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ABSTRACT

Mohan, Kadri Aditya Ph.D., Purdue University, May 2017. Modular Forward Mod-
els and Algorithms for Regularized Reconstruction of Time-Space Scalar and Vector
Fields. Major Professor: Charles A. Bouman.

The framework of model-based iterative reconstruction (MBIR) is a versatile but

powerful technique for solving a wide variety of inverse problems in imaging. In

MBIR, image reconstruction works by finding the solution that minimizes a cost

function consisting of the sum of a forward model and a prior model term. The

physics of imaging is captured by the forward model and image sparsity is modeled

by the prior model. The challenge lies in the design of physically accurate forward

models and optimization algorithms for reconstruction.

First, we solve the inverse problem associated with traditional X-ray computed to-

mography imaging of time-varying samples that uses a linear and sparse model for the

forward problem. We formulate a 4D MBIR algorithm for reconstruction that when

combined with an interlaced view sampling strategy achieves dramatic improvements

in spatial and temporal resolution of reconstructions. However, this algorithm can-

not be used for more complex forms of non-sparse or non-linear tomographic imaging

systems.

In the area of magnetic imaging using vector field electron tomography (VFET),

traditional algorithms do not permit us to directly reconstruct the sample’s mag-

netization due to the non-sparse and complex nature of the forward problem. We

formulate the first algorithm ever to perform 3D reconstruction of the sample’s mag-

netization using the MBIR framework. Next, we solve the inverse problem in X-ray

phase contrast tomography (XPCT) using a non-linear forward model that accounts

for X-ray refraction and diffraction. We show that our algorithm accurately recon-
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structs the sample and does not adversely constrain the experimental conditions by

using a linear approximation to the forward model.

Both the algorithms designed for VFET and XPCT use modular forward models

that permit us to solve the original inverse problem by iteratively solving multiple but

simpler optimization problems using efficient algorithms. We generalize this approach

and call it the framework of plug-and-play forward models for MBIR. We show that

plug-and-play forward modeling allows us to solve complex inverse problems using

independent software modules that solve simpler inverse problems.



1

1. INTRODUCTION

Computational imaging uses computing resources to reconstruct the morphology of

a sample, also referred to as the object, from measurements that does not provide

direct information about the sample morphology. Typically, the sample is exposed

to some form of radiation such as X-rays, electrons, or visible light and the radiation

after interacting with the sample is measured by a detector. The forward problem

that expresses the measurement data as a function of the sample morphology and its

physical properties can be described using a forward model. The associated inverse

problem attempts to reconstruct the unknown sample from the measurement data. In

typical imaging systems, the forward model is usually known and can be formulated

using the laws of physics. However, the inverse problem is typically ill-posed either

due to missing information or sparse sampling of measurement data. Furthermore,

measurement data almost always contains noise that might result in noisy or unstable

reconstructions.

The common approach to solving an inverse problem is to use analytic inversion

formulas that rely on direct analytic inversion of the forward model. This approach

typically results in algorithms that are not only relatively straightforward to imple-

ment but also computationally fast. However, these algorithms are sensitive to noise

and result in inaccurate reconstructions if the problem is ill-posed. A possible solution

to this issue is to constrain the reconstruction to some sparse basis or use prior knowl-

edge about the underlying object that will mitigate the effects of the ill-posed nature

of the problem. One such simple but powerful constraint is that our reconstructed

values for the sample must be continuous and smooth albeit the occasional disconti-

nuities due to image edges. Such knowledge is typically incorporated in a prior model

for the sample. However, such knowledge is also typically hard to incorporate using

an analytic inversion algorithm. The solution is to use iterative reconstruction algo-
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rithms that solve the inverse problem while taking into account the prior knowledge

in the prior model.

Model-based iterative reconstruction (MBIR) is a versatile but powerful frame-

work for solving a wide variety of inverse problems in computational imaging. It

presents a systematic approach for solving inverse problems using a physically accu-

rate forward model for the imaging system and a prior model to enforce sparsity in

reconstruction. One application where MBIR algorithms have been extremely useful

is in the field of X-ray computed tomography (XCT). In XCT, the sample is mounted

on a rotary stage and exposed to X-ray radiation. The sample is then rotated along

an axis and measurements are made at regular angular intervals [1–3]. In this modal-

ity, the logarithm of the measured image can be expressed as a 2D projection of the

sample’s 3D morphology along the direction of X-ray propagation. Thus, XCT is an

example of a computational imaging system with a linear and sparse forward model.

The forward model is sparse since every measured data point depends only the value

at a few points within the sample. MBIR algorithms for XCT have found widespread

applications in medical imaging [4–10], material imaging [1–3], and biological imaging.

In medical XCT, MBIR algorithms have achieved significant improvements in dose

reduction and reconstruction quality [6–8]. MBIR is also used to achieve dramatic

improvements in reconstruction resolution, artifact reduction, and noise robustness

in the area of materials and biological imaging [1–3].

The power of MBIR lies in its statistical models. The noise model in MBIR mod-

els the statistics of measurement noise and ensures noise robustness of the algorithm.

The forward model ensures that the reconstruction agrees with the observed data.

The prior model mitigates the adverse effects due to the ill-posed nature of the in-

verse problem by enforcing sparsity in the reconstructed values. It is therefore very

important to meticulously design the various models depending on the physics of the

imaging modality, the physical properties of the sample, and the statistics of mea-

surement noise. The forward model can also be used to account for any undesired

non-ideal behavior of the imaging system. For instance, corrupt measurements or
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unknown calibration parameters in the detector can result in inaccurate reconstruc-

tions. These unknown parameters, also called nuisance parameters, can be accounted

for in the forward model which will prevent undesired artifacts and inaccuracies in

the reconstruction. Note that even though the original forward model in XCT is

linear, the effective forward model after accounting for the nuisance parameters can

be non-linear.

In MBIR, the reconstruction is formulated as the maximum a posteriori (MAP)

estimate of the unknown sample, x, given the data, y. MBIR also allows us to estimate

unknown calibration parameters, φ, related to the measurement system that cause

artifacts if not accounted for in the forward model. The reconstruction is given by,(
x̂, φ̂
)

= argmin
x,φ

{− log p(y|x, φ)− log p(x)} (1.1)

where p(y|x, φ) is the probability density function (pdf) for the data, y, given the

sample, x, and calibration parameters, φ, and p(x) is the probability density function

(pdf) for the sample morphology, x. The forward model term, log p(y|x, φ), uses

measurement physics to express the likelihood of the data, y, given the sample, x,

and calibration parameters, φ. The prior model term, log p(x), is used to model

sparsity and prior knowledge about the sample, x.

First, we will use the MBIR framework to solve the inverse problem associated

with X-ray computed tomography (XCT) imaging of time varying samples using

synchrotron X-rays [1–3]. A synchrotron is a particle accelerator that is used to

generate ultra-bright and high-energy X-ray beams for imaging experiments in a

wide range of scientific disciplines. Next, we solve the inverse problem associated with

vector field electron tomography (VFET) imaging of magnetic samples. We use MBIR

to formulate an algorithm that reconstructs the 3D magnetization of a magnetic

sample using a non-sparse forward model. We also solve the inverse problem in X-ray

phase contrast tomography (XPCT) by formulating an algorithm that reconstructs

the 3D distribution of absorption and refractive index within the sample using a

non-linear forward model [11]. Both the algorithms designed for VFET and XPCT
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solve the original inverse problem by iteratively solving multiple simpler inverse sub-

problems. We generalize this approach and call it the framework of plug-and-play

forward models for MBIR. Plug-and-play can be used to solve the inverse problem

associated with complex tomographic imaging systems by breaking down the original

inverse problem into an iterative solution of simpler inverse problems that can be

solved using efficient algorithms. This allows for modular software architecture by

permitting us to independently design efficient algorithmic solutions for solving the

individual inverse sub-problems.

1.1 Inverse Problem in X-ray Computed Tomography

Fig. 1.1. Illustration of data acquisition in 4D-SXCT. A parallel beam of
X-rays from a synchrotron is used to repeatedly image a sample rotating
at a constant speed. The intensity of the attenuated X-ray beam after
passing through the sample is measured by a 2D detector.

Material imaging to characterize the 3D morphology of materials at various length

scales is very important for engineering new materials that solve modern challenges

in clean energy, health care, and national security. Material characterization can be

done at a wide-range of length scales ranging from centimeter to angstrom resolution.

The desired resolution and material properties determine the imaging modality that

can be used to visualize the sample morphology. For example, we can use synchrotron
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X-ray computed tomography (SXCT) for imaging millimeter thick metallic samples

such as an AlCu alloy. SXCT relies on X-ray absorption to perform both 3D and

4D (time-space) imaging studies of material structures at micrometer resolution. In

SXCT, the varying absorption index within the sample modulates the amplitude of the

X-ray electric field that results in intensity contrast in the detector measurements.

The forward model is linear and sparse since the data, the logarithm of detector

measurements, can be expressed as a projection of the 3D distribution of absorption

index along the direction of X-ray propagation. This is the traditional absorption

tomography forward model that is used in a wide range of X-ray imaging modalities

including medical XCT imaging [1–4, 10]. It is also used in a variety of electron

tomography (ET) imaging modalities for nanoscale imaging [12,13].

In SXCT, the sample is rotated along an axis of rotation and measurements are

made at different angular positions of the sample as shown in Fig. 1.1. The inverse

problem then involves reconstruction of the absorption index distribution in the sam-

ple from the data i.e., logarithm of detector measurements. SXCT is increasingly

being used for 3D imaging of material samples at micron and finer scales. The suc-

cess of these techniques has increased interest in 4D reconstruction methods that can

image a sample in both space and time. However, the temporal resolution of widely

used 4D reconstruction methods is severely limited by the need to acquire a very

large number of views for each reconstructed 3D volume. Consequently, the temporal

resolution of current methods is insufficient to observe important physical phenom-

ena. Furthermore, unknown measurement parameters also tend to introduce ring and

streak artifacts into the 4D reconstructions.

In this thesis, we present a time-interlaced model-based iterative reconstruction

(TIMBIR) method [3] which is a synergistic combination of two innovations. The first

innovation, interlaced view sampling, is a novel method of data acquisition which dis-

tributes the view angles more evenly in time. The second innovation is a 4D model-

based iterative reconstruction algorithm (MBIR) which can produce time-resolved

volumetric reconstruction of the sample from the interlaced views. The forward model
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in 4D MBIR also accounts for detector saturation and unknown gain offsets in the de-

tector. These parameters if not modeled accurately result in streak and ring artifacts

in the reconstruction. The prior model for the sample is used to model sparsity across

space and time. In typical SXCT imaging experiments, the reconstruction problem

could involve estimation of more than 10 billion variables (including voxels). The

high dimensional nature of the problem necessitates the design of highly efficient and

parallel algorithms to perform reconstruction. Our optimization algorithm makes the

4D reconstruction problem feasible by providing for efficient parallel computation on

a super-computing cluster. We present reconstructions of both simulated and real X-

ray synchrotron data which indicate that TIMBIR can improve temporal resolution

by an order of magnitude relative to existing approaches.

The extensive research in MBIR algorithms for XCT [1, 3, 4] cannot be directly

applied to more complex tomographic systems such as X-ray phase contrast tomogra-

phy (XPCT) [11,14] and vector field electron tomography [15]. Such imaging systems

address the shortcomings of traditional XCT and are widely used for imaging ma-

terials in the fields of material science, biology, and nanotechnology. However, it is

challenging to solve the inverse problem associated with these imaging modalities due

to the more complex non-sparse and/or non-linear forward model. Similar to XCT,

these imaging modalities involve estimation of parameters in very high dimensional

spaces and hence require efficient algorithms for reconstruction.

1.2 Inverse Problem in Vector Field Electron Tomography

The magnetic property of any material is characterized by its magnetization that

expresses the density of magnetic dipole moments in the 3D sample. The magne-

tization results in a magnetic vector potential and magnetic field distribution that

extends outside the sample. Vector field electron tomography (VFET) is extensively

used for three dimensional imaging of magnetic materials at nanometer resolutions.

In VFET, the sample is tilted across two orthogonal axes and repeatedly imaged at
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Fig. 1.2. Illustration of data acquisition in vector field electron tomog-
raphy (VFET). In VFET, the sample is mounted on a rotary stage and
exposed to electron radiation. The sample is then tilted across two or-
thogonal tilt axes (u−axis and v−axis) and measurements are made at
multiple tilt angles.

several tilt angles as shown in Fig. 1.2. At each tilt angle, the phase of the electrons

coming out of the sample is retrieved from measurements [15]. The inverse problem

then involves reconstruction of the vector fields associated with the magnetic sample

from the phase data at all the tilt angles and the two tilt axes. The conventional

methods either reconstructs the magnetic vector potential or the magnetic field but

not the magnetization [15]. The forward model that expresses the phase data as a

function of the magnetic field or magnetic vector potential is linear and sparse but

the relation between the phase data and magnetization is linear but is non-sparse and

much more complex. However, the scientists are mainly interested in observing the

3D magnetization which can form complex textures that can be difficult to visualize

by just observing the magnetic vector potential or the magnetic field. The magne-

tization is a fundamental property of the sample unlike the magnetic field and the

magnetic vector potential which are derived from the magnetization. Furthermore,

the conventional algorithms also result in noisy reconstruction artifacts in the recon-

struction of the magnetic field and magnetic vector potential due to the ill posed

nature of the inverse problem [16].

We present a model-based iterative reconstruction algorithm (MBIR) that recon-

structs the magnetization by minimizing a cost function consisting of a forward model

term and a prior model term. Our MBIR algorithm uses a physics based forward

model and a prior model for the object. The forward model models the data as a
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function of the magnetization. The prior model enforces sparsity in the reconstructed

values. We then formulate the first algorithm that reconstructs the 3D distribution of

magnetization from the phase data. Our algorithm solves the original inverse prob-

lem as an iterative solution to multiple but simpler inverse sub-problems that can be

solved efficiently. It is based on variable splitting and the theory of alternate direc-

tion method of multipliers (ADMM) [17]. Using simulated and real data, we show

that our algorithm accurately reconstructs both the magnetization and the magnetic

vector potential. Furthermore, our MBIR algorithm also reduces noise and artifacts

when compared to the conventional method.

1.3 Inverse Problem in X-ray Phase Contrast Tomography

Fig. 1.3. Illustration of data acquisition in X-ray phase contrast tomog-
raphy (XPCT). A parallel beam of X-rays from a synchrotron is used to
repeatedly image a sample rotating at a constant speed. The X-rays un-
dergo absorption and refraction as it propagates through the object and
undergo Fresnel diffraction as it propagates towards the detector.

Since SXCT relies on X-ray absorption for contrast, it cannot be used to image

materials with weak absorption contrast. Any material with similar atomic numbers

such as Al-Si and biological tissues such as brain cells have weak contrast in absorp-

tion. To image such samples, we use synchrotron X-ray phase contrast tomography

(XPCT) that relies on X-ray refraction rather than absorption for measurement. The

3D distribution of refractive index and absorption index can be conveniently repre-
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sented as the real and imaginary parts of the complex refractive index. XPCT has

become popular as a method for tomographically reconstructing the complex refrac-

tive index of a material from single distance measurements. In XPCT, the sample

is rotated along an axis and detector measurements are made at regular angular

intervals as shown in Fig. 1.3.

XPCT has two major advantages over traditional X-ray computed tomography:

It can be used at higher cone-beam magnifications and it typically produces higher

contrast. In XPCT, the varying refractive index modulates the X-ray phase that

results in intensity contrast on the detector due to Fresnel diffraction [11]. The

measurement contrast increases with the distance between the object and detector.

The forward model in XPCT is non-linear due to the combined effects of X-ray

absorption, refraction and diffraction that makes it very challenging to solve the

inverse problem of reconstructing the sample directly from the measurements. The

current XPCT reconstruction algorithms are limited to near-field diffraction or thin

samples since they use a linear approximation to the forward model that limits both

their use and the quality of reconstructions.

In this thesis, we present a model-based iterative reconstruction (MBIR) algo-

rithm called complex refractive index tomographic iterative reconstruction (CRITIR).

CRITIR is based on a non-linear physics based model for X-ray propagation and a

prior model for the complex refractive index of the object being imaged. Our re-

construction algorithm solves the original inverse problem as an iterative solution

to multiple but simpler inverse sub-problems that can be solved efficiently. Unlike

conventional methods, CRITIR does not limit the sample thickness nor impose the

near-field diffraction condition as it uses the non-linear forward model in its original

form without resorting to linear approximations. We use simulation to show that our

algorithm accurately reconstructs the object while the conventional methods result in

inaccurate reconstructions with blurry edges beyond the near-field region. Further-

more, CRITIR directly reconstructs the 3D object from measurements at all the view
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angles rather than the conventional two-step procedure involving 2D phase retrieval

at each view followed by 3D tomographic reconstruction.

1.4 Framework of Plug-and-Play Forward Models

VFET and XPCT are two imaging modalities with forward models that are orig-

inally quite complex but can be expressed as the composition of simpler forward

sub-models that facilitates the design of efficient reconstruction algorithms. We gen-

eralize this approach and present the framework of plug-and-play forward models for

solving inverse problems associated with forward models that can be represented as

the composition of multiple simpler forward sub-models.

The framework of plug-and-play forward model breaks down the original forward

model used to describe a complex imaging system as a composition of multiple for-

ward sub-models that represent simpler and more traditional imaging systems. The

inverse sub-problem associated with each individual forward sub-model can typically

be solved using efficient algorithms in a MBIR framework. Under certain conditions,

there exist an iterative framework for solving the multiple inverse sub-problems so

that the iterates solve the original inverse problem. Note that each forward sub-model

is paired with a prior sub-model that incorporates knowledge from reconstructions

associated with the other inverse sub-problems. The plug-and-play framework is

based on variable splitting and the theory of alternate direction method of multipli-

ers (ADMM) [17].

1.5 Organization of Dissertation

In chapter 2, we present the method of TIMBIR for high spatial and temporal

resolution SXCT 4D imaging of time-varying samples. The material presented in
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chapter 2 was previously published in [1]1 [2]2 [3]3. In chapter 3, we present an

algorithm to reconstruct the 3D magnetization from VFET data. The core ideas

associated with the material in chapter 3 was originally published as an abstract

in [18]. In chapter 4, we present a MBIR algorithm called CRITIR that reconstructs

the 3D complex refractive index of a sample using XPCT. An abridged version of the

material in chapter 4 was originally published in [11]4. In chapter 5, we present the

framework of plug-and-play forward models for solving inverse problems using MBIR.

