0−255. We note that
the convergence for all algorithms is robust and stable. In this case the patch based
denoising methods achieve a lower RMSE than the TV and qGGMRF models.
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Fig. 4.9.: Comparison of the primal residual ( 1
N
‖f̂k−v̂k‖) and dual residual ( 1

N
‖v̂k+1−

v̂k‖) as a function of iteration number for the different denoising algorithms used. We
note that the convergence for all algorithms is robust and stable.

are either 1 or 0. Using this system matrix, the simplified reconstruction operator

can be computed as

F(g, f̃ ;λ) =

[

1

σ2
w

AtA+ λI

]−1
[

Atg + λf̃
]

(4.13)
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where I is a N ×N identity matrix. Due to the simple form of the A matrix this ex-

pression can be exactly evaluated during the reconstruction. We will reconstruct the

image using five denoising algorithms - K-SVD [6], BM3D [36], PLOW [37], TV [102]

and q-GGMRF [56]. The algorithm is terminated after 150 iterations. We initialize

the algorithm using Shepard’s method [106]. The value of the regularization parame-

ters are adjusted for achieving a good visual quality of reconstruction. Further details

of the parameters used for different denoising algorithms are given in Appendix D.

Fig. 4.7 shows the reconstruction using the different prior models. The patch-based

non-local denoising algorithms (K-SVD, BM3D and PLOW) produce a qualitatively

and quantitatively (see Table 4.2) more accurate reconstruction for this image, rein-

forcing that for natural images the patch based non-local models are good regularizers.

Fig. 4.8 and Fig. 4.9 show the convergence of the different methods as a function of

the number of iterations. The convergence across all methods is robust and sta-

ble. However, the error in the constraint being met (primal residual) is greater in

the case of K-SVD, BM3D and PLOW than in the TV and qGGMRF case. This

example demonstrates the utility of the Plug-and-Play framework to incorporate so-

phisticated image models for the sparse image reconstruction problem to enable high

quality reconstructions via better prior models.

4.5 Conclusions

In this chapter, we proposed a flexible framework that allows state-of-the-art for-

ward models of imaging systems to be matched with state-of-the-art prior or denoising

models. The framework, which is based on variable splitting and use of the ADMM

algorithm, simplifies the software architecture by decoupling the forward and prior

models. Furthermore the framework enables state-of-the-art denoising algorithms,

even those that have no known formulation as an optimization problem, to be used

as priors/regularizers for model based inversion. We demonstrated the utility of the
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method in two applications relevant to materials imaging - tomography and sparse

image reconstruction.
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A. SINGLE VOXEL UPDATE USING SUBSTITUTE

FUNCTION

In order to find a suitable substitute function to the original cost (2.9), each of the

potential functions ρ(u − fi) can be replaced by a function ρ(u − fi; f
′
j − fi) which

satisfy the following properties [8]

ρ(u− fi; f
′
j − fi) ≥ ρ(u− fi) ∀u ∈ R (A.1)

ρ′(f ′
j − fi; f

′
j − fi) = ρ′(f ′

j − fi) (A.2)

where f ′
j is the point of approximation. Intuitively (A.1) ensures that the substitute

function upper bounds the original potential function and (A.2) ensures that the

derivatives of the original function and the substitute function are matched at the

point of approximation. We use a substitute function of the form

ρ(u− fi; f
′
j − fi) =

aji
2
(u− fi)

2 + bji (A.3)

because it results in a simple closed form update for a given voxel. Thus we need to

find the values of aji and bji which satisfies (A.1) and (A.2). Taking the derivative

of the substitute function (A.3) and matching it to the derivative of the original

potential function we get

aji =











ρ′(f ′

j−fi)

(f ′

j−fi)
f ′
j 6= fi

ρ′′(0) f ′
j = fi
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To choose bji we set the value of the original potential function and substitute

function to be the same at the point of approximation f ′
j. This gives

bji = ρ(f ′
j − fi)−

aji
2
(f ′

j − fi)
2
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B. GAIN AND OFFSET UPDATE WITH UNKNOWN

TRANSMITTED ATTENUATION

Rewriting the first summation of the cost function in (2.8) as a sum of quadratics in