12014 c©IEEE. Reprinted with permission from [1]
22015 c©IEEE. Reprinted with permission from [2]
32015 c©IEEE. Reprinted with permission from [3]
42016 c©IEEE. Reprinted with permission from [11]
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2. TIMBIR: A METHOD FOR TIME-SPACE

TOMOGRAPHIC RECONSTRUCTION FROM

INTERLACED VIEWS

2.1 Introduction

Four-dimensional synchrotron X-ray computed tomography (4D-SXCT) is en-

abling scientists to study a wide variety of physical processes such as solidification and

solid-state phase transformations in the field of material science [19,20]. In contrast to

conventional CT, 4D-SXCT produces time-resolved three-dimensional volumetric re-

construction of the sample. The high intensity and strong collimation of synchrotron

radiation makes it especially suitable for high speed imaging of a wide variety of

samples at the micron scale [19–21]. However, in-situ 4D imaging using SXCT still

remains a major challenge owing to limitations on the data acquisition speed [19].

Moreover, impurities in the scintillator and imperfections in the detector elements

cause ring artifacts in the reconstruction [1, 22]. Furthermore, detector pixels occa-

sionally get saturated by high energy photons (often called “zingers”) which cause

streak artifacts in the reconstruction [1, 23].

The traditional approach to 4D-SXCT is to acquire a sequence of parallel beam

projections of the object, which is rotated at a constant speed, at progressively in-

creasing equi-spaced view angles (henceforth called progressive view sampling) as

shown in Fig. 2.1. Typically, the projections in each π radians rotation are grouped

together and reconstructed into a single 3D volume using an analytic reconstruction

algorithm such as filtered back projection (FBP) [24, 25] or a Fourier domain recon-

struction method [26–28]. The time sequence of 3D reconstructions then forms the

4D reconstruction of the object.
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Fig. 2.1. Illustration of data acquisition for 4D-SXCT. A parallel beam of
X-rays from a synchrotron is used to repeatedly image an object rotating
at a constant speed. The intensity of the attenuated X-ray beam after
passing through the object is measured by a 2D detector.

Unfortunately, this traditional approach based on progressive view sampling and

analytic reconstruction severely limits the temporal resolution of 4D reconstructions.

The number of 3D volumes (henceforth called time samples) of the 4D reconstruction

per unit time is given by Fs = Fc/Nθ where Nθ is the number of views used to

reconstruct each time sample, and Fc is the data acquisition rate i.e., the rate at which

projection images are collected. The maximum data acquisition rate, Fc, depends on a

wide variety of hardware constraints such as the camera frame rate, the data transfer

rate, buffer memory sizes, etc. The number of views, Nθ, required for spatial Nyquist

sampling of the projection data is π/2 times the number of detector pixels, Np, in the

sensor’s field of view perpendicular to the rotation axis [24]. However, in practice,

for Nyquist sampling the number of views, Nθ, is chosen to be approximately equal

to the number of cross-axial sampled pixels, Np [24]. This means that in order to

reconstruct a single time sample from a sensor with a frame size of 1024×1024 (i.e., a

1 mega-pixel sensor) one needs Nθ = 1024 views of the object, resulting in a temporal

reconstruction rate that is reduced by a factor of 1024 relative to the data rate, Fc.

Consequently, the data rate becomes the limiting factor on the temporal resolution

in a typical 4D-SXCT imaging system.
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In order to increase the temporal reconstruction rate, either the number of projec-

tions per rotation can be reduced or the range of view angles used for reconstruction

can be decreased. However, if the number of views per rotation is reduced the signal

is under-sampled and analytic reconstruction algorithms produce substantial artifacts

due to aliasing [24,29–31]. If the number of view angles used for a single reconstruc-

tion is reduced, the Fourier space of the object is not fully sampled which results in

a missing wedge of spatial frequencies [32]. With analytic reconstruction algorithms,

this missing wedge results in time-varying non-isotropic resolution that will typically

produce severe reconstruction artifacts. Therefore, using conventional reconstruction

algorithms with a traditional progressive view sampling approach presents a funda-

mental limitation on the temporal resolution that can be achieved for a given spatial

resolution.

In order to improve the quality of reconstruction, several new sampling strategies

have been proposed for other tomographic applications. Using 2D Nyquist sampling

theory, it has been shown that using a hexagonal sampling strategy [33–35] for the

Radon transform the number of sample points can be reduced. Alternatively, by

formulating the data acquisition as a time-sequential process, Willis et al. show that

for an object with localized temporal variation the sampling rate can be reduced

using an optimally scrambled angular sampling order [36,37]. Another novel angular

sampling strategy called equally sloped tomography [38], has been shown to produce

superior quality reconstructions when reconstructing from a set of projections spaced

equally in a slope parameter rather than angle. In [39], Zheng et al. present a

method of reducing the number of projections by identifying favorable views based

on prior knowledge of the object. In [40–44], the authors discuss different compressed

sensing approaches for tomography. In general, the methods which change the angular

order are optimal when the time interval between successive views is independent of

their angular separation. Thus, optimal view sampling strategies have been shown to

improve the reconstruction quality, even with conventional reconstruction algorithms.
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An alternate approach to improving reconstruction quality is to use more advanced

model-based iterative reconstruction (MBIR) methods, which are based on the esti-

mation of a reconstruction which best fits models of both the sensor measurements

(i.e., the forward model) and the object (i.e., prior model) [1, 9, 10, 12, 45]. These

3D reconstruction methods have been shown to be very effective when the angular

range is limited [46] and also when the number of views is less than that required by

Nyquist sampling criterion [1]. In the context of medical CT, several authors have

also shown that modeling the temporal correlations [47–51] in addition to modeling

the spatial correlations improves the quality of 4D MBIR reconstructions.

In this chapter, we propose an approach to 4D reconstruction of time varying ob-

jects, which we call time interlaced model based iterative reconstruction (TIMBIR).

TIMBIR is the synergistic combination of a novel interlaced view sampling technique

with an innovative model-based iterative reconstruction (MBIR) algorithm. In [2] we

present preliminary results using the TIMBIR method and in [52] we use TIMBIR

to determine the morphology of a growing metallic dendrite in 4D. In the new in-

terlaced view sampling method, all the views typically acquired over half a rotation

using progressive view sampling are instead acquired over multiple half-rotations. In-

tuitively, interlaced view sampling spreads the view angles more evenly in time as

opposed to the conventional progressive view sampling method that groups views at

nearby angles together in time. Nonetheless, interlaced view sampling when used

with conventional analytic reconstruction methods does not result in any gains since

the number of views in each half-rotation is insufficient to achieve Nyquist sampling

for a single reconstruction of the object. Consequently, analytic reconstruction meth-

ods produce severe artifacts when used to reconstruct the interlaced views at higher

temporal rates.

In order to reconstruct the data acquired using the interlaced view sampling

method, we propose a new 4D MBIR algorithm. In addition to modeling the measure-

ment noise and spatio-temporal correlations in the 4D object, the MBIR algorithm

reduces ring and streak artifacts by modeling the detector non-idealities [22, 23] and
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measurement outliers caused by high energy photons (called zingers) [1]. We adapt

our forward model for 3D MBIR introduced in [1] to the current 4D framework

and combine it with a modified q-generalized Gaussian Markov random field (qG-

GMRF) [4] based prior model, which models the spatio-temporal correlations in the

reconstruction, and formulate the MBIR cost function. We note that our qGGMRF

prior model is similar to the total-variation (TV) prior used in compressive sensing

(CS) methods [41,44]. The parameters of our qGGMRF prior model can be adjusted

to result in the TV prior that is widely used in CS methods. We then present a

fast distributed parallel multi-resolution algorithm based on surrogate functions to

minimize this cost function.

2.2 Interlaced View Sampling for Tomography

In order to satisfy the spatial Nyquist sampling requirement for each 3D time

sample of a 4D reconstruction, it is typically necessary to collect approximately Nθ =

Np progressive views, where Np is the number of sampled pixels perpendicular to the

axis of rotation [24]. In the traditional approach, these Nθ progressive views are taken

in sequence while the sample is rotated continuously over π radians. The object is

then reconstructed at a temporal rate of Fs = Fc/Nθ where Fc is the data acquisition

rate.

In contrast to this approach, we propose an interlaced view sampling method

where each frame of data consisting of Nθ distinct views are acquired over K interlaced

sub-frames (see Fig. 2.2). Each sub-frame of data then consists of Nθ/K equally

spaced views, but together the full frame of data contains all Nθ distinct views of the

object. For a continuously rotating object, the formula which gives the view angle as

a function of the discrete sample index, n, is given by

θn =

[
nK + Br

(⌊
nK

Nθ

⌋
mod K

)]
π

Nθ

, (2.1)

where K is a power of 2, b = Br(a) is the bit-reverse function which takes the binary

representation of the integer a and reverses the order of the bits to form the output
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b [53]. It is interesting to note that there exist ordered subset methods [54] for 3D

tomography which use a similar bit-reversal technique to determine the grouping of

projection views. If we write a in base 2 expansion as a =
∑l−1

i=0 bi2
i where l = log2(K),

then b =
∑l−1

i=0 bi2
l−1−i. If the angular range of the projections is limited to 2π radians,

then the interlaced view angles are given by

θn =

[(
n mod

2Nθ

K

)
K +Br

(⌊
nK

Nθ

⌋
mod K

)]
π

Nθ

. (2.2)

If the angular range of the projections is limited to π radians, then the interlaced

view angles are given by

θn =

[(
n mod

Nθ

K

)
K + Br

(⌊
nK

Nθ

⌋
mod K

)]
π

Nθ

. (2.3)

It is important to note that for the same index, n, the view angles generated by

equations (2.1), (2.2), and (2.3) are all separated by an integer multiple of π ra-

dians. Hence, the projections obtained using equations (2.1), (2.2), and (2.3) are

essentially the same. Fig. 2.2 compares progressive views with interlaced views and

also highlights the interlacing of view angles across sub-frames. The object is then

reconstructed at a temporal rate of Fs = rFc/Nθ where r is the number of time sam-

ples of the 4D reconstruction in a frame. In TIMBIR, we reconstruct the object at a

temporal rate which is r times the conventional rate of Fs = Fc/Nθ. We typically set

the parameter r equal to the number of sub-frames, K.

In TIMBIR, the conventional approach of reconstructing using progressive views

is obtained when r = K = 1. We will show empirically that we can significantly

improve the spatial and temporal reconstruction quality by increasing the value of

K and r while using the same value of Nθ. Thus, we show that we can get sig-

nificantly improved reconstruction quality by changing the view sampling method

without increasing the amount of input data.

In progressive view sampling, the entire set of Nθ distinct views is acquired over a

π radians rotation of the object. However, in interlaced view sampling all the distinct

Nθ views are acquired over a Kπ radians rotation of the object. Thus, if Nθ and Fc
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(a) K = 1, Nθ = 16 (b) K = 2, Nθ = 16

(c) K = 4, Nθ = 16 (d) K = 16, Nθ = 16

Fig. 2.2. Illustration of interlaced view sampling pattern for different
values of K. (a-d) are plots of θnmod(π) vs. time index, n, for K = 1, 2, 4,
and 16. The arrows show the relative difference between the angular values
across sub-frames.

are fixed, then increasing the value of K increases the rotation speed of the sample.

We will show that increasing the value of K can also improve the reconstruction

quality. However, in some cases, the increased rotation speed of the sample may

not be desirable. So in these cases, the parameter K can be adjusted to balance

the need for improved image quality with the need to limit the sample’s rotation

speed. While increasing the rotation speed and reducing Nθ appears to be an intuitive

step for increasing the temporal resolution of the reconstructions, we will empirically

demonstrate that interlacing the views will give us significant improvements in the

temporal reconstruction quality.
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2.3 Formulation of MBIR cost function

The goal of SXCT is to reconstruct the attenuation coefficients of the sample from

the acquired data. We reconstruct the attenuation coefficients of the object from the

acquired data using the MBIR framework. The MBIR reconstruction is given by(
x̂, φ̂
)

= argmin
x,φ

{− log p(y|x, φ)− log p(x)}, (2.4)

where p(y|x, φ) is a pdf for the projection data, y, given the object, x, and the

unknown system parameters, φ, and p(x) is a pdf for the 4D object.

2.3.1 Measurement Model

We begin by deriving a likelihood function p(y|x, φ) for the projections, y, from

a time varying object, x. We model each voxel of the object as an independent

piecewise constant function in time such that there are r equi-length reconstruction

time samples in each frame. Thus, the projections ranging from (j − 1)Nθ/r + 1

to jNθ/r are assumed to be generated from the jth time sample. The vector of

attenuation coefficients of the object at the jth time sample is denoted by xj.

A widely used model for X-ray transmission measurements is based on Beer’s

law and Poisson counting statistics for the measurement [55]. Using this model, if

λn,i is the measurement at the ith detector element and nth view and if λD,i is the

measurement in the absence of the sample, then an estimate of the projection integral

is given by yn,i = log
(
λD,i
λn,i

)
. If we denote y to be the vector of projections yn,i and

x to be the vector of attenuation coefficients at all time steps, then using a Taylor

series approximation to the Poisson log-likelihood function [56] it can be shown that,

− log p (y|x) ≈ 1

2

L∑
j=1

nj−1∑
n=nj−1

M∑
i=1

(
(yn,i − An,i,∗xj)

√
Λn,i,i

σ

)2

+ f(y), (2.5)

where nj = jNθ
r

+ 1, L is the total number of time samples in the reconstruction,

An,i,∗ is the ith row of the forward projection matrix An, Λn is a diagonal matrix

modeling the noise statistics, M is the total number of detector elements, and f(y)
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is a constant that will be ignored in the subsequent optimization. The variance of

the projection measurement, yn,i, is inversely proportional to the mean photon count

and hence we set Λn,i,i = λn,i [55]. Since λn,i is not equal to the photon count but is

proportional to the photon count, there exists a constant of proportionality σ such

that
λn,i
σ2 is the inverse variance of the projection measurement, yn,i.

Fig. 2.3. Plot of the generalized Huber function βT,δ used in the likelihood
term with T = 3 and δ = 1

2
. Projections with large data mismatch error

are penalized thereby reducing their influence in the overall cost function.

While this model is useful in several applications, it does not account for the non-

idealities in the synchrotron measurement system. In particular, the log-likelihood

term in (2.5) corresponds to a quadratic penalty on the weighted data mismatch

error and does not account for the occurrence of zingers [1]. The zinger measurements

correspond to a distribution with heavier tails than that corresponding to (2.5). Hence

we change the quadratic penalty in (2.5) to a generalized Huber penalty (see Fig. 2.3)

of the form [1,13]

βT,δ(z) =

z
2 |z| < T

2δT |z|+ T 2(1− 2δ) |z| ≥ T,

(2.6)

where T and δ are parameters of the generalized Huber function. In our model, the

parameters of the generalized Huber function are chosen such that 0 < δ < 1 and
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T > 0. The generalized Huber function is non-convex in this range of parameter

values. This penalty implies that if the ratio of the data mismatch error to the noise

standard deviation is greater than the parameter T , then the measured projection

corresponds to a zinger.

Next, we model the non-idealities in the measurement system that cause ring

artifacts. It has been shown [25] that the non-idealities that cause ring artifacts

can be modeled via an additive detector dependent offset error, di, in the projection

measurements, yn,i. Hence, if we assume an unknown offset error di in the projection,

yn,i, then an estimate of the line integral is given by,

ỹn,i = yn,i − di. (2.7)

The offset error, di, is typically not known from the measurements and hence we

jointly estimate it during reconstruction. Thus, the new likelihood function that

models the offset error and the zinger measurements is given by

p(y|x, d, σ) =
1

Z (σ)
exp {−U(y, x, d, σ)} , (2.8)

where U(y, x, d, σ) =
1

2

L∑
j=1

nj−1∑
n=nj−1

M∑
i=1

βT,δ

(
(yn,i − An,i,∗xj − di)

√
Λn,i,i

σ

)
, (2.9)

Z(σ) is a normalizing constant and d = [d1 · · · dM ] is the vector of all offset error

parameters. Since (2.8) is a pdf, we can show that Z(σ) = Z(1)σML
Nθ
r using the

property that (2.8) integrated over y should be equal to one [57]. Thus, the log-

likelihood function is given by

−log p(y|x, d, σ)= U(y, x, d, σ) +ML
Nθ

r
log(σ) + f̃(y), (2.10)

where f̃(y) is a constant which is ignored in the subsequent optimization. We note

that when δ = 0, p(y|x, d, σ) is not a density function since it does not integrate to 1

and hence we assume δ > 0 in the rest of the chapter.
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2.3.2 Prior Model

We use a q-generalized Gaussian Markov random field (qGGMRF) [4] based prior

model for the voxels. The prior is used to model the 4D object in time as well as

space. Using this model, the logarithm of the density function of x is given by

− log p(x) =
L∑
j=1

∑
{k,l}∈N

wklρs(xj,k − xj,l) +
P∑
k=1

∑
{j,i}∈T

w̃jiρt(xj,k − xi,k) + constant,

(2.11)

where ρs(∆) =
∆t∆

3
s

∣∣∣ ∆
∆sσs

∣∣∣2
cs +

∣∣∣ ∆
∆sσs

∣∣∣2−p , ρt(∆) =
∆t∆

3
s

∣∣∣ ∆
∆tσt

∣∣∣2
ct +

∣∣∣ ∆
∆tσt

∣∣∣2−p ,
and xj,k is the kth voxel of the object at time sample j, P is the total number of

voxels in each time sample, N is the set of all pairwise cliques in 3D space (all pairs

of neighbors in a 26 point spatial neighborhood system), T is the set of all pairs of

indices of adjacent time samples (two point temporal neighborhood system), p, cs,

ct, σs and σt are qGGMRF parameters, ∆s is a parameter proportional to the side

length of a voxel and ∆t is a parameter proportional to the duration of each time

sample in the reconstruction. The weight parameters are set such that wkl ∝ |k−l|−1,

w̃ji ∝ |j− i|−1, and normalized such that
∑

l∈Nk wkl +
∑

i∈Tj w̃ji = 1, where Nk is the

set of all spatial neighbors and Tj is the set of all temporal neighbors of voxel xj,k.

The terms ∆s and ∆t in the prior model ensures invariance of the prior to changing

voxel sizes [58].

2.3.3 MBIR Cost Function

By substituting (2.10) and (2.11) into (2.4), we get the following MBIR cost

function,

c(x, d, σ) =
1

2

L∑
j=1

nj−1∑
n=nj−1

M∑
i=1

βT,δ

(
(yn,i − An,i,∗xj − di)

√
Λn,i,i

σ

)

+
L∑
j=1

∑
{k,l}∈N

wklρs(xj,k − xj,l) +
P∑
k=1

∑
{j,i}∈T

w̃jiρt(xj,k − xi,k) +ML
Nθ

r
log(σ). (2.12)
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The reconstruction is obtained by jointly minimizing the cost, c(x, d, σ), with respect

to x, d and σ. Additionally, we impose a linear constraint of the form Hd = 0 to

minimize any shift in the mean value of the reconstruction. The form of the matrix

H can be adjusted depending on the application. The form of the matrix H used in

our application is described in appendix A.

2.4 Optimization Algorithm

The cost function (2.12) is non-convex in x, d and σ. Minimizing the current form

of the cost function given by (2.12) is computationally expensive. So, instead we

use the functional substitution approach [59, 60] to efficiently minimize (2.12). Our

method also ensures monotonic decrease of the cost function (2.12). A substitute cost

function csub(x, d, σ;x′, d′, σ′) to the cost function c(x, d, σ) at the point (x′, d′, σ′) is

a function which bounds the cost function from above such that minimizing the

substitute cost function results in a lower value of the original cost function.

2.4.1 Construction of Substitute Function

To derive a substitute function to the overall cost we find a substitute function to

each term of the cost (2.12) and sum them together to derive an overall substitute

function. In particular, we will use quadratic substitute functions, as they make the

subsequent optimization computationally simple.

A sufficient condition for a function q(z; z′) to be a substitute function to g(z) at

the point z′ is that ∀z, q(z; z′) ≥ g(z) and q(z′; z′) = g(z′). We can prove that

QT,δ(z; z′) =

z
2 |z′| < T

δT
|z′|z

2 + δT |z′|+ T 2(1− 2δ) |z′| ≥ T

is a substitute function to βT,δ(z) at the point z′ by showing that it satisfies the

sufficiency condition [13]. If the error sinogram is defined as ej,n,i = yn,i−An,i,∗xj−di
and e′j,n,i = yn,i−An,i,∗x′j−d′i is the error sinogram at the current values of (x′, d′, σ′),
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function [x′, e′, b′]← UpdateVox(x′, e′, b′, σ′, j, m)

for each voxel k in voxel-line m at time step j do

Compute θ̃1 and θ̃2 as in equation (2.19)

\\Compute substitute function parameters

for each l ∈ Nk do

Compute asjkl using (2.14)

end for

for each i ∈ Tj do

Compute atkji using (2.16)

end for

Compute x̂j,k as in equation (2.21)

u∗ ← x′j,k + α(x̂j,k − x′j,k)

\\Update all variables affected by update of x′j,k

e′j,n,i ← e′j,n,i − An,i,j(u∗ − x′j,k) ∀n, i

x′j,k ← u∗

Using (2.18), update b′j,n,i ∀n, i

end for

end function

Fig. 2.4. Pseudo code to update a voxel. The voxel update is obtained by
minimizing a quadratic substitute function in xj,k while the other variables
are treated as constants.

then a substitute function to βT,δ
(
ej,n,i

√
Λn,i,i/σ

)
in the original cost is given by

QT,δ

(
ej,n,i

√
Λn,i,i/σ; e′j,n,i

√
Λn,i,i/σ

′) by Property 7.9 in [61].

A quadratic substitute function for the prior term ρs(xj,k − xj,l) can be shown to

be [9],

ρs(xj,k − xj,l;x′j,k − x′j,l) =
asjkl
2

(xj,k − xj,l)2 + bsjkl, (2.13)
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function [x̂, d̂, σ̂]← Reconstruct(y, x′, d′, σ′)

%Inputs: Projections y, Initial reconstruction x′, Initial estimate of offset

error d′, Initial estimate of variance parameter σ′

%Outputs: Reconstruction x̂, estimate of offset error d̂, estimate of variance

parameter σ̂

e′j,n,i = yn,i − An,i,∗x′j − d′i ∀i, j, n

Set b′ using (2.18)

while Stopping criteria is not met do

\\Iteratively update all voxel lines in a random order

for each voxel-line m at each time step j do

(x′, e′, b′)← UpdateVox(x′, e′, b′, σ′, j,m)

end for

d′ ← Update d′ using (2.24)

Update σ′ using (2.25)

end while

x̂← x′, d̂← d′, σ̂ ← σ′

end function

Fig. 2.5. Pseudo code of the 4D MBIR algorithm. The algorithm works
by alternatively minimizing a substitute cost function (2.17) with respect
to all the voxels, xj,k, offset error, di, and variance parameter σ.

where asjkl =


ρ′s(x

′
j,k−x

′
j,l)

(x′j,k−x′j,l)
x′j,k 6= x′j,l

ρ′′s(0) x′j,k = x′j,l

, (2.14)

and bsjkl is a constant. A quadratic substitute function for the prior term ρt(xj,k−xi,k)

can be shown to be [9],

ρt(xj,k − xi,k;x′j,k − x′i,k) =
atkji
2

(xj,k − xi,k)2 + btkji, (2.15)
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where atkji =


ρ′t(x

′
j,k−x

′
i,k)

(x′j,k−x′i,k)
x′j,k 6= x′i,k

ρ′′t (0) x′j,k = x′i,k

, (2.16)

and btkji is a constant. Thus, a substitute function to (2.12) is given by,

csub(x, d, σ;x′, d′, σ′) =
1

2

L∑
j=1

nj−1∑
n=nj−1

M∑
i=1

QT,δ

(
ej,n,i

√
Λn,i,i

σ
; e′j,n,i

√
Λn,i,i

σ′

)

+ML
Nθ

r
log(σ)+

L∑
j=1

∑
{k,l}∈N

wklρs(xj,k−xj,l;x′j,k−x′j,l)+
P∑
k=1

∑
{j,i}∈T

w̃jiρt(xj,k−xi,k;x′j,k−x′i,k).

(2.17)

2.4.2 Parameter Updates used in Optimization

To minimize the cost function given by (2.12), we repeatedly construct and min-

imize (2.17) with respect to each voxel, xj,k, the offset error parameters, di, and the

variance parameter, σ. To simplify the updates, we define b′j,n,i to be a indicator vari-

able which classifies measurements as anomalous based on the current value of the

error sinogram, e′j,n,i, and the current value of the variance parameter, σ′, as shown

below,

b′j,n,i =

1
∣∣e′j,n,i√Λn,i,i/σ

′
∣∣ < T

0
∣∣e′j,n,i√Λn,i,i/σ

′
∣∣ ≥ T

(2.18)

and let b̃′j,n,i = 1− b′j,n,i.

Voxel Update

In order to minimize (2.17) with respect to a voxel k at time step j, we first rewrite

(2.17) in terms of xj,k in the form of the following cost function,

c̃sub(xj,k) = θ̃1xj,k +
θ̃2

2

(
xj,k − x′j,k

)2

+
∑
l∈Nk

wklρs(xj,k − x′j,l;x′j,k − x′j,l) +
∑
i∈Tj

w̃jiρt(xj,k − x′i,k;x′j,k − x′i,k), (2.19)
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where θ̃1 = −
nj−1∑
n=nj−1

M∑
i=1

An,i,ku
′
j,n,i, θ̃2 =

nj−1∑
n=nj−1

M∑
i=1

A2
n,i,kv

′
j,n,i,

u′j,n,i =

√
Λn,i,i

σ′

[
b′j,n,ie

′
j,n,i

√
Λn,i,i

σ′
+ b̃′j,n,iδT sgn

(
e′j,n,i

)]
,

v′j,n,i =

√
Λn,i,i

σ′

[
b′j,n,i

√
Λn,i,i

σ′
+ b̃′j,n,i

δT∣∣e′j,n,i∣∣
]
, (2.20)

and sgn is the signum function. Then, the optimal update for xj,k is obtained by

minimizing (2.19) with respect to xj,k and is given by

x̂j,k =

∑
l∈Nk

wkla
s
jklx

′
j,l+

∑
i∈Tj

w̃jia
t
kjix

′
i,k+ θ̃2x

′
j,k− θ̃1∑

l∈Nk

wkla
s
jkl +

∑
i∈Tj

w̃jia
t
kji + θ̃2

. (2.21)

In order to speed up the computation of voxel updates, we update certain groups

of voxels sequentially. In particular, let w be the axis of rotation and u − v axes be

in the plane perpendicular to w. A voxel-line [9] consists of all voxels along w-axis

which share the same u − v coordinate. Since all voxels along a voxel-line share the

same geometry computation in the u − v plane, we update all the voxels along a

voxel-line sequentially. To further speed up convergence of the algorithm, we use the

over-relaxation method [9] which forces larger updates of voxels. The update for voxel

xj,k is then given by

x′j,k ← x′j,k + α
(
x̂j,k − x′j,k

)
, (2.22)

where α is the over-relaxation factor which is set to be equal to 1.5. Typically, α is

chosen in the range of (1, 2) which ensures decreasing values of (2.12) [9]. The pseudo

code to update a voxel-line is shown in Fig. 2.4.
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Offset Error Update

To minimize (2.17) with respect to d, subject to the constraint Hd = 0, we first

rewrite (2.17) in terms of the offset error d as,

c̃sub(d) =
1

2

L∑
j=1

nj−1∑
n=nj−1

(
d− d̄j,n

)t
V ′j,n

(
d− d̄j,n

)
(2.23)

where d̄j,n,i = e′j,n,i + d′i and V ′j,n is a diagonal matrix such that V ′j,n,i,i = v′j,n,i (given

by (2.20)). We use the theory of Lagrange multipliers [62] to minimize (2.23) with

respect to the offset error parameters, di, subject to the constraint Hd = 0. The

optimal update for d is given by

d′ ← Ω−1

 L∑
j=1

nj−1∑
n=nj−1

V ′j,nd̄j,n −H t
(
HΩ−1H t

)−1
HΩ−1

L∑
j=1

nj−1∑
n=nj−1

V ′j,nd̄j,n

 (2.24)

where Ω =
∑L

j=1

∑nj−1
n=nj−1

V ′j,n.

Variance Parameter Update

The update for the variance parameter, σ2, is obtained by taking the derivative

of (2.17) with respect to σ2 and setting it to zero. The update is then given by,

σ′2 ← r

NθLM

L∑
j=1

nj−1∑
n=nj−1

M∑
i=1

[
e′2j,n,iΛn,i,ib

′
j,n,i + b̃′j,n,iδT

∣∣e′j,n,i∣∣σ′√Λn,i,i

]
. (2.25)

Thus, the pseudo code of the optimization algorithm to minimize (2.12) is shown

in Fig. 2.5. The sequence of costs is convergent since the surrogate function approach

ensures monotonic decrease of the original cost function (2.12). We have also empir-

ically observed that the reconstructions converge. In some cases, theoretical conver-

gence proofs exist for majorization techniques with alternating minimization [63,64].

However, due to the complicated nature of our cost function we have no theoretical

proof of convergence for our algorithm.

Finally, we implemented non-homogeneous iterative coordinate descent (NHICD)

[9] to improve the convergence speed of the algorithm. NHICD works by more fre-

quently updating those voxels which have a greater need for updates. We also use
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multi-resolution initialization [13, 65] in which reconstructions at coarser resolutions

are used to initialize reconstructions at finer resolution to improve convergence speed.

The multi-resolution method transfers the computational load to the coarser scales

where the optimization algorithm is faster due to the reduced dimensionality of the

problem. Furthermore, we use bilinear interpolation to up-sample reconstructions at

coarser resolutions to finer resolutions.

Fig. 2.6. Block diagram describing the distributed parallel MBIR algo-
rithm. The data y is split axially among multiple nodes. Each node then
updates only those slices of the reconstruction that depend on its share
of the data. In phase 1, all the even numbered slice-blocks are updated
at even time samples and all the odd numbered slice blocks are updated
at odd time samples. In phase 2, all the odd numbered slice-blocks are
updated at even time samples and all the even numbered slice blocks are
updated at odd time samples. The algorithm iterates between the two
phases until convergence is achieved.
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2.4.3 Algorithm Initialization

Since the MBIR cost function is non-convex, using a reasonable initial estimate is

important to obtain a reasonable solution. At the coarsest scale of the multi-resolution

algorithm, the variance parameter, σ, is initialized to one, the offset error, di, is set to

zero and all voxels are initialized to zero. Furthermore, to prevent the algorithm from

converging to a local minimum, we do not update the offset error, di, and variance

parameter, σ, at the coarsest scale. At the ith multi-resolution stage, the prior model

parameter ∆s is set to 2S−i where S is the total number of multi-resolution stages

and the parameter ∆t is set to Nθ/r.

The algorithm stops when the ratio of average magnitude of voxel updates to the

average magnitude of voxel values is less than a pre-defined threshold (convergence

threshold). We use different values for the convergence threshold at different multi-

resolution stages. If the convergence threshold at the finest multi-resolution stage is

T , then the convergence threshold at the kth multi-resolution stage is chosen to be

T/(S − k + 1).

2.5 Distributed parallelization of MBIR

To enable high spatial and temporal resolution reconstructions typically required

for 4D-SXCT, we propose a distributed parallel MBIR algorithm optimized to run on

a high performance cluster (HPC) consisting of several supercomputing nodes. Each

node consists of one or more multi-core processors with a single shared memory. In

the distributed MBIR algorithm, the computation is distributed among several nodes

so that the data dependency across nodes is minimized. If a node requires information

from another node, then the information is explicitly communicated using a message

passing interface (MPI). The multiple cores in each node are used to further speed

up computation using OpenMP based shared memory parallelization.

Each iteration of the distributed MBIR algorithm consists of two update phases

as shown in Fig. 2.6. All the voxels updated in the first phase in Fig. 2.6 are not
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updated in the second phase and all the voxels updated in the second phase are not

updated in the first phase. The algorithm alternates between the two update phases

until convergence is achieved.

Due to the specific form of the voxel updates in (2.21), we need to ensure that

only those voxels that do not share sinogram1 entries or spatio-temporal neighbors are

updated in parallel to ensure that the cost function decreases with each update. We

equally divide all the slices in each time sample of the reconstruction (along w-axis)

across multiple nodes as shown in Fig. 2.6. Each node only updates voxels in its share

of the 3D volume at all the time samples. The projection data, y, is distributed such

that each node only stores those projection slices in its local memory which depend

on its share of the reconstruction. Such a distribution ensures that voxel updates in a

node do not require sinogram entries from another node. Thus, there is no sinogram

dependency across nodes. However, there is a voxel neighborhood dependency across

nodes since the voxel slices which are on the “edge” of a 3D volume within a node

(along w-axis) contain spatial neighbors which are stored in other nodes. Additionally,

within a given node there are spatial and temporal neighbors which we need to ensure

are not updated in parallel.

To address this problem, we first equally divide the slices in each node into an even

number of blocks which we call “slice-blocks” as shown in Fig. 2.6. In each phase, the

different darkly shaded slice-blocks in Fig. 2.6 are updated in parallel and the lightly

shaded slice-blocks are updated in the next phase. The voxels within a slice-block

are updated serially taking into advantage the same geometry computation along a

“voxel-line” [9] as explained in the previous section. In phase 1, all the odd numbered

slice-blocks at odd time samples and even numbered slice-blocks at even time samples

are updated in parallel. In node k, after the updates of phase 1, the first slice of each

odd time sample is communicated to node k − 1 and the last slice of each even time

sample is communicated to node k+1. In phase 2, all the even numbered slice-blocks

1A sinogram image is a column wise stack of a single projection slice (i.e., projection values along a
single detector line) across all the views.
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at the odd time samples and the odd numbered slice-blocks at the even time samples

are updated in parallel. In node k, after the updates of phase 2, the last slice of

each odd time sample is communicated to node k + 1 and the first slice of each even

time sample is communicated to node k − 1. All the slice-blocks within a node are

updated in parallel using a OpenMP based shared memory parallelization scheme.

This update scheme ensures that the cost-function (2.12) decreases monotonically

with every iteration.

After updating the slice-blocks in each phase, only those elements of the error

sinogram, e, and offset error, d, dependent on the last updated slice-blocks are up-

dated. To update the variance parameter, σ, each node computes the summation in

equation (2.25) corresponding to its share of the data and communicates the result

to a master node. The master node then updates σ by accumulating the result from

all the nodes and broadcasts the updated value back to the nodes. The updated

values of slices from node k− 1 and node k+ 1 required by node k are communicated

using MPI calls. The offset error, d, is updated when the slices are communicated

across nodes. Thus, the compute nodes are not idle during communication. In all

our experiments, the time taken for computing the offset error update was found to

be greater than the time taken for communicating the slices. Thus, the algorithm is

limited by computational speed and not by the time taken for communication and

synchronization.

2.6 Experimental Results

2.6.1 Simulated Data Set

In this section, we compare FBP and MBIR reconstructions of simulated datasets

using both the traditional progressive view sampling and the proposed interlaced view

sampling methods. The simulated dataset is generated from a time-varying phantom

by accurately modeling the data acquisition in a real physical system. First, a 2D

phantom is generated using the Cahn-Hilliard equation which models the process of
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n = 8 n = 136 n = 264 v-axis vs. time

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Fig. 2.7. The conventional approach to reconstruction using progres-
sive views. (a-d) shows the time-varying phantom with two attenuation
phases. Reconstruction of progressive views with Nθ = 256 using FBP is
shown in (e-h) and using MBIR is shown in (i-l) (K = 1, Nθ = 256, r = 1).
The first three columns show a u− v slice of the object sampled at differ-
ent time instants. The last column shows the time evolution of a v-axis
slice of the object (along the red line in (a)). Reconstruction of rapidly
time-varying objects using conventional methods results in poor temporal
resolution and spatial artifacts.

phase separation in the cross-axial plane (u − v axes) [66]. The two phases of the

object have attenuation coefficients of 2.0 mm−1 and 0.67 mm−1 respectively. The 3D

phantom is then generated by repeatedly stacking the 2D phantom along the axial

dimension (w−axis). This phantom is representative of the phenomenon that we are

interested in studying in 4D. A u−v slice of the phantom at different time instants is
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shown in Fig. 2.7 (a - c) and Fig. 2.7 (d) shows a v-axis slice of the phantom (along

the red line in Fig. 2.7 (a)) as a function of time. The phantom is assumed to have a

voxel resolution of 0.65×0.65×0.65 µm3 and a size of Nw×Nv×Nu = 16×1024×1024.