[Ik, dk] and dropping terms which do not involve Ik, dk gives us a new cost function

corresponding to the unconstrained optimization problem,

c̃(I, d, λ) =
1

2

K
∑

k=1



[Ik dk]Qk





Ik

dk



− 2 [Ik dk] bk





+λ

(

1

K

K
∑

k=1

Ik − Ī

)

where Qk and bk are defined as in chapter 2.4.2. To find the minimum of the cost

function, we take gradient with respect to each [Ik dk] and set it to zero. This gives

us

Qk





Ik

dk



− bk +





λ
K

0



 = 0 (B.1)

and





Ik

dk



 = Q−1
k



bk −





λ
K

0







 . (B.2)

If Q̃k = Q−1
k then Ik = q̃k,11(bk,1 − λ

K
) + q̃k,12bk,2. Using this in the constraint

(

1
K

K
∑

k=1

Ik − Ī

)

and solving for λ we get
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λ̂ =

K
∑

k=1

(q̃k,11bk,1 + q̃k,12bk,2)−KĪ

1
K

K
∑

k=1

q̃k,11

. (B.3)

Finally we can use this value of λ̂ in (B.2) to solve for the optimal values of [Ik dk].
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C. COMPOSITION PROPERTY OF SURROGATE

FUNCTIONS

Theorem C.0.1 Composition property - Let q(z; z′) be a surrogate function for the

minimization of t(z) on A ⊂ R
N ; and let h : A → A. Then define

t̃(z) , t(h(z))

q̃(z; z′) , q(h(z);h(z′))

Then q̃(z; z′) is a surrogate function for t̃(z).

Proof The theorem can be proved by verifying the sufficiency coditions for surrogate

functions in (3.8). Notice that at z = z′, q̃(z′; z′) = t̃(z′) because q is a surrogate

function to t. Furthermore, for any z ⊂ A, q̃(z; z′) ≥ t̃(z) by the construction of q

i.e., q(z; z′) ≥ t(z) for z ⊂ A. Therefore the compostion is still a surrogate function

because it satisfies the sufficiency conditions in (3.8).
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D. PARAMETERS FOR DENOISING ALGORITHMS

The parameters of the algorithms are adjusted for the minimum RMSE reconstruction

in the case of the simulated data sets and the best visual quality for the real data

sets. In this appendix we specify the parameters used for the different denoising

routines. We refer to the simulated tomography data set as - Shepp-Logan Tomo, the

real synchrotron tomography data set as - SX Tomo and the simulated sparse image

reconstruction data set as - Cameraman Interp.

• K-SVD : We use the K-SVD denoising code from http://www.cs.technion.

ac.il/~ronrubin/software.html. The parameters used for the results pre-

sented in Chapter 4 are given in D.1.

Table D.1: K-SVD parameters used for different applications

Attribute Shepp-Logan Tomo SX Tomo Cameraman Interp
Patch size 4× 4 4× 4 8× 8

Dictionary size 3600 40000 40000
Number of iteration 10 1 10

σn 5.47 3.46 5.47

The other parameters are set to the default values in the software. The K-

SVD dictionary is initialized with the default settings in the software. For each

subsequent outer iteration of ADMM, the K-SVD dictionary is initialized with

the final dictionary from the previous iteration.

• BM3D : We use the BM3D code from http://www.cs.tut.fi/~foi/GCF-BM3D/

index.html\#ref\_software. The parameters used for the different applica-

tions are shown in Table D.2

The other parameters are set to the default values in the software.
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Table D.2: BM3D parameters used for different applications

Attribute Shepp-Logan Tomo SX Tomo Cameraman Interp
Patch size 4× 4 4× 4 4× 4

σn 10.19 3.46 5.48

• PLOW : The code for PLOW was downloaded from http://users.soe.ucsc.

edu/~priyam/PLOW/.

The parameters used for the different applications are shown in Table D.3

Table D.3: PLOW parameters used for different applications

Attribute Shepp-Logan Tomo SX Tomo Cameraman Interp
Patch size 5× 5 5× 5 5× 5

σn 5.47 2 4.47

The other parameters are set to the default values in the software.