The phantom is sampled in time at the data acquisition rate, Fc, and the projections

are generated by forward projecting the sampled phantom at the appropriate angles.

To simulate the detector non-idealities in SXCT, we add an offset error di to the

projection yn,i at every nth view. To simulate the effect of zingers, we randomly set

0.1% of the projections, y, to zero. We also simulate the measurement data λn,i to

have Poisson statistics. The simulated value of the variance parameter is σ2 = 10.

The simulated sensor has a resolution of Np = 256 pixels in the cross-axial direc-

tion and 4 pixels in the axial direction. A 3D time sample of the 4D reconstruction

has a voxel resolution of 2.6×2.6×2.6 µm3 and a size of Nw×Nv×Nu = 4×256×256.

The temporal reconstruction rate is Fs = rFc/Nθ where r is the number of time sam-

ples of the reconstruction in a frame, Fc is the data acquisition rate, and Nθ is the

number of distinct views acquired. Since the temporal reconstruction rate varies with

r, the reconstructions are up sampled in time to the data acquisition rate, Fc, using

cubic interpolation and then compared with the phantom. Also, since the phantom

has higher spatial resolution than the reconstructions, the phantom is down-sampled

by averaging over blocks of pixels to the reconstruction resolution before comparison.

The regularization parameters in the prior model are chosen such that they minimize

the root mean square error (RMSE) between the reconstruction and the phantom.

The parameter p of the qGGMRF model is set to 1.2 and the parameters of the

generalized Huber function are set to be δ = 0.5 and T = 4. We use a convergence

threshold of T = 0.01.

The traditional approach to 4D-SXCT is to use progressive view sampling and

an analytic reconstruction algorithm such as FBP. So, we first generate a dataset of

progressive views satisfying the Nyquist spatial sampling criterion and reconstruct it

using FBP and MBIR algorithms. For analytic algorithms, the Nyquist view sampling

requirement for a sensor of size Np = 256 in the cross-axial dimension is to acquire
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n = 8 n = 136 n = 264 v-axis vs. time

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

Fig. 2.8. Comparison of TIMBIR with other approaches to high temporal
resolution reconstruction. The first three columns show a u − v slice
of the 4D reconstruction at different times and the last column shows a
v-axis slice of the reconstruction versus time. All reconstructions have a
temporal reconstruction rate of Fs = Fc/32. (a-d) is MBIR reconstruction
(r = 8) of progressive views with Nθ = 256. (e-h) is MBIR reconstruction
(r = 1) of progressive views with Nθ = 32. The reconstruction (r = 8)
of interlaced views with K = 8, Nθ = 256 using FBP is shown in (i-l)
and using MBIR (TIMBIR) is shown in (m-p). Progressive view sampling
results in poor reconstruction quality in time and/or space. Moreover,
interlaced view sampling combined with FBP still causes severe artifacts
due to under-sampling of view angles. However, TIMBIR produces high
quality reconstructions in both time and space.
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Fig. 2.9. Illustration of the effect of K on the RMSE between the recon-
struction and the phantom when r = 8 and Nθ = 256. Since the RMSE
reduces as K is increased, interlacing of views is vital when reconstructing
at a higher temporal rate of Fs = Fc/32 (r = 8).

projections at Nθ = 256 distinct angles using progressive view sampling. Thus, we

generate a dataset of progressive views with Nθ = 256 and then reconstruct it at

a temporal rate of Fs = Fc/256 by reconstructing r = 1 time sample every frame.

The FBP reconstruction of this dataset is shown in Fig. 2.7 (e - h) and the MBIR

reconstruction is shown in Fig. 2.7 (i - l). When compared to FBP, MBIR produces

lower noise reconstructions while preserving the spatial resolution (Fig. 2.7 (e - g)

and Fig. 2.7 (i - k)). Furthermore, FBP reconstructions suffer from strong ring and

streak artifacts. From Fig. 2.7 (h) & (l), we can also see that neither FBP nor MBIR

are able to reconstruct temporal edges accurately with progressive views.

Next, we investigate different methods of increasing temporal resolution using

progressive views. First, we reconstruct a dataset of progressive views satisfying the

Nyquist criterion at a temporal rate faster than the conventional method. Thus, we

reconstruct a progressive view dataset with parameter Nθ = 256 using MBIR at a rate

of Fs = Fc/32 by reconstructing r = 8 time samples every frame. As shown in Fig.

2.8 (a - c), the reconstruction obtained using this method has strong artifacts due to

a missing wedge of view angles in the data used to reconstruct every time sample of

the reconstruction. In the next approach, we reduce the number of distinct angles

in the progressive view dataset to Nθ = 32 and reconstruct at a rate of Fs = Fc/32
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time, n = 264 time, n = 392 v-axis vs. time

(a) (b) (c)

Fig. 2.10. Effect of interlacing of views on the reconstruction quality
when reconstructing at the conventional rate of one time sample every
frame (r = 1). (a) and (b) show a u−v slice at two different time instants
and (c) shows a v-axis slice of the reconstruction versus time. Interlacing
of views improves the reconstruction quality even when reconstructing at
the conventional rate using MBIR.

by reconstructing r = 1 time sample every frame. In this case, due to the severe

under sampling of views, the MBIR reconstruction suffers from severe loss in quality

as shown in Fig. 2.8 (e - h). This illustrates that merely reducing the number of

views every π radians and using an advanced reconstruction algorithm such as MBIR

is insufficient for our problem. Thus, there is an inherent sub-optimality in using

progressive view sampling to achieve high temporal resolution reconstructions.

Finally, we investigate the effect of interlaced views on the spatial and temporal

reconstruction quality when reconstructing using FBP and MBIR algorithms. We

reconstruct a dataset of interlaced views in which each frame of Nθ = 256 distinct

angles is interlaced over K = 8 sub-frames. The object is then reconstructed at a rate

of Fs = Fc/32 by reconstructing r = 8 time samples every frame. The reconstruction

using FBP is shown in Fig. 2.8 (i - l) and using MBIR is shown in Fig. 2.8 (m - p). We

can see that reconstructing the interlaced views with FBP results in extremely poor

quality reconstructions. In contrast, MBIR with interlaced views (TIMBIR) results

in a substantially better reconstruction of the object with minimal artifacts as shown

in Fig. 2.8 (m - p). Furthermore, we can see that TIMBIR is able to more accurately

reconstruct temporal edges (Fig. 2.8 (p)) than other methods (Fig. 2.8 (d, h & l) and
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Fig. 2.7 (h,l)). Thus, by comparing Fig. 2.8 (m - p) with Fig. 2.8 (a - h) and Fig. 2.7

(i - l), we can conclude that interlaced view sampling is superior to progressive view

sampling when reconstructing using MBIR. Furthermore, by comparing Fig. 2.8 (i

- l) with Fig. 2.7 (e - h), we can conclude that combining interlaced view sampling

with FBP does not result in any improvements. In Fig. 2.11, we plot a single voxel

as a function of time for different values of r,K, and Nθ. We can see that TIMBIR

produces the most accurate reconstruction of the voxel as a function of time among

all the methods. The root mean squared errors (RMSE) between the reconstructions

and the phantom ground-truth shown in Table 2.1 support these visual conclusions.

Thus, TIMBIR with its synergistic combination of interlaced sampling and MBIR

reconstruction results in a much higher quality reconstruction than either method

can achieve by itself.

Fig. 2.11. Plot of a voxel as a function of time for different values of r,K,
and Nθ. The most accurate reconstruction of the voxel as a function of
time is obtained for the case of TIMBIR with parameters r = 8, K = 8,
and Nθ = 256.

Fig. 2.9 shows the RMSE between the MBIR reconstructions and the phantom as

a function of K when Nθ = 256 and r = 8. We can see that the RMSE reduces as
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Table 2.1
Root Mean Square Error between the reconstruction and the phantom.

TIMBIR has the lowest RMSE among all the methods

Description Parameters RMSE (mm−1)

Nyquist Progressive,

FBP (Fs = Fc/256)

K = 1, Nθ = 256

r = 1
0.3376

Nyquist Progressive,

MBIR (Fs = Fc/256)

K = 1, Nθ = 256

r = 1
0.2182

Nyquist Progressive,

MBIR (Fs = Fc/32)

K = 1, Nθ = 256

r = 8
0.3302

Sub-Nyquist Progressive,

MBIR (Fs = Fc/32)

K = 1, Nθ = 32

r = 1
0.2393

Interlaced, FBP

(Fs = Fc/32)

K = 8, Nθ = 256

r = 8
0.6035

Interlaced, MBIR

(Fs = Fc/32) (TIMBIR)

K = 8, Nθ = 256

r = 8
0.2119

the number of sub-frames, K, is increased from 1 to 8. This shows that interlacing

of views is vital to achieving high temporal resolution reconstructions.

Even while reconstructing at the conventional rate of Fs = Fc/256 using r = 1, we

can see that the RMSE reduces as K is increased. The reconstruction of interlaced

views with parameters K = 16, Nθ = 256 using r = 1 is shown in Fig. 2.10. By

comparing Fig. 2.7 (g - i) with Fig. 2.10, we can see that interlacing of views reduces

artifacts and improves reconstruction quality even when r = 1. Furthermore, the

better spatial resolution at r = 1 essentially causes the RMSE curve corresponding to

r = 1 to be lower to that corresponding to r = 16. Thus, interlacing of views improves

the reconstruction quality when reconstructing at the conventional rate (r = 1) as

well as at the improved rate (r = 16).
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2.6.2 Real Data Set

FBP, Progressive Views (r = 1, K = 1, Nθ = 1536)

(a) time = 0s (b) time = 8s (c) time = 16s (d) v-axis vs. time

MBIR, Progressive Views (r = 1, K = 1, Nθ = 1536)

(e) time = 0s (f) time = 8s (g) time = 16s (h) v-axis vs. time

Fig. 2.12. Reconstructions of dendritic growth using Nyquist progressive
views. The first three columns show a u−v slice of the sample at different
times. The last column shows a v-axis slice of the sample (along the red
line in (a, e)) as a function of time. The reconstruction (r = 1) from
progressive views with Nθ = 1536 (Nyquist criteria) using FBP is shown
in (a - d) and using MBIR is shown in (e - h). The reconstruction shown
in (a - h) has a low temporal reconstruction rate of Fs = 0.125 Hz which
is insufficient to temporally resolve the growing dendrites.

To demonstrate the performance gains achieved by TIMBIR in a real physical

system, we reconstruct the dendritic growth in an Al-Cu alloy [19] in 4D. Dendrites

are complex tree like structures which form as liquids are cooled from a sufficiently

high temperature. It is of great interest to study dendritic growth since the morphol-

ogy of the growing dendrites determine the properties of many materials. Thus, by

studying the dendritic growth we can better understand the processes controlling the

morphology of these tree like structures.
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MBIR, Progressive Views (r = 1, K = 1, Nθ = 48)

(a) time = 0s (b) time = 8s (c) time = 16s (d) v-axis vs. time

TIMBIR : MBIR, Interlaced Views (r = 32, K = 32, Nθ = 1536)

(e) time = 0s (f) time = 8s (g) time = 16s (h) v-axis vs. time

Fig. 2.13. Comparison of reconstructions of dendritic growth using TIM-
BIR with other approaches to high temporal resolution reconstructions.
The first three columns show a u−v slice of the sample at different times.
The last column shows a v-axis slice of the sample (along the red line in
(a, e)) as a function of time. The MBIR reconstruction (r = 1) from pro-
gressive views with Nθ = 48 (Sub-Nyquist) is shown in (a - d). The MBIR
reconstruction (r = 8) from interlaced views with K = 32, Nθ = 1536 is
shown in (e - h) (TIMBIR). Even though the reconstruction in (a - d)
has a rate of Fs = 4 Hz, the spatial reconstruction quality is very poor.
However, the TIMBIR reconstruction in (e - h) not only has a rate of
Fs = 4 Hz to temporally resolve the growing dendrites, it also has good
spatial reconstruction quality. Note that results in (a-d) and (e-h) corre-
spond to data from different experiments.

In our experiments, the data acquisition rate is limited to Fc = 192 Hz due to

limitations on the camera frame rate, the data transfer rate, and buffer sizes. The

detector width is Np = 1600 pixels in the cross-axial direction and 1080 pixels along

the axial direction with a pixel resolution of 0.65 µm × 0.65 µm. However, we only

reconstruct a window of 4 pixels in the axial direction and Np = 1536 pixels in the

cross-axial direction. The reconstructions have a size ofNw×Nv×Nu = 4×1536×1536
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(a) (b) (c)

Fig. 2.14. Run time analysis of the distributed parallel MBIR algorithm.
(a) is a plot of the run time using 16 cores (or 1 node) vs. the total number
of the slices, Nw, at different cross-axial detector resolutions, Np. (b) is a
plot of the run time using 192 cores (or 12 nodes) vs. the total number of
slices, Nw. (c) is a plot of the run time speed-up factor vs. the number of
cores. The speed-up factor with n cores is computed as the ratio of the
average run time per iteration with 1 core to that with n cores. We can
see that the algorithm speed up factor gradually deviates from the ideal
behavior when the number of cores is increased. Furthermore, the speed
up behavior improves when the number of slices, Nw, is increased.

and a voxel resolution of 0.65× 0.65× 0.65 µm3. The exposure time of the detector

is set to 1 ms. The regularization parameters, σs and σt, are chosen to provide the

best visual reconstruction quality. The parameter p of the qGGMRF model is set to

1.2 and the parameters of the generalized Huber function are set to be δ = 0.5 and

T = 4. We use a convergence threshold of T = 0.05. We increased the threshold from

T = 0.01 used for simulated data to T = 0.05 for real data to reduce run time.

Imaging is done using polychromatic X-ray radiation from a synchrotron. The

attenuated X-rays from the object are converted to visible light using a 25 µm thick

LuAG:Ce scintillator which is then imaged by a PCO Edge CMOS camera. We

also use a 10× magnifying objective to get an effective pixel resolution of 0.65 µm×

0.65 µm. The polychromatic radiation results in beam hardening which causes cup-

ping artifacts in the reconstruction. To correct for these artifacts, we use a simple

quadratic correction polynomial of the form y = az2 + z where z is the measured

value of the projection and y is the projection after correction [67]. The corrected

projections are then used to do the reconstruction. To find the optimal value of a,
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we observed the reconstruction for cupping artifacts for increasing values of a. Based

on this empirical analysis, we used a value of a = 0.5 which was found to minimize

cupping artifacts.

First, we reconstruct the 4D object using a progressive view dataset satisfying the

Nyquist criterion. To acquire Nθ progressive views over a rotation of π radians at

a data acquisition rate of Fc, the object has to be rotated by an angle of π radians

every F−1
c Nθ seconds. Thus, the angular rotation speed of the object is fixed at

Rs = πFc/Nθ = 0.3925 radians per second and data is acquired at a rate of Fc =

192 Hz using progressive view sampling with parameter Nθ = 1536. The object is

then reconstructed at a rate of 0.125 Hz by reconstructing r = 1 time sample every

frame. With this method, we get a temporal resolution of F−1
s = 8s. The FBP and

MBIR reconstructions of data acquired using this technique are shown in Fig. 2.12

(a - d) and Fig. 2.12 (e - h) respectively. From Fig. 2.12 (d, h), we can see that a

temporal resolution of 8s is inadequate to temporally resolve the growing dendrites.

Furthermore, it also causes blur artifacts in the reconstructions as seen in Fig. 2.12

(b, f). The strong ring artifacts in the FBP reconstructions results in additional

distortion. However, by modeling the measurement non-idealities, MBIR is able to

substantially reduce ring artifacts. Thus, using the conventional method we cannot

reconstruct the dendritic growth with sufficient resolution in time and space.

To increase the temporal resolution with progressive views, we reduce the number

of distinct angles to Nθ = 48 (Sub-Nyquist) per π radians, increase the rotation speed

to Rs = 12.56 radians per second, and acquire data at the maximum rate of Fc =

192 Hz. The object is then reconstructed at a rate of Fs = 4 Hz by reconstructing

r = 1 time sample every frame. The reconstructions using this method are shown

in Fig. 2.13 (a - d). Note that the dendritic structure is different than in Fig. 2.12

(a - h) because it is not possible to replicate such physical phenomenon in an exact

manner with each experimental run. With this method, we get a temporal resolution

of F−1
s = 0.25s. In this case, even though the temporal resolution is high (Fig. 2.13

(d)), the spatial reconstruction quality is very poor (Fig. 2.13 (a - c)).
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Next, we study the effect of TIMBIR on the reconstruction quality when recon-

structing at a higher temporal rate of Fs = 4 Hz. To acquire Nθ interlaced views

over a rotation of Kπ radians at a rate of Fc, the object has to be rotated by an

angle of π radians every F−1
c Nθ/K seconds. Thus, the angular rotation speed of the

object is fixed at Rs = πKFc/Nθ = 12.56 radians per second and data is acquired at

a rate of Fc = 192 Hz using interlaced view sampling with parameters K = 32 and

Nθ = 1536. The object is then reconstructed at a rate of Fs = 4 Hz by reconstructing

r = 32 time samples every frame. The reconstructions using this method are shown

in Fig. 2.13 (e - h). We can see that the reconstruction using TIMBIR has very good

spatial (Fig. 2.13 (e - g)) and temporal resolution (Fig. 2.13 (h)). Thus, TIMBIR

with its synergistic combination of interlaced view sampling and MBIR algorithm is

able to reconstruct the dendritic evolution at a high spatial and temporal resolution.

We have empirically found that using a value of K less than but closest to
√
Nθ gives

us good results.

2.6.3 Computational Cost

We study the variation of run time of the MBIR algorithm with the number of

cores when reconstructing one frame of projections with parameters K = 32, Nθ =

1536, r = 32. The algorithm run time is determined for two different cross-axial

detector resolutions of Np = 768 and 1536 and for different number of axial slices,

Nw. The cross-axial reconstruction resolution is Nv×Nu = Np×Np and the number of

slices in the reconstruction is Nw. To determine the run time, we run the algorithm

on the Conte supercomputing cluster at Purdue University. Each node on Conte

consists of two 8 core Intel Xeon-E5 processors. Fig. 2.14 (a, b) shows the run

time as a function of the number of slices, Nw, for two different cross-axial detector

resolutions of Np = 768 and 1536. The run time using 16 cores (or 1 node) is shown

in Fig. 2.14 (a) and using 192 cores (or 12 nodes) is shown in Fig. 2.14 (b). Thus,
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we can see that increasing the number of cores from 16 to 192 significantly reduces

the run time of the MBIR algorithm.