• q-GGMRF : The q-GGMRF denoising operator is given by

f̂ ← argmin
f







1

2σ2
n

‖g − f‖22 +
1

pσp
f

∑

{i,j}∈χ

wij

|fi − fj|p
1 + |fi−fj

c
|p−q







(D.1)

where p, q, c, σf , wij are the q-GGMRF parameters, σ2
n is the variance of the

white noise in the data, and χ is the set of all neighboring pixels (8 point

neighborhood). The weights are set to 1
12

for diagonal neighbors and to 1
6
for

horizontal and vertical neighbors. The parameters of the denoising are set to

p = 2, q = 1.2, c = 1/100 which was found to produce a reasonable result for

images with white noise of variance σ2
n. The random order ICD with surrogate

functions [8] is used to implement the cost optimization. The parameters used

for the different applications are shown in Table D.4.
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Table D.4: qGGMRF parameters used for different applications

Attribute Shepp-Logan Tomo SX Tomo Cameraman Interp
σf 0.29 3× 10−4 0.29
σn 4.58 2× 10−4 4.47

• Total Variation : The code for TV denoising was downloaded from http:

//www.ceremade.dauphine.fr

/~peyre/matlab/image/content.html. It minimizes the cost function :

f̂ ← argmin
f

{

‖g − f‖22 +
λTV

2
TV(f)

}

(D.2)

f̂ ← argmin
f

{

1

2σ2
n

‖g − f‖22 +
cTV

2
TV(f)

}

(D.3)

where λTV = 2cTV σ
2
n and TV(f) represents the total variation operator. The

number of iterations was set to 100. This value was found to produce a reasonable

denoising result for additive white Gaussian noise of variance σ2
n. The parameters

used for the different applications are shown in Table D.5.

Table D.5: qGGMRF parameters used for different applications

Attribute Shepp-Logan Tomo SX Tomo Cameraman Interp
cTV 0.099 1 0.099
σn 3.07 3.46 4.47
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• Discrete Reconstruction (DR) prior : A denoising operation corresponding

to the discrete reconstruction prior (one that restricts the number of classes/values

taken by the pixels in the reconstruction to K) is given by

(µ̂, b̂) ← argmin
µ,b∈{1,··· ,K}M







1

2σ2
n

M
∑

i=1

(gi − µ(bi))
2 + cDiscrete

∑

{i,j}∈χ

wijδ(bi 6= bj)







(D.4)

where g is a M × 1 vector containing the noisy image, σ2
n is the noise variance,

b is a M × 1 vector of labels corresponding to each pixel, µ : {1, · · · , K} → R

is a function that maps each label to a discrete output level (class mean), χ

consists of all pairs of neighboring pixels, wij weights the interaction between

neighboring pixels , δ is an indicator function, and cDiscrete is a constant.

The denoising operation above is a non-convex optimization problem and we will

describe an algorithm to find a local minimum. To minimize the cost function

in (D.4) we use an alternating minimization strategy. The algorithm consists of

repeatedly performing the following steps for each pixel i.

– Class label update

b̂i ← argmin
k∈{1,··· ,K}

{

1

2σ2
n

(gi − µ̂(bi))
2 + cDiscrete

∑

j∈χi

wijδ (bj 6= k)

}

(D.5)

where χi is the set of neighbors of pixel i.

– Mapping function update

Taking derivative of the cost function in (D.4) with respect to each µ(k)

∀k ∈ 1, · · · , K and setting it to zero gives

µ̂(k) ← 1

Nk

M
∑

i=1

giδ(b̂i = k) (D.6)
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where Nk =
M
∑

i=1

δ(b̂i = k). Notice that this step simply sets the mapping

for a given class to the mean value of the pixels assigned to that class.

Thus the denoising operator corresponding to the discrete reconstruction prior

is given by

H(g; σ2
n) = µb̂.

where µb̂ = [µ̂(b̂1), · · · , µ̂(b̂M)]t.

In practice we set the number of iterations to 10 as we found this to produce

good results for the denoising problem. The weights are set to 1
12

for diagonal

neighbors and to 1
6
for horizontal and vertical neighbors. In order to initialize

the class labels b we use Otsu’s method [107] on a low pass filtered version of

the noisy input g. The parameters used for the different applications are shown

in Table D.6.

Table D.6: DR parameters used for different applications

Attribute Shepp-Logan Tomo SX Tomo
cDiscrete 4 3000
σn 20 6× 10−8

K 6 5
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