In Fig. 2.14 (c), we plot the speed-up factor as a function of the number of cores

for different number of slices when Np = 768. The speed-up factor with n cores is

computed as the ratio of the average run time per iteration with 1 core to that with

n cores at the finest multi-resolution stage. From the figure, we can see that initially

the speed-up improvement is almost linear with the number of cores and gradually

deviates from the ideal behavior when the number of cores is increased. Furthermore,

when the number of slices, Nw, is increased, the speed-up behavior improves since

the computation can be more efficiently distributed among the different nodes. Thus,

using the distributed MBIR algorithm we can efficiently reconstruct large volumes

using multiple cores. In the future, we believe the run time can be significantly

reduced using better parallel architectures such as in [68].

2.7 Conclusion

In this chapter, we propose a novel interlaced view sampling method which when

combined with our 4D MBIR algorithm is able to achieve a synergistic improvement in

reconstruction quality of 4D-SXCT. In addition to accounting for spatial and temporal

correlations in the object, the MBIR algorithm also accounts for the measurement

non-idealities encountered in a SXCT system. Using the new interlaced view sampling

strategy with the 4D MBIR algorithm (TIMBIR), we were able to achieve a 32×

improvement in temporal resolution by reconstructing 32× more time samples while

preserving spatial reconstruction quality. We also present a distributed parallel MBIR

algorithm to enable reconstructions of large datasets. In the future, by using better

spatial and temporal prior models we expect to achieve much better reconstruction

quality than presented in this paper. Furthermore, the TIMBIR method can be

extended to any tomographic technique involving sampling of projections at different

angles.
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3. MODEL-BASED ITERATIVE RECONSTRUCTION OF

MAGNETIZATION USING VECTOR FIELD ELECTRON

TOMOGRAPHY

3.1 Introduction

Imaging of magnetic materials at nanometer resolutions has wide-spread applica-

tions in the field of nanotechnology [69]. Magnetic particles with nanometer dimen-

sions have unique quantum mechanical properties that are enabling new technologies

in the fields of healthcare, life sciences, and material science [69]. The magnetic

property of a magnetic material is characterized its magnetization, a vector field that

expresses the density of magnetic dipole moment within the material [70]. The mag-

netization results in a vector field called the magnetic vector potential that extends

outside the sample [70]. The magnetic field, also called magnetic induction, is then

given by the curl of the magnetic vector potential [70]. Advances in nanotechnology

rely on the ability to observe the various 3D vector fields of magnetization, magnetic

vector potential, and magnetic field.

Fig. 3.1. Illustration of data acquisition in vector field electron tomog-
raphy (VFET). In VFET, the sample is mounted on a rotary stage and
exposed to electron radiation. The sample is then tilted across two or-
thogonal tilt axes (u−axis and v−axis) and measurements are made at
multiple tilt angles.
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Vector field tomography (VFT) has been widely used to reconstruct vector fields

in 2D [71–75] and 3D [15,76] in a wide range of applications. Since our objective is to

reconstruct the vector fields associated with a magnetic sample, we will use vector field

electron tomography (VFET) [15] implemented using a conventional transmission

electron microscope (TEM). In a typical experiment, electrons are focused on the

sample and the transmitted electrons after passing through the sample are measured

by a planar detector. In VFET, the sample is tilted across two orthogonal rotation

axes and measurements are made at multiple tilt angles using a TEM as shown in Fig.

3.1. The information about the vector fields associated with the magnetic sample is

contained in the phase shift of the electrons exiting the sample. At each tilt angle,

the electron phase shift is retrieved from detector measurements before performing

a tomographic reconstruction [77]. This is achieved using either electron holography

methods [78,79] or through-focal series measurements in Lorentz TEM mode [77]. If

the measurement is made in the presence of electrostatic fields, then the retrieved

phase contains contributions from the electrostatic field in addition to the magnetic

field [80]. In this case, the magnetic component of the phase can be extracted using

the method presented in [80].

There exist a wide variety of analytical inversion methods that reconstruct the

magnetic vector potential or the magnetic field [15, 77, 78] from the electron phase

shift data. These methods rely on approximately inverting the linear relation that

expresses the electron phase shift as a projection of the magnetic vector potential

component along the direction of electron propagation [15]. The conventional ap-

proach to reconstruct the magnetic vector potential from the phase shift data relies

on an analytical back-projection method that also assumes that the divergence of the

magnetic vector potential is zero [15, 77]. The magnetic field can then be computed

as the curl of the magnetic vector potential. There also exist analytical methods

to reconstruct the magnetic field directly from gradients of electron phase shift im-

ages [15, 78] while assuming zero divergence for the magnetic field. These analytical

methods cause noisy artifacts due to the so called singular surfaces [16] that occur
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in the inverse formulas used for reconstruction. The reconstruction can be fixed by

acquiring a third set of tilt series where the rotation axis is perpendicular to the axes

of the first two tilt series [16]. However, this technique is difficult to implement in

practice. Note that none of these methods reconstruct the magnetization which is a

fundamental material property that does not extend outside the sample. Typically,

the magnetization may form complex textures that can be difficult to visualize by

just observing the magnetic vector potential or the magnetic field.

There also exist a variety of iterative least-squares and regularized inversion meth-

ods for reconstruction of vector fields in applications such as fluid flow fields [75] and

optical flow [81,82]. These methods fall under the general framework of model-based

iterative reconstruction (MBIR). In MBIR, the reconstruction is given by the solu-

tion to the minimization of a cost function consisting of a forward model term and

a prior model term. The forward model uses the physics of imaging to expresses the

measured data as a function of the unknown vector field. The prior model regularizes

the reconstruction of the vector field using different models of sparsity. Algebraic

reconstruction methods without a prior model that rely on finding a least squares so-

lution to the vector field from measurements of projections of the vector field is given

in [75, 83]. Prior models using penalty functions such as the L2-norm or L1-norm

for regularizing the magnitude of gradient of vector field components is presented

in [81, 82]. There also exist algorithms that use angular regularization for vector

fields [84,85]. More advanced algorithms that rely on regularizing the divergence and

curl of the vector fields are presented in [86, 87]. In [87], the authors discuss the

geometric invariance properties of various regularization functions for vector fields.

There is a lack of MBIR algorithms for reconstruction of magnetic vector fields

from VFET data. An algebraic reconstruction technique for unregularized recon-

struction of magnetic field from gradient of electron phase data is presented in [83].

The regularized reconstruction algorithms in [81, 82] can also be extended using the

MBIR framework to reconstruct the magnetic vector potential or the magnetic field.

An MBIR algorithm for imaging magnetic materials can dramatically improve re-
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construction quality, increase noise robustness, and reduce reconstruction artifacts.

MBIR algorithms have resulted in significant gains in a wide range of scalar imaging

applications such as X-ray computed tomography [1,3,10,11,56,88], bright field elec-

tron tomography [13], and HAADF-STEM tomography [12]. However, none of these

algorithms can be extended to reconstruct magnetization since the electron phase

cannot be represented as a projection of the magnetization. Rather, the electron

phase has a global and more complex dependence on the magnetization [89].

In this thesis, we will use the framework of model-based iterative reconstruction

(MBIR) to formulate an algorithm that will reconstruct the magnetization directly

from the electron phase data [18]. In the forward model, we rely on physics to express

the measured electron phase as a function of the magnetization. We do this by first

expressing the magnetic vector potential as a convolution of the magnetization with a

vector form of the Green’s function [70]. Then, the electron phase at each view is given

by the projection of the magnetic vector potential component along the direction of

electron propagation [70]. In the prior model, we use a Gaussian Markov Random

Field (GMRF) [61] potential function to regularize the magnitude of gradient of the

magnetization. Since the resulting cost function is difficult to minimize directly, we

will use variable splitting and the theory of alternate direction method of multipliers

(ADMM) to solve the original minimization problem as an iterative solution to two

simpler minimization problems. We show that the simpler minimization problems

can be solved using standard optimization algorithms such as iterative coordinate

descent (ICD) [3] and gradient descent techniques [62].

Our algorithm enables the reconstruction of the magnetic vector potential in ad-

dition to the magnetization. We show that our algorithm does not result in noisy

artifacts that is typically seen in reconstructions of magnetic vector potential using

the conventional method [16]. Furthermore, our algorithm is the first algorithm to

accurately reconstruct the 3D distribution of the magnetization vector field directly

from the phase shift data. Note that our algorithm also does not enforce the zero

divergence or the zero curl condition used by conventional algorithms [15, 16]. We
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validate our algorithm by presenting reconstructions of both simulated and real ex-

perimental data.

3.2 Measurement Model

To formulate the reconstruction algorithm, we have to first express the phase shift

of the electron wave propagating through the object as a function of the magnetiza-

tion. We do this by first expressing the magnetic vector potential as a function of

the magnetization followed by expressing the electron phase shift as a function of the

magnetic vector potential.

3.2.1 Relation between magnetic vector potential and magnetization

Let r = (u, v, w) and r′ = (u′, v′, w′) be position vectors in 3D space spanned

by the mutually orthogonal u−axis, v−axis and w−axis. Then, the magnetic vector

potential, A(r), is given by the convolution cross-product of the magnetization, M(r),

with a vector form of Green’s function, hC(r) = r/|r|3, as shown below [70,90],

A(r) =
µ0

4π

∫
R3

M(r′)× hC(r − r′)dr′, (3.1)

where × denotes vector cross-product and µ0 is the permeability of vacuum. The

magnetic field, B(r), is then given by the curl of the magnetic vector potential i.e.,

B(r) = ∇× A(r).

We will now express the individual vector components of A(r) in terms of the

vector components of M(r) by expanding the vector cross-product in the convolution

relation shown in (3.1). Let M(r) =
(
M (u)(r),M (v)(r),M (w)(r)

)
represent the three

orthogonal vector components of magnetization, M(r), along each of the orthogonal
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(u, v, w) coordinate axes. Similarly, the Green’s function in (3.1) can be expressed in

terms of its components as hC(r) =
(
h

(u)
C (r), h

(v)
C (r), h

(w)
C (r)

)
where

h
(u)
C (u, v, w) =

u

|u2 + v2 + w2|3/2
(3.2)

h
(v)
C (u, v, w) =

v

|u2 + v2 + w2|3/2
(3.3)

h
(w)
C (u, v, w) =

w

|u2 + v2 + w2|3/2
(3.4)

Then, the corresponding orthogonal components of the magnetic vector potential

denoted by A(u)(r), A(v)(r), and A(w)(r) can be expressed as,

A(u)(r) =
µ0

4π

∫
R3

[
M (v)(r′)h

(w)
C (r − r′)−M (w)(r′)h

(v)
C (r − r′)

]
dr′ (3.5)

A(v)(r) =
µ0

4π

∫
R3

[
M (w)(r′)h

(u)
C (r − r′)−M (u)(r′)h

(w)
C (r − r′)

]
dr′ (3.6)

A(w)(r) =
µ0

4π

∫
R3

[
M (u)(r′)h

(v)
C (r − r′)−M (v)(r′)h

(u)
C (r − r′)

]
dr′. (3.7)

Next, we will express the above convolution relations in a discrete form that is

suitable for implementation on a computer. A detailed derivation of the discrete

approximations to the above continuous space relations are provided in appendix

B. Let x(u), x(v), and x(w) be vector arrays containing all voxel values of M (u)(r),

M (v)(r), and M (w)(r) respectively in raster order. We can then express the vectors

arrays z(u), z(v), and z(w) containing the voxel values of A(u)(r), A(v)(r), and A(w)(r)

respectively as,

z(u) = H(w)x(v) −H(v)x(w) (3.8)

z(v) = H(u)x(w) −H(w)x(u) (3.9)

z(w) = H(v)x(u) −H(u)x(v) (3.10)
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where H(u), H(v), and H(w) are matrices that implement 3D convolution with point

spread functions given by,

h
(u)
D [i, j, k] = w[i, j, k]

i∆

|i2 + j2 + k2|3/2
, (3.11)

h
(v)
D [i, j, k] = w[i, j, k]

j∆

|i2 + j2 + k2|3/2
, (3.12)

h
(w)
D [i, j, k] = w[i, j, k]

k∆

|i2 + j2 + k2|3/2
(3.13)

respectively, where [i, j, k] are discrete coordinates, ∆ is the voxel width, h
(u)
D [0, 0, 0] =

h
(v)
D [0, 0, 0] = h

(w)
D [0, 0, 0] = 0, and w[i, j, k] is a 3D Hamming window (appendix B).

Thus, we can express z =
[
z(u)t, z(v)t, z(w)t

]t
in terms of x =

[
x(u)t, x(v)t, x(w)t

]t
as,

z = Hx where H =


0 H(w) −H(v)

−H(w) 0 H(u)

H(v) −H(u) 0

 . (3.14)

3.2.2 Relation between electron phase shift and magnetic vector potential

In VFET, the sample is first tilted across the u−axis and measurements are made

at several tilt angles. The procedure is then repeated by tilting the sample across

the v−axis and making measurements at multiple tilt angles. At each tilt angle, the

phase shift of the electrons exiting the sample is recovered from measurements. The

phase shift of the electrons propagating along the positive w−axis is given by [15,91],

φ(r⊥) =
2πe

h

∫
A(r⊥ + lŵ) · ŵdl (3.15)

where r⊥ is a 2D position vector on the projection plane, ŵ is a unit vector directed

along the positive w-axis, h is Planck’s constant, and e is electron charge.

Let y
(u)
i be a vector array containing all the pixel values of the electron phase image

at the ith tilt angle for tilt across the u-axis. In this case, the dot product in (3.15)

ensures that only the z(v) and z(w) components of the magnetic vector potential will

have a influence on the phase shift. Note that the direction of the vector component

z(u) will always be perpendicular to the propagation direction (negative w-axis). If
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P
(u)
i denote the projection matrix that implements the line integral in (3.15) at the

ith tilt angle for tilt across the u-axis, we can show that,

y
(u)
i = −P (u)

i z(v) sin
(
θ

(u)
i

)
+ P

(u)
i z(w) cos

(
θ

(u)
i

)
. (3.16)

Similarly, only the z(u) and z(w) components will influence the phase shift for tilt across

the v-axis. In this case, the vector component z(v) will always be perpendicular to

the propagation direction. If P
(v)
j denote the projection matrix that implements the

line integral in (3.15) at the jth tilt angle for tilt across the v-axis, we can show that,

y
(v)
j = −P (v)

j z(u) sin
(
θ

(v)
j

)
+ P

(v)
j z(w) cos

(
θ

(v)
j

)
. (3.17)

Note that our framework allows for different number of tilt angles across the u-axis

and v-axis.

Then, we can express the relations in (3.16) and (3.17) in the form of matrix-vector

products as,

y
(u)
i = F

(u)
i


z(u)

z(v)

z(w)

 and y
(v)
j = F

(v)
j


z(u)

z(v)

z(w)

 (3.18)

where

F
(u)
i =

[
0, −P (u)

i sin
(
θ

(u)
i

)
, P

(u)
i cos

(
θ

(u)
i

)]
(3.19)

F
(v)
j =

[
−P (v)

j sin
(
θ

(v)
j

)
, 0, P

(v)
j cos

(
θ

(v)
j

)]
. (3.20)

Let y be a vector array containing every element from the vectors y
(u)
i and y

(v)
j for

all the tilt angles indexed by i and j. We can then express y in terms of z as,

y = Fz + w (3.21)

where w is the noise vector and F is a matrix that implements the linear relation in

(3.18) for all indices i and j by appropriately stacking the matrices F
(u)
i and F

(v)
j .

By substituting (3.14) in (3.21), we get the forward model given by,

y = FHx+ w. (3.22)
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3.3 Model-Based Iterative Reconstruction (MBIR) of Magnetization

In MBIR, the reconstruction is given by the solution to the following optimization

problem,

x̂ = argmin
x
{− log p(y|x)− log p(x)} (3.23)

where log p(y|x) is the forward log-likelihood function for the data, y, given the object

x and log p(x) is the prior log-likelihood function for the object, x.

The forward log-likelihood function under the Gaussian noise assumption in (3.22)

is given by,

− log p(y|x) =
1

2σ2
||y − FHx||2 + constant (3.24)

where σ2 is the variance of noise. The prior model is given by,

− log p(x) =
∑
{k,l}∈N

wkl
2σ2

x

[(
x

(u)
k − x

(u)
l

)2

+
(
x

(v)
k − x

(v)
l

)2

+
(
x

(w)
k − x

(w)
l

)2
]

+constant

where σx is the regularization parameter and N is the set of all pairwise cliques in

3D space (set of all pairwise indices of neighboring voxels). The weight parameter

wkl is set such that it is inversely proportional to the spatial distance between voxels

indexed by k and l and
∑

l∈Nk wkl = 1, where Nk is the set of all indices of neighbors

of voxel xk. We can then express the prior model as,

− log p(x) =
1

2

[
x(u)tB̃x(u) + x(v)tB̃x(v) + x(w)tB̃x(w)

]
+ constant (3.25)

where B̃ is a matrix such that

B̃k,l =

 1/σ2
x if k = l

−wkl/σ2
x if l ∈ Nk

. (3.26)

We can then express the prior model in terms of x =
[
x(u)t, x(v)t, x(w)t

]t
as,

− log p(x) =
1

2
xtBx+ constant (3.27)

where

B =


B̃ 0 0

0 B̃ 0

0 0 B̃

 . (3.28)
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The reconstruction is then obtained by solving the following optimization problem,

x̂ = argmin
x

{
1

2σ2
||y − FHx||2 +

1

2
xtBx

}
. (3.29)

In (3.29), the matrix FH is dense since the convolution matrix H is dense even

though the projection matrix F is sparse. Since (3.29) is difficult to solve directly, we

will use variable splitting to express it as a constrained optimization problem of the

form shown below,

(x̂, ẑ) = argmin
x,z

{
1

2σ2
||y − Fz||2 +

1

2
xtBx

}
s.t. z = Hx (3.30)

The augmented Lagrangian function for this constrained optimization problem is,

L(x, z; t) =
1

2σ2
||y − Fz||2 +

µ

2
||Hx− z + t||2 +

1

2
xtBx (3.31)

where z is the auxiliary vector, t is the scaled dual vector, and µ > 0 is the augmented

Lagrangian parameter.

3.4 Optimization Algorithm

To solve the augmented Lagrangian formulation of the optimization problem,

we use the theory of alternate direction method of multipliers (ADMM). Using the

ADMM method [17], we can show that the optimization algorithm that solves (3.30) is

given by algorithm 1. Thus, the original minimization problem in (3.29) can be solved

by iteratively solving simpler minimization problems shown in (3.32) and (3.33). Our

modular framework allows us to develop independent software modules to solve (3.32)

and (3.33). Both (3.32) and (3.33) can be solved efficiently using a variety of well

known optimization algorithms. We solve (3.32) using the steepest gradient descent

algorithm [62] and (3.33) using a variant of the iterative coordinate descent algo-

rithm [3].

In algorithm 1, we use an adaptive update strategy [17,92,93] for the augmented

Lagrangian parameter µ. We update µ based on the primal and dual residuals at

each ADMM iteration. The primal residual is defined as r = ẑ − Hx̂ and the dual
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Algorithm 1 RECONSTRUCTION

1: while not converged do

2: z(old) ← ẑ

3: Deconvolution -

x̂← argmin
x

{
µ

2
||Hx− ẑ + t||2 +

1

2
xtBx

}
(3.32)

4: Tomographic Inversion -

ẑ ← argmin
z

{
1

2σ2
||y − Fz||2 +

µ

2
||Hx̂− z + t||2

}
(3.33)

5: t← t+ (Hx̂− ẑ)

6: r ← (ẑ −Hx̂) . compute primal residual

7: s←
(
ẑ − z(old)

)
. compute dual residual

8: if ||s||2 > γ||r||2 then

9: µ← µ/τ

10: t← τt

11: end if

12: if ||r||2 > γ||s||2 then

13: µ← τµ

14: t← t/τ

15: end if

16: end while

residual is defined as s = ẑ − z(old), where x̂ and ẑ are the estimates after performing

the updates in (3.32) and (3.33) and z(old) is the estimate before performing the

update. If the primal residual is greater than γ times the dual residual, we increase

the parameter µ by a factor of τ , where γ > 1 and τ > 1. Similarly, if the dual

residual is greater than γ times the primal residual, we decrease the parameter µ by

a factor of τ . The idea here is to keep the norms of the primal and dual residuals

within a factor of µ from one and another. As the iterations progress, both the primal
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and dual residuals converge to zero. Note that the scaled dual vector t must also be

updated appropriately after updating µ [17].

3.4.1 Tomographic Inversion

The solution to the minimization problem in (3.33) is the value of z that minimizes

the cost function given by,

cz(z) =
1

2σ2
||y − Fz||2 +

µ

2
||Hx− z + t||2 . (3.34)

To minimize (3.34), we will use a variant of the iterative coordinate descent (ICD)

algorithm [3]. In this algorithm, we sequentially minimize (3.34) with respect to

the magnetic vector potential value zj =
[
z

(u)
j , z

(v)
j , z

(w)
j

]t
at each voxel location j

while keeping the voxel values at other locations fixed. We repeat this minimization

procedure for each voxel chosen in a random order until the algorithm converges.

To minimize (3.34) with respect to zj while keeping other voxel values constant,

we will reformulate (3.34) in terms of just zj while ignoring all terms that does not

depend on zj. Let z′ denote the current estimate for z before performing the update.

The cost function with respect to zj is given by,

cvoxz (zj) = θ̃tzj +
1

2

(
zj − z′j

)t
Θ̃
(
zj − z′j

)
+
µ

2
||z̃j − zj + tj||2 (3.35)

where θ̃ and Θ̃ are the respective gradient and Hessian of 1
2σ2 ||y − Fz||2 with respect

to zj and

z̃j =


H

(w)
j,∗ x

(v) −H(v)
j,∗ x

(w)

H
(u)
j,∗ x

(w) −H(w)
j,∗ x

(u)

H
(v)
j,∗ x

(u) −H(u)
j,∗ x

(v)

 (3.36)

where H
(u)
j,∗ , H

(v)
j,∗ , and H

(w)
j,∗ denote the elements along the jth row of the matrices

H(u), H(v), and H(w) respectively. Note that minimization of the cost function (3.35)

is equivalent to minimizing (3.34) with respect to zj while assuming constant values

for other voxels.
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Next, we will derive the gradient θ̃ and Hessian Θ̃ parameters in (3.35). Let the

error sinogram vectors be defined as,

e
(u)
i = y

(u)
i − P

(u)
i

(
−z(v) sin

(
θ

(u)
i

)
+ z(w) cos

(
θ

(u)
i

))
e

(v)
i = y

(v)
i − P

(v)
i

(
−z(u) sin

(
θ

(v)
i

)
+ z(w) cos

(
θ

(v)
i

))
.

If θ̃i is the ith element of the 3× 1 vector θ̃, we can show that,

θ̃1 =
1

σ2

Mv∑
i=1

e
(v)t
i P

(v)
i,∗,j sin

(
θ

(v)
i

)
, (3.37)

θ̃2 =
1

σ2

Mu∑
i=1

e
(u)t
i P

(u)
i,∗,j sin

(
θ

(u)
i

)
, (3.38)

θ̃3 =− 1

σ2

Mv∑
i=1

e
(v)t
i P

(v)
i,∗,j cos

(
θ

(v)
i

)
− 1

σ2

Mu∑
i=1

e
(u)t
i P

(u)
i,∗,j cos

(
θ

(u)
i

)
(3.39)

where Mu and Mv are the total number of tilt angles across the u−axis and v−axis

respectively and P
(u)
i,∗,j and P

(v)
i,∗,j represent the elements of the jth column of the pro-

jection matrices P
(u)
i and P

(v)
i respectively (defined in (3.16) and (3.17)). Similarly,

if Θ̃i,j denotes the element at the ith row and jth column of the 3× 3 Hessian matrix

Θ̃, then,

Θ1,1 =
1

σ2

Mv∑
i=1

∣∣∣∣∣∣P (v)
i,∗,j

∣∣∣∣∣∣2 sin2
(
θ

(v)
i

)
, (3.40)

Θ1,3 =Θ3,1 = − 1

σ2

Mv∑
i=1

∣∣∣∣∣∣P (v)
i,∗,j

∣∣∣∣∣∣2 sin
(
θ

(v)
i

)
cos
(
θ

(v)
i

)
, (3.41)

Θ2,2 =
1

σ2

Mu∑
i=1

∣∣∣∣∣∣P (u)
i,∗,j

∣∣∣∣∣∣2 sin2
(
θ

(u)
i

)
, (3.42)

Θ2,3 =Θ3,2 = − 1

σ2

Mu∑
i=1

∣∣∣∣∣∣P (u)
i,∗,j

∣∣∣∣∣∣2 sin
(
θ

(u)
i

)
cos
(
θ

(u)
i

)
, (3.43)

Θ3,3 =
1

σ2

Mv∑
i=1

∣∣∣∣∣∣P (v)
i,∗,j

∣∣∣∣∣∣2 cos2
(
θ

(v)
i

)
+

1

σ2

Mu∑
i=1

∣∣∣∣∣∣P (u)
i,∗,j

∣∣∣∣∣∣2 cos2
(
θ

(u)
i

)
, (3.44)

Θ1,2 =Θ2,1 = 0. (3.45)

Then, the value of zj that minimizes (3.35) is given by,

ẑj =
(

Θ̃ + µI
)−1 (

−θ̃ + Θ̃z′j + µz̃j + µtj

)
(3.46)
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Thus, we can minimize the cost function in (3.34) using algorithm 2.

Algorithm 2 TOMOGRAPHIC INVERSION

1: while not converged do

2: for all voxel indices j do //z′j is current estimate of zj

3: z′j ← ẑj

4: Compute θ̃ by substituting z′j for zj in (3.37), (3.38), and (3.39).

5: Compute Θ̃ using (3.40), (3.41), (3.42), (3.43), (3.44), and (3.45).

6: Compute z̃j by substituting x̂ for x in (3.36).

7: ẑj ←
(

Θ̃ + µI
)−1 (

−θ̃ + Θ̃z′j + µz̃j + µtj

)
8: e

(u)
i ← e

(u)
i + P

(u)
i,∗,j sin

(
θ

(u)
i

)(
ẑ

(v)
j − z

(v)′
j

)
− P (u)

i,∗,j cos
(
θ

(u)
i

)(
ẑ

(w)
j − z(w)′

j

)
9: e

(v)
i ← e

(v)
i + P

(v)
i,∗,j sin

(
θ

(v)
i

)(
ẑ

(u)
j − z

(u)′
j

)
− P (v)

i,∗,j cos
(
θ

(v)
i

)(
ẑ

(w)
j − z(w)′

j

)
10: end for

11: end while

3.4.2 Deconvolution

The solution to the minimization problem in (3.32) is given by the value of x that

minimizes the cost function shown below,

f(x) =
µ

2
||Hx− z + t||2 +

1

2
xtBx. (3.47)

We will use steepest gradient descent algorithm [62] to iteratively minimize (3.47)

with respect to the magnetization, x, until the algorithm converges. Gradient descent

is based on the idea that the cost function (3.47) reduces in the direction of its negative

gradient. By choosing an optimal step size that minimizes the cost in that direction,

we will get closer to the global minimum of (3.47). Since the cost function in (3.47)

is convex, our algorithm converges to the global minimum [62].

To formulate the optimization algorithm, we will derive expressions for the gradi-

ent, g, and Hessian, Q, of the cost function f(x). In every iteration, we will update x

in the direction of the negative gradient, −g. Since f(x) is quadratic in x, there exists
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a closed form expression for the stepsize, α, that minimizes f(x) in the direction of

−g. The gradient of f(x) is given by,

g = ∇f(x) = µH t (Hx− z + t) +Bx (3.48)

and the Hessian of f(x) is given by,

Q = µH tH +B. (3.49)

Since (3.47) is quadratic, the optimal stepsize α can be computed as [62],

α =
gtg

gtQg
(3.50)

Thus, the optimization algorithm that minimizes (3.49) is given in algorithm 3.

Algorithm 3 DECONVOLUTION

1: Compute Q from (3.49).

2: while not converged do

3: x′ ← x̂

4: Compute g ← µH t (Hx′ − ẑ + t) +Bx′. //x′ is current estimate for x

5: Compute α← gtg
gtQg

6: x̂← x′ − αg

7: end while

Note that directly computing the expressions in (3.48) and (3.50) using matrix-

vector multiplication is computationally intensive. Instead, by formulating these ex-

pressions in terms of H(u), H(v), and H(w) that represent linear space invariant fil-

tering matrices, we can efficiently solve (3.48) and (3.50) [61]. The gradient vector

g =
[
g(u)t, g(v)t, g(w)t

]
can be reformulated in terms of H(u), H(v), and H(w) as,

g(u) = −µ
[
H(w)tf (v) −H(v)tf (w)

]
+B(u)x(u), (3.51)

g(v) = −µ
[
H(u)tf (w) −H(w)tf (u)

]
+B(v)x(v), (3.52)

g(w) = −µ
[
H(v)tf (u) −H(u)tf (v)

]
+B(w)x(w). (3.53)
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where

f (u) =
(
H(w)x(v) −H(v)x(w) − z(u) + t(u)

)
, (3.54)

f (v) =
(
H(u)x(w) −H(w)x(u) − z(v) + t(v)

)
, (3.55)

f (w) =
(
H(v)x(u) −H(u)x(v) − z(w) + t(w)

)
. (3.56)

Thus, the gradient can be computed efficiently since matrix multiplication with

H(u), H(v), and H(w) is equivalent to linear space invariant convolution with the point

spread functions in (3.11), (3.12), and (3.13) respectively. And matrix multiplication

with H(u)t, H(v)t, and H(w)t is equivalent to linear space invariant convolution with

the space reversed version of the point spread functions in (3.11), (3.12), and (3.13)

respectively [61].

Similarly, the Hessian can be expressed in block-matrix representation as,

Q =


Q(uu) Q(uv) Q(uw)

Q(vu) Q(vv) Q(vw)

Q(wu) Q(wv) Q(ww)

 (3.57)

where

Q(uu) = H(w)tH(w) +H(v)tH(v) +B(u) (3.58)

Q(vv) = H(w)tH(w) +H(u)tH(u) +B(v) (3.59)

Q(ww) = H(v)tH(v) +H(u)tH(u) +B(w) (3.60)

Q(uv) = −H(u)tH(v), Q(vu) = −H(v)tH(u) (3.61)

Q(uw) = −H(u)tH(w), Q(wu) = −H(w)tH(u) (3.62)

Q(vw) = −H(v)tH(w), Q(wv) = −H(w)tH(v). (3.63)

The stepsize α can then be computed as,

α =

∑
d∈{u,v,w} g

(d)tg(d)∑
d1∈{u,v,w}

∑
d2∈{u,v,w} g

(d1)tQ(d1d2)g(d2)
(3.64)

Similar to the computation of gradient, the computation of α can be implemented

using filtering operations.
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3.4.3 Algorithm Initialization

Since the cost function in (3.29) is convex, our optimization algorithm (algorithm

1) is convergent. We use multi-resolution initialization [3,65] to improve convergence

speed. In this method, we reconstruct the magnetic vector potential and magneti-

zation vector fields at coarse resolution scales and use the solution to initialize the

reconstruction at finer scales. We use N = 3 number of multi-resolution stages during

reconstruction such that the voxel width at the nth multi-resolution stage is 2N−n∆,

where 1 ≤ n ≤ N and ∆ is the voxel width at the finest resolution scale. Hence,

n = 1 corresponds to reconstruction at the lowest voxel resolution and n = N cor-

responds to reconstruction at the highest voxel resolution. In algorithm 1, we set

µ = 10 and τ = 2(N − n+ 1) at the nth multi-resolution stage of reconstruction. At

the coarsest resolution scale, we start by initializing the magnetization and magnetic

vector potential reconstructions to zeros. The voxel width of the reconstruction at

the finest resolution scale is equal to the pixel width of the input phase shift images.

The prior model regularization parameter σx is set empirically such that we get the

best visual quality of reconstruction.

3.5 Experimental Results

3.5.1 Simulated Data Results

In this section, we will present reconstructions of simulated data using the new

MBIR algorithm and compare it to reconstructions using traditional methods. We will

use a phantom that is representative of the typical magnetization states commonly

observed in magnetic materials. The magnetization of a sample is described using

the concept of magnetic domains i.e., regions in the sample where the neighboring

magnetization vectors are oriented in the same direction. The 3D magnetization

ground truth of a Ni2MnGa simulated phantom is shown in Fig. 3.2 (a-f). Fig.

3.2 (a-c) shows a slice through the magnetization ground-truth in the u − v plane
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Ground Truth - Magnetization (u− v axes)

(a) w-axial component (b) v-axial component (c) u-axial component

Ground Truth - Magnetization (u− w axes)

(d) w-axial component (e) v-axial component (f) u-axial component

Ground Truth - Magnetic Vector Potential (u− v axes)

(g) w-axial component (h) v-axial component (i) u-axial component

Ground Truth - Magnetic Vector Potential (u− w axes)

(j) w-axial component (k) v-axial component (l) u-axial component

Fig. 3.2. Ground-truth of magnetization and magnetic vector potential.
(a-c) and (d-f) show slices of the magnetization vector field along the
u − v plane (perpendicular to electron propagation) and u − w plane
(parallel to electron propagation) respectively. Similarly, (g-i) and (j-l)
show slices of the magnetic vector potential along the u − v plane and
u−w plane respectively. The 1st, 2nd, and 3rd columns show the vector field
components oriented along the w−axis, v−axis, and u−axis respectively.
Note that (d-f) and (j-l) show slices in the u− w plane that lie along the
red line in (a).

perpendicular to the direction of electron propagation. Similarly, Fig. 3.2 (d-f) show

a slice through the magnetization ground-truth in the u − w plane parallel to the
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direction of electron propagation. The bright regions in Fig. 3.2 (a,d) correspond to

magnetic domains where the magnetization direction is oriented along the positive

w-axis. Similarly, the dark regions in Fig. 3.2 (a,d) correspond to magnetic domains

oriented along the negative w-axis. Near the interface between the bright and dark

regions, we can see the domain walls where the magnetization changes direction.

This change in direction can be visualized by observing the v, u-axial components of

magnetization shown in Fig. 3.2 (b,e) and Fig. 3.2 (c,f). Note that the magnetization

has a constant magnitude of 4× 10−5nm−2 within the sample (the inner rectangular

region in Fig. 3.2 (a-f)).

Electron Phase Images for Tilt across u-axis

(a) −700 tilt angle (b) 00 tilt angle (c) 700 tilt angle

Electron Phase Images for Tilt across v-axis

(d) −700 tilt angle (e) 00 tilt angle (f) 700 tilt angle

Fig. 3.3. Simulated phase shift data generated from magnetization
ground-truth phantom. (a-c) and (d-f) show the simulated electron phase
shift images for various tilt angles when the sample is tilted across the
u−axis and v−axis respectively. The 1st, 2nd, and 3rd columns correspond
to the tilt angles −700, 00, and 700 respectively.

The magnetization results in a magnetic vector potential distribution extending

both inside and outside the sample that is simulated using (3.14). Both the magne-

tization and magnetic vector potential ground truths have a size of 256× 256× 256
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and a voxel width of 2.5nm. The magnetic vector potential ground truth is shown

in Fig. 3.2 (g-l). Fig. 3.2 (g-i) show a slice through the magnetic vector potential

ground-truth in the u−v plane perpendicular to the direction of electron propagation.

Similarly, Fig. 3.2 (j-l) shows a slice through the magnetic vector potential ground

truth in the u − w plane parallel to the direction of electron propagation. In Fig.

3.2 (a-c) and (g-i), the horizontal direction is the u−axis and the vertical direction is

the v−axis. In Fig. 3.2 (d-f) and (j-l), the horizontal direction is the u−axis and the

vertical direction is the w−axis. Note that the slices in Fig. 3.2 (d-f) and (j-l) goes

through the red colored line in Fig. 3.2 (a).

As the electron wave in a TEM propagates through the magnetic sample it un-

dergoes a change in phase. We forward project the magnetic vector potential using

the expression in (3.21) to generate the electron phase shift images at multiple tilt

angles for both the u-axis tilt series and v-axis tilt series. We simulate electron phase

images at tilt angles ranging from −700 to 700 at steps of 20 for tilt across both the

u−axis and v−axis. Each simulated phase image has a size of 128× 128 and a pixel

size of 5nm. We also add Gaussian noise to the simulated phase images such that the

average SNR is 56.85 dB. The simulated electron phase images at tilt angles of −700,

00, and 700 across the u−axis is shown in Fig. 3.3 (a-c). Similarly, the electron phase

images at the same angles but for tilt across the v−axis is shown in Fig. 3.3 (d-f).

Note that even though the number of tilt angles across the two axes are the same in

this simulation, it is not a pre-requisite for our reconstruction algorithm. Also, the

simulated angular range of −700 to 700 is reminiscent of typical TEM microscopy

setups that do not permit data acquisition over a complete 1800 angular range. All

images in Fig. 3.3 (a-f) show the phase shift images such that the horizontal direction

is the u−axis and the vertical direction is the v−axis.

The simulated phase images at various tilt angles is then reconstructed using the

new MBIR algorithm and the conventional method presented in [15]. The algorithm

presented in [15] is an analytic technique for reconstruction of the 3D magnetic vector

potential using a variation of the filtered back-projection algorithm. Note that there
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Conventional Reconstruction of Magnetic Vector Potential (u− v axes)

(a) w-axial component (b) v-axial component (c) u-axial component

Conventional Reconstruction of Magnetic Vector Potential (u− w axes)

(d) w-axial component (e) v-axial component (f) u-axial component

MBIR Reconstruction of Magnetic Vector Potential (u− v axes)

(g) w-axial component (h) v-axial component (i) u-axial component

MBIR Reconstruction of Magnetic Vector Potential (u− w axes)

(j) w-axial component (k) v-axial component (l) u-axial component

MBIR Reconstruction of Magnetization (u− v axes)

(m) w-axial component (n) v-axial component (o) u-axial component

MBIR Reconstruction of Magnetization (u− w axes)

(p) w-axial component (q) v-axial component (r) u-axial component

Fig. 3.4. Comparison of reconstructions of magnetization and magnetic
vector potential using the conventional method and MBIR. (a-f) show
the reconstruction of magnetic vector potential using the conventional
method. (g-l) show the reconstruction of magnetic vector potential using
MBIR. (m-r) show the reconstruction of magnetization using MBIR.
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does not exist any algorithm for 3D reconstruction of magnetization from TEM phase

images. All reconstructions have a size of 128 × 128 × 128 in 3D space and a voxel

size of 5nm. The reconstruction of magnetic vector potential using the conventional

method and MBIR is shown in Fig. 3.4 (a-f) and Fig. 3.4 (g-l) respectively. The

reconstruction of magnetization using MBIR is shown in Fig. 3.4 (m-r). The images

in Fig. 3.4 (a-c), (g-i), and (m-o) show a slice of the corresponding vector field in the

u − v axial plane perpendicular to the direction of electron propagation. Similarly,

the images in Fig. 3.4 (d-f), (j-l), and (p-r) show a slice of the corresponding vector

field in the u−w axial plane parallel to the direction of electron propagation. We can

see that the reconstruction of the magnetic vector potential using the conventional

method results in artifacts in the v−axis component shown in Fig. 3.4 (b,e) and the

u−axis component shown in 3.4 (c,f). In contrast, our MBIR algorithm accurately

reconstructs the magnetic vector potential without any artifacts as shown in Fig. 3.4

(g-l). Furthermore, the reconstruction of magnetization using MBIR in Fig. 3.4 (m-r)

clearly show the various magnetic domains and the domain walls in the sample that

cannot be visualized by just observing the magnetic vector potential in Fig. 3.4 (a-l).

The images showing the magnetization in Fig. 3.2 (a-f) and Fig. 3.4 (m-r) are

scaled from a minimum of −4 × 10−5nm−2 to a maximum of 4 × 10−5nm−2. The

images showing the magnetic vector potential in Fig. 3.2 (g-l) and Fig. 3.4 (a-l) are

scaled from a minimum of −11 × 10−3nm−1 to a maximum of 11 × 10−3nm−1. The

phase shift images in Fig. 3.3 (a-f) are scaled from a minimum of −1.2 radians to a

maximum of 1.1 radians.

3.5.2 Real Data Results

In this section, we will present reconstructions of real data using the new MBIR al-

gorithm and compare it to reconstructions using traditional methods. A conventional

TEM was used to image a NiFe sample in the Lorentz mode [15] using vector field

electron tomography. At each tilt angle, the electron phase is recovered from mea-
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Electron Phase Tilt Series Images across u-axis

(a) −500 tilt angle (b) 00 tilt angle (c) 500 tilt angle

Electron Phase Tilt Series Images across v-axis

(d) −500 tilt angle (e) 00 tilt angle (f) 500 tilt angle

Fig. 3.5. Electron phase images of a Ni-Fe sample acquired using a TEM.
(a-c) and (d-f) show the phase images at various tilt angles for tilt across
the u−axis and v−axis respectively. (a,d), (b,e), and (c,f) are phase
images at tilt angles of −500, 00, and 500 respectively.

surements using the transport-of-intensity phase retrieval algorithm presented in [80].

The data consists of electron phase images at tilt angles ranging from −500 to 500

at steps of 10 for tilt across both the u−axis and v−axis. Each phase image has a

resolution of 3.0nm per pixel and a size of 384× 384. The phase images at tilt angles

of −500, 00, and 500 for tilt across the u−axis is shown in Fig. 3.5 (a-c). Similarly,

the phase images at the same tilt angles but for tilt across the v−axis is shown in Fig.

3.5 (d-f). In Fig. 3.5 (a-f), the horizontal direction is the u−axis and the vertical

direction is the v−axis.

The phase data is then reconstructed using the proposed MBIR algorithm and

the conventional method presented in [15]. All reconstructions of magnetization and

magnetic vector potential have a voxel width of 3.0nm. The reconstruction of mag-
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Conventional Reconstruction of Magnetic Vector Potential (u− v axes)

(a) w-axial component (b) v-axial component (c) u-axial component

Conventional Reconstruction of Magnetic Vector Potential (v − w axes)

(d) w-axial component (e) v-axial component (f) u-axial component

Reconstruction of Magnetic Vector Potential using MBIR (u− v axes)

(g) w-axial component (h) v-axial component (i) u-axial component

Reconstruction of Magnetic Vector Potential using MBIR (v − w axes)

(j) w-axial component (k) v-axial component (l) u-axial component

Reconstruction of Magnetization using MBIR (u− v axes)

(m) w-axial component (n) v-axial component (o) u-axial component

Reconstruction of Magnetization using MBIR (v − w axes)

(p) w-axial component (q) v-axial component (r) u-axial component

Fig. 3.6. Reconstructions of magnetization and magnetic vector potential
of a Ni-Fe sample using the conventional method and MBIR.
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netic vector potential using the conventional method and the MBIR algorithm is

shown in Fig. 3.6 (a-f) and Fig. 3.6 (g-l) respectively. The conventional method

results in prominent artifacts in the magnetic vector potential reconstruction of the

v−axial component shown in Fig. 3.6 (b,e) and the u−axial component shown in

Fig. 3.6 (c,f). In contrast, our MBIR algorithm significantly reduces the artifacts

in the reconstruction of magnetic vector potential as shown in Fig. 3.6 (g-l). The

reconstruction of magnetization using the MBIR algorithm is shown in Fig. 3.6 (m-r).

The magnetization reconstructions clearly show the various magnetic domains in the

sample. From Fig. 3.6 (n), we can see that the vertically aligned magnetic domains

have magnetization oriented along the positive and negative v−axis. Similarly, we

can see in Fig. 3.6 (o) that the horizontally aligned magnetic domains have magne-

tization oriented along the positive and negative u−axis. We could not have gained

such an in-depth understanding of the magnetic domains in our Ni-Fe sample by just

observing the magnetic vector potential in Fig. 3.6 (a-l). The images in Fig. 3.6

(a-c), (g-i), and (m-o) show a slice through the sample in the u− v axial plane such

that the horizontal direction is the u−axis and the vertical direction is the v−axis.

Similarly, the images in Fig. 3.6 (d-f), (j-l), and (p-r) show a slice through the sample

in the v − w axial plane such that the horizontal direction is the v−axis and the

vertical direction is the w−axis. Note that the slices in Fig. 3.6 (d-f), (j-l), and (p-r)

go through the red colored line in Fig. 3.6 (a).

The phase shift images in Fig. 3.5 (a-f) are scaled from a minimum of −0.40

radians to a maximum of 0.43 radians. The images showing the magnetic vector

potential in Fig. 3.6 (a-l) are scaled from a minimum of −4×10−3nm−1 to a maximum

of 4× 10−3nm−1. The images showing the magnetization in Fig. 3.6 (m-r) are scaled

from a minimum of −1.5× 10−5nm−2 to a maximum of 1.5× 10−5nm−2.



71

4. CRITIR: ALGORITHM FOR DIRECT MODEL-BASED

TOMOGRAPHIC RECONSTRUCTION OF THE

COMPLEX REFRACTIVE INDEX

4.1 Introduction

Traditional X-ray computed tomography (CT) is widely used to reconstruct the

X-ray absorption index (i.e., the imaginary part of the complex refractive index), and

it assumes no X-ray diffraction. In practice, X-rays diffract whenever the object to

detector distance is large, as happens in cone beam systems at high magnifications. So

traditional CT is restricted to lower cone-beam magnifications. Alternatively, X-ray

phase contrast tomography (XPCT) has become increasingly popular as a method

for tomographic imaging when both diffraction and absorption occur. Moreover,

since the contrast in the real part of the index of refraction that is responsible for

diffraction is typically orders of magnitude greater than the imaginary part, XPCT

typically has much higher contrast than traditional CT. In XPCT, a parallel beam of

X-rays, typically from a synchrotron, is used to repeatedly image a sample rotating

at a constant speed as shown in Fig. 4.1. The measured images from all the view

angles are then reconstructed into a 3D map of the complex refractive index within

the sample.

However, the widely used XPCT reconstruction algorithms have severe limita-

tions [14]. First, all existing XPCT reconstruction algorithms either assume that

the object is weakly absorbing [94, 95] or that the real part of the refractive index is

linearly related to the imaginary part [95–98]. More importantly, existing XPCT al-

gorithms generally assume that the diffraction is weak. For example, the widely used

reconstruction algorithms presented in [94, 96–98] assume the near-field condition

where only the first order Fresnel diffraction fringe is resolved. These methods result
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Fig. 4.1. Illustration of data acquisition in X-ray phase contrast tomog-
raphy (XPCT). A parallel beam of X-rays from a synchrotron is used to
repeatedly image a sample rotating at a constant speed. The X-rays un-
dergo absorption and refraction as it propagates through the object and
undergo Fresnel diffraction as it propagates towards the detector.

in inaccurate reconstructions with artifacts and excessively smooth edges beyond the

near-field region. Other methods allow for more diffraction in the form of higher-order

Fresnel diffraction fringes obtained beyond the near-field region [14,95]. However, they

assume that the scattered field is weak in both amplitude and phase [14, 95], which

severely limits the variety of samples that can be used for imaging. Nevertheless,

these methods are widely used outside the scope of their validity due to the lack of

better algorithms for XPCT. Note that all the above algorithms rely on a linear ap-

proximation to the inherently non-linear forward model that relates the measurement

to the complex refractive index. Furthermore, they also rely on a two-step procedure

that performs 2D phase retrieval at each view before performing a 3D tomographic

reconstruction. There also exist iterative algorithms [99–101] that perform non-linear

phase retrieval at each view before performing a tomographic reconstruction.

In this chapter, we present a model-based iterative reconstruction (MBIR) algo-

rithm called complex refractive index tomographic iterative reconstruction (CRITIR)

[11] that does not make simplifying approximations beyond the assumption of Fresnel

diffraction. In CRITIR, the reconstruction of the complex refractive index is given by

iteratively minimizing a cost function consisting of a forward model term and a prior

model term that enforces sparsity in reconstruction. The forward model expresses the
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measured data at all the view angles as a function of the complex refractive index dis-

tribution of the sample. The forward model accounts for both absorption and phase

contrast in the measurements by modeling the physics of X-ray interaction with the

object and Fresnel diffraction [102]. However, the forward model is highly non-linear

due to the loss of phase during measurement and the complex exponential form of

attenuation and refraction. To minimize the resulting non-convex cost function, we

propose a novel algorithm using variable splitting and the method of alternating direc-

tion method of multipliers (ADMM) [17] to decompose the original problem into an

iterative solution of multiple simpler optimization problems. Our framework allows

for modular software architecture where we can independently optimize the algo-

rithms used to solve the various simpler optimization problems. Unlike conventional

methods, CRITIR does not make any linear approximations in the forward model

and also directly reconstructs the complex refractive index from the measurements at

all the view angles.

4.2 Propagation Model

In this section, we express the X-ray electric field in the detector plane as a function

of the complex refractive index that is defined as [103],

n(u, v, w) = 1− δ(u, v, w) + jβ(u, v, w) (4.1)

where j =
√
−1, β(u, v, w) is the absorption index, and δ(u, v, w) is the refractive in-

dex decrement of the object at the spatial coordinates (u, v, w). The relation between

the X-ray electric field incident on the object, fI(u, v), and the electric field at the

exit plane of the object, fO(u, v), is [102,103],

fO(u, v) = fI(u, v) exp

{
2πj

λ

∫
w

[1− δ(u, v, w) +jβ(u, v, w)] dw} (4.2)

where λ is the wavelength and w-axis is the direction of X-ray propagation. Note

that the absorption index, β, is related to the linear attenuation coefficient, µ, as

µ = (4π/λ) β. From (4.2), we can see that the real part of the refractive index
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modulates the phase whereas the imaginary part, the absorption index, modulates

the amplitude of the incident electric field.

In XPCT, the scattering is mainly confined within a small angular range along

the direction of propagation. Therefore, paraxial approximation can be safely used

in the near-field diffraction regime and beyond. Thus, we use the Fresnel integral

to express the electric field in the detector plane, fD(u, v), as a linear convolution of

fO(u, v) with the Fresnel impulse response [102] as shown below,

fD(u, v) =
j exp(jkR)

λR

∫
u′

∫
v′
fO(u′, v′) exp

(
jπ

λR

[
(u− u′)2

+ (v − v′)2
])

du′dv′.

(4.3)

where R is the object to detector distance and k = 2π/λ is the wavenumber. Note

that it is sufficient to consider the case of parallel beam since the physics of cone-beam

can be expressed in the form of an equivalent parallel beam configuration [102].

The partial coherence of the X-ray electric field limits the achievable spatial res-

olution. This effect is modeled in Fourier space by multiplying the Fresnel frequency

response by a window such as a Gaussian [102]. Thus, the relation between the Fourier

transform of fD(u, v) denoted by FD(µ, ν), and the Fourier transform of fO(u, v) de-

noted by FO(µ, ν) is [102],

FD(µ, ν) = W (µ, ν) exp(jkR) exp
(
(−jπλR)

(
µ2 + ν2

))
FO(µ, ν) (4.4)

where (µ, ν) are the spatial frequency coordinates in inverse units of (x, y), W (µ, ν) =

exp (−(µ2 + ν2)/(2γ2)), and γ is the standard deviation of the Gaussian window [102].

4.3 Problem Formulation

In MBIR, the reconstruction is given by solving the following optimization prob-

lem,

x̂ = argmin
x≥0

{− log p(y|x)− log p(x)} (4.5)

where log p(y|x) is the forward log-likelihood function for the data, y, given the object

x and log p(x) is the prior log-likelihood function for the object, x.
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We first derive the forward likelihood function p(y|x). Let the real part, x(R),

of the vector array x give the refractive index decrement and the imaginary part,

x(I), give the absorption index voxel values in discrete space. Then, the electric field

in the exit plane of the object is given by numerically evaluating equation (4.2) as,

D exp (−Aix), where Ai is the matrix that implements the line integral in (4.2) at

the ith view, D is a diagonal matrix such that the diagonal elements give the incident

X-ray electric field, and exp(z) is element-wise exponentiation of the vector z. Here,

the object independent constant phase multiplier in (4.2) is ignored as it does not

contribute to the measurement. In case of plane wave illumination, D is an identity

matrix with a fixed multiplicative constant.

The detector response is proportional to the X-ray intensity, which is the mag-

nitude square of the X-ray electric field after it propagates from the object to the

detector. The variance in detector count measurements is typically modeled using

Poisson statistics [3]. By the variance stabilizing property of the square root trans-

formation for Poisson random variables, we can show that the square root of detector

measurements, yi, is well approximated by a constant variance Gaussian distribution

with mean equal to |HD exp (−Aix)| where H is the matrix that implements the

Fresnel diffraction integral in Fourier space using (4.4) [104] and |.| gives the element-

wise magnitude of a vector. Thus, the relation between the data, yi, at the ith view

and the object, x, is,

yi = |HD exp (−Aix)|+ ni (4.6)

where ni is the noise in data, yi, at the ith view.

From (4.6), it follows that the forward log-likelihood function of y given x is,

− log p(y|x) =
M∑
i=1

1

2σ2
||yi − |HD exp (−Aix)|||2 + g(y) (4.7)

where σ2 is the noise variance, M is the total number of views, and g(y) is a constant.

Next, we derive the prior log-likelihood function, log p(x). Typically, there is a

strong correlation between the refractive index decrement, x
(R)
j , and absorption index,
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x
(I)
j , values of an object [96, 97] . The transform, T , that decorrelates the real part,

x
(R)
j , and the imaginary part, x

(I)
j , of the voxel xj is given by,x(+)
j

x
(−)
j

 =

1 α

1 −α

x(R)
j

x
(I)
j

 (4.8)

where α is the ratio of standard deviation of x
(R)
j to x

(I)
j .

In the prior model, we independently regularize the sum component, x
(+)
j , and

the difference component, x
(−)
j , of xj using a 26−point local neighborhood based

qGGMRF prior model [4]. The prior model is given by,

R(x) =
∑
i,j∈N

wijρ (Txi − Txj) (4.9)

where N is the set of all pairwise cliques in 3D space and ρ(∆) is the potential

function given by,

ρ

∆(+)

∆(−)

 =

∣∣∆(+)/σ+

∣∣2
c+ + |∆(+)/σ+|2−q

+

∣∣∆(−)/σ−
∣∣2

c− + |∆(−)/σ−|2−q
(4.10)

where q = 1.2, σ+, σ−, c+, and c− are qGGMRF parameters. The weight parameter

wij is set such that it is inversely proportional to the spatial distance between voxels xi

and xj and normalized such that
∑

j∈Ni wij = 1, where Ni is the set of all neighboring

voxel indices of voxel xi. The decorrelating transform in (4.8) and the prior model

in (4.9) can be used to enforce prior knowledge about the object. For instance, if

we know that the refractive index decrement, δ, is approximately proportional to the

absorption index, β, then we can set α = δ/β and σ−/σ+ << 1.

By substituting (4.7) and (4.9) in (4.5), we can formulate the reconstruction as,

x̂ = argmin
x≥0

{
M∑
i=1

1

2σ2
||yi − |HD exp (−Aix)|||2 +R(x)

}
(4.11)

where − log p(x) = R(x) is the prior model.

The above form of the cost function is non-convex and difficult to minimize di-

rectly. To simplify the problem, we will use variable splitting using the auxiliary

vectors wi = exp(−zi) and zi = Aix, and formulate the problem as a constrained

optimization problem of the form,
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(x̂, ẑ, ŵ) = argmin
x≥0,z,w

{
1

2σ2

M∑
i=1

||yi − |HDwi|||2 +R(x)

}
subject to wi = exp(−zi) and zi = Aix ∀ i. (4.12)

The above form of constrained optimization problem can be solved using the

augmented Lagrangian and the method of alternate direction method of multipliers

(ADMM) [17].

4.4 Optimization Algorithm

Algorithm 4 RECONSTRUCTION

1: for all k in 1 to Kmax do

2: The Tomographic Inversion Step -

x̂← argmin
x≥0

{
µ

2

M∑
i=1

||ẑi − ui − Aix||2 +R(x)

}
(4.13)

3: for all l in 1 to Lmax do

4: Estimating the complex exponential -

ẑ ← argmin
z

{
µ

2

M∑
i=1

||Aix̂− zi + ui||2 +
ν

2

M∑
i=1

||exp(−zi)− ŵi + vi||2
}
.

(4.14)

5: Phase Retrieval Step -

ŵ ← argmin
w

{
1

2σ2

M∑
i=1

||yi − |HDwi|||2 +
ν

2

M∑
i=1

||exp(−ẑi)− wi + vi||2
}
.

(4.15)

6: vi ← vi + (exp(−ẑi)− ŵi)

7: end for

8: ui ← ui + (Aix̂− ẑi)

9: end for

Using ADMM [17], we can solve (4.12) by iteratively solving multiple but simpler

optimization problems as shown in algorithm (4). Here ui and vi are the scaled dual
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vectors, µ > 0 and ν > 0 are the augmented Lagrangian parameters, and Kmax and

Lmax are the maximum number of outer and inner loop iterations respectively.

4.4.1 Tomographic Inversion

The solution to the minimization problem in (4.13) is the value of x that minimizes

the cost function given by,

cx(x) =
µ

2

M∑
i=1

||ẑi − ui − Aix||2 +
∑
i,j∈N

wijρ (Txi − Txj) . (4.16)

The optimization problem in (4.13) is solved using an appropriate modification

of the iterative coordinate descent (ICD) algorithm used in [1–3, 52]. We iteratively

minimize (4.16) with respect to each voxel xj sequentially until the algorithm con-

verges. To achieve this, we will reformulate (4.16) in terms of just xj by excluding

terms that do not contain xj. Let x′ denote the current estimate for the vector x.

Then, the cost function with respect to xj is given by,

c(vox)
x (xj) = θ̃txj +

1

2
(xj − x′j)tΘ̃(xj − x′j) +

∑
i∈Nj

wjiρ (Txj − Tx′i) (4.17)

where xj =
[
x

(R)
j , x

(I)
j

]t
is a vector representation of the real, x

(R)
j , and imaginary,

x
(I)
j , parts of xj, θ̃ and Θ̃ are the gradient and Hessian of µ

2

∑M
i=1 ||ẑi − ui − Aix||

2

with respect to xj.

Next, we will derive the gradient θ̃ and the Hessian Θ̃ parameters in (4.17). Let

the complex valued error sinogram vector be defined as,

ei = zi − ui − Aix.

Then, the elements of the gradient vector θ̃ are given by,

θ̃1 = µ
M∑
i=1

e(R)tAi,∗,j (4.18)

θ̃2 = µ
M∑
i=1

e(I)tAi,∗,j (4.19)
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where e(R) and e(I) denote the real and imaginary parts of the error sinogram vector

e and Ai,∗,j represent the elements along the jth column of the projection matrix Ai.

Similarly, the elements of the Hessian matrix Θ̃ are given by,

Θ1,1 = Θ2,2 = µ

M∑
i=1

||Ai,∗,j||2 , (4.20)

Θ1,2 = Θ2,1 = 0. (4.21)

Since the prior model term in (4.17) is not quadratic, we will replace it with a

quadratic substitute function [3,59] such that the new cost function upper-bounds the

cost function in (4.17). We can then show that minimizing the new substitute cost

function will reduce the original cost function (4.17). The substitute cost function

with respect to xj is given by,

c(sub)
x (xj) = θ̃txj +

1

2
(xj−x′j)tΘ̃(xj−x′j)+

∑
i∈Nj

wji
2

(Txj−Tx′i)tAji(Txj−Tx′i) (4.22)

where Aji is the substitute function parameter that will be derived later. Note that

the substitute function must be reevaluated after every voxel update.

Now, we will derive the substitute function parameter Aji. Let ρ+(∆(+)) =

|∆(+)/σ+|2
c++|∆(+)/σ+|2−q and ρ−(∆(−)) =

|∆(−)/σ−|2
c−+|∆(−)/σ−|2−q be the individual potential functions

in (4.10). Then, we can show that,

Aji =

A(+)
ji 0

0 A
(−)
ji

 (4.23)

where

A
(+)
ji =


ρ′+(T1,∗x′j−T1,∗x′i)

T1,∗x′j−T1,∗x′i
if T1,∗x

′
j 6= T1,∗x

′
i

ρ′′+(0) if T1,∗x
′
j = T1,∗x

′
i

, (4.24)

A
(−)
ji =


ρ′−(T2,∗x′j−T2,∗x′i)

T2,∗x′j−T2,∗x′i
if T2,∗x

′
j 6= T2,∗x

′
i

ρ′′−(0) if T2,∗x
′
j = T2,∗x

′
i

, (4.25)

ρ′+(∆(+)) and ρ′′+(∆(+)) are the first and second derivatives of ρ+(∆(+)) respectively,

ρ′−(∆(−)) and ρ′′−(∆(−)) are the first and second derivatives of ρ−(∆(−)) respectively,
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T1,∗ represents the elements along the first row of T and T2,∗ represents the elements

along the second row of T .

Then, the value of xj that minimizes (4.22) is given by,

x̂j =

Θ̃ +
∑
i∈Nj

wjiT
tAjiT

−1−θ̃ + Θ̃x′j +
∑
i∈Nj

wjiT
tAjiTx

′
i

 (4.26)

Thus, the algorithm that solves the minimization problem in (4.13) by minimizing

the cost function in (4.16) is shown in algorithm 5.

Algorithm 5 TOMOGRAPHIC INVERSION

1: while not converged do

2: for all voxel indices j do //x′j is current estimate of xj

3: x′ ← x̂

4: Compute θ̃ by substituting x′j for xj in (4.18) and (4.19).

5: Compute Θ̃ using (4.20) and (4.21).

6: Compute Aji using (4.23).

7: x̂j ←
(

Θ̃ +
∑

i∈Nj wjiT
tAjiT

)−1 (
−θ̃ + Θ̃x′j +

∑
i∈Nj wjiT

tAjiTx
′
i

)
8: ei ← ei − Ai,∗,j

(
x̂j − x′j

)
9: end for

10: end while

4.4.2 Complex Phase Estimation

The minimization problem shown in (4.14) is separable in each element, zi,k, of

the vector zi and reduces to multiple 2-dimensional minimization problems (in real

and imaginary parts of zi,k). The cost function in (4.14) with respect to zi,k is given

by,

c(vox)
z (zi,k)← argmin

zi,k

{µ
2
|Ai,k,∗x̂− zi,k + ui,k|2 +

ν

2
|exp(−zi,k)− ŵi,k + vi,k|2

}
.

(4.27)
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where Ai,k,∗ represent the elements along the kth row of the matrix Ai,k. The cost

function (4.27) is minimized using the Nelder-Mead simplex algorithm [105]. Thus,

(4.14) is solved by formulating (4.27) for each voxel zi,k and minimizing it.

4.4.3 Phase Retrieval

To solve the optimization problem in (4.15), we will use a diagonal phase matrix

Ωi such that |Ωi,k,k| = 1 to account for the unknown phase of yi. We will minimize

(4.15) by reformulating it as the following optimization problem,(
ŵ, Ω̂

)
= argmin

w,Ω

{
1

2σ2

M∑
i=1

||yi − ΩiHDwi||2

+
ν

2

M∑
i=1

||exp(−ẑi)− wi + vi||2
}

s.t. |Ωi,k,k| = 1 (4.28)

To solve (4.28), we will alternately minimize over w and Ω till convergence is achieved.

Since (4.28) is quadratic in w, the minimization over w is solved using the steepest-

descent algorithm [62]. The minimization over Ωi is separable in each of its diagonal

elements and reduces to the problem of computing projections onto a circle with unit

radius.

First, we will consider the minimization of (4.28) with respect to Ω. Note that

(4.28) is separable in each diagonal element Ωi,k,k and hence we can rewrite the

minimization as,

Ω̂i,k,k = argmin
Ωi,k,k

1

2σ2
|yi,k − Ωi,k,kHk,∗Dwi|2 subject to |Ωi,k,k| = 1 (4.29)

The solution to this problem is the projection of yi,k(Hk,∗Dwi)
−1 on a circle with unit

radius and can be computed as,

Ω̂i,k,k =
yi,k(Hk,∗Dwi)

−1

|yi,k(Hk,∗Dwi)−1|
(4.30)

Next, let us consider the minimization of (4.28) with respect to wi. Since (4.28) is

separable in i, we can minimize (4.28) with respect to each wi independently. The cost

function in (4.28) is quadratic in wi and we use the steepest descent algorithm [62]
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to minimize it. Thus, the cost function (4.28) with respect to wi after ignoring terms

that does not depend on wi is,

cw(wi) =
1

2σ2
||yi − ΩiHDwi||2 +

µ

2
||exp(−ẑi)− wi + vi||2 . (4.31)

Algorithm 6 PHASE RETRIEVAL ALGORITHM

1: while algorithm has not converged do

2: Compute gi and αi by substituting ŵ and Ω̂ in (4.34) and (4.35).

3: Estimation of w -

ŵi ← ŵi − αigi ∀ i (4.32)

4: Estimation of Ω -

Ω̂i,k,k ←
yi,k(Hk,∗Dŵi)

−1

|yi,k(Hk,∗Dŵi)−1|
∀ i, k (4.33)

5: end while

Let the gradient of cw(wi) with respect to the real and imaginary parts of wi =

w
(R)
i + iw

(I)
i be represented in complex form as gi = g

(R)
i + ig

(I)
i . Then, we can show

that,

gi =
1

σ2
U∗i Uiwi −

1

σ2
U∗i yi + µ [wi − exp(−ẑi)− vi] (4.34)

where Ui = ΩiHD and U∗i represents the conjugate transpose of Ui. Each iteration

of the steepest descent algorithm is then given by (4.32) where the step size is chosen

such that the cost function is minimized in the direction of the negative gradient,

−gi. The value of the step size αi can be derived to be,

αi =
2σ2g∗i gi

g∗iU
∗
i Uigi + (g∗iU

∗
i Uigi)

c + 2σ2µg∗i gi
(4.35)

where g∗i denotes the conjugate transpose of gi and gci denotes element wise conjugate

of gi. The algorithm that solves (4.15) is shown in algorithm 6. Since the matrix

H and its conjugate transpose H∗ represent filtering operators, the gradient and the

step size can be efficiently computed using linear space invariant filtering operations

implemented in the frequency domain using fast Fourier transforms (FFT) [61].
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4.5 Simulation Results

In this section, we compare CRITIR with the conventional approach to reconstruc-

tion in the limit of the near-field approximation. Under the near-field assumption, if

the width of the smallest feature that is resolved is a, then the Fresnel number defined

as, NF = a2/(λR), is assumed to be much larger than unity. If this assumption does

not hold, it means that even if the detector is capable of resolving a feature with

width a, it cannot be resolved by an algorithm that makes the near-field approxima-

tion. One such widely used method in the near-field is the Paganin’s phase retrieval

method that assumes that the object is composed of a single homogeneous material

embedded in a material with negligible attenuation. Here, the phase is retrieved from

the measured image at each view of the object using Paganin’s phase retrieval [96]

and the object is reconstructed by filter back-projection [24] of the retrieved phase

images.

We generated a phantom ground-truth of size Nu × Nv × Nw = 128 × 512 × 512

with a voxel width of 0.175µm. The phantom consists of three latex spheres [96]

with average values of β = 2.7218× 10−08 for the absorption and δ = 2.6639× 10−06

for the refractive index decrement embedded in a material with negligible absorption

and refraction. A slice of the phantom along the u− v axes is shown in Fig. 4.2 (a).

The measurement data is generated for a detector of size Nu × Nv = 32 × 128 by

simulating the physics of X-ray propagation at an energy of 3keV, object to detector

distance of R = 400mm, and γ = 0.5898µm−1 in (4.4). The noise variance is equal to

the simulated measurement value, where we assume an average photon count of 2500

for unattenuated projections. This leads to an average SNR of 35dB. A measured

image along the u− v axes is shown in Fig. 4.2 (b).

The absorption and refractive index decrement values of the object are recon-

structed from measurements at 128 view angles. The reconstructions have a size of

Nu × Nv × Nw = 32 × 128 × 128 and a voxel width of 0.7µm. In Fig. 4.2 (c-e), we

compare the reconstructions of the refractive index decrement using CRITIR with the

traditional approach of Paganin’s phase retrieval followed by FBP reconstruction. A
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Fig. 4.2. (a) is the phantom ground-truth. (b) is the measured image
at the detector. (c) is the FBP reconstruction of Paganin’s phase re-
trieved images. (d) is the reconstruction using CRITIR. (e) and (f) are
line plots of the refractive index decrement and absorption index respec-
tively through the center of all three spheres. (a-d) correspond to the
same 2D slice along the u−axis (vertical axis) and v−axis (horizontal
axis). CRITIR accurately reconstructs the object while Paganin with
FBP results in blurry edges and artifacts.
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Table 4.1
Root mean square error comparison for different reconstruction methods

Description
Refractive index

decrement, δ
Absorption index, β

Paganin & FBP 1.7850× 10−7 1.8100× 10−9

CRITIR 1.1705× 10−7 1.1938× 10−9

u − v slice of the reconstruction using Paganin phase retrieval and FBP is shown in

Fig. 4.2 (c). For CRITIR, we used the reconstruction obtained using Paganin and

FBP as an initial estimate to avoid converging to a local minima due to the non-

convex nature of (4.11). We set α = 98 and σ−/σ+ = 0.1 in the prior model shown in

(4.9). The regularization parameter σ+ is adjusted to get the best subjective trade off

between edge resolution and noise reduction. A u−v slice of the reconstruction using

CRITIR is shown in Fig. 4.2 (d). Fig. 4.2 (e, f) show a line plot of the refractive

index decrement and absorption index through the center of the three spheres. For

comparison purposes, the phantom line plot in Fig. 4.2 (e, f) is downsampled to

the reconstruction resolution. We can see that the reconstruction of edges is much

sharper and more accurate with CRITIR when compared to that with Paganin and

FBP. CRITIR also dramatically improves the overall reconstruction quality by in-

creasing resolution and reducing artifacts. The root mean square error between the

reconstructions and the phantom for different algorithms is shown in table (4.1).

4.6 Conclusions

We presented a new algorithm called CRITIR that reconstructs the complex re-

fractive index using a physics based model for X-ray propagation and a sparsity

enforcing prior model for the object. Unlike traditional methods, CRITIR does not

make simplifying approximations beyond the assumption of Fresnel diffraction. We

generated simulated data beyond the near-field region and showed that CRITIR ac-
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curately reconstructs the object while the conventional approach results in excessive

blurring of edges and reconstruction artifacts. CRITIR will enable a new generation

of experiments that was not possible until now due to various limitations imposed by

the conventional reconstruction methods.
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5. PLUG-AND-PLAY FORWARD MODELS FOR

MODEL-BASED ITERATIVE RECONSTRUCTION

5.1 Introduction

In typical imaging systems, a sample is exposed to some form of radiation such as

X-rays, electrons, or visible light and the radiation after interacting with the sample

is measured by a detector. The sample morphology is then reconstructed from the

measurements that contain information about the various structural and functional

properties of the sample. The imaging system can be described by a forward model

that expresses the measured data as a function of the unknown sample that must

be reconstructed. The forward model is derived using the physics of imaging. In a

MBIR framework, this forward model along with a prior model will enable us to solve

the inverse problem that reconstructs the sample from the data. The prior model

is used to enforce sparsity in reconstruction and also exploit prior knowledge about

the sample. The complexity of the reconstruction algorithm heavily depends on the

complexity of the forward model. In many computational imaging systems [11, 15],

the forward model can be quite complex. Hence, solving the corresponding inverse

problem using MBIR will be challenging and may not be computationally feasible.

In many cases, the function that implements the forward model can be expressed as

a composition of several functions that represent simpler forward sub-models. To solve

the MBIR reconstruction problem associated with such forward models, we present

the framework of plug-and-play forward models. In plug-and-play, each forward sub-

model is combined with a suitable prior sub-model and the associated inverse sub-

problem is solved using the MBIR framework. Typically, the inverse sub-problems

can be solved using practical and efficient algorithms. Then, we show that the original

inverse problem can be solved using an iterative framework that repeatedly solves the



88

inverse sub-problems for different inputs using computationally efficient algorithms.

Our solution also includes a combination step at each iteration that links the so-

lutions from the different inverse sub-problems. The prior sub-models also contain

information about the reconstructions from the other inverse sub-problems. This ap-

proach for solving inverse problems is the framework of plug-and-play forward models

for MBIR. It is based on the variable splitting strategy and the theory of alternate

direction method of multipliers [17].

The MBIR algorithm presented in chapter (3) that reconstructs the magnetiza-

tion is based on the plug-and-play framework where the function that implements

the forward model can be expressed as the composition of two simpler sub-functions.

Similarly, the algorithm CRITIR that reconstructs the complex refractive index of

a sample presented in chapter (4) is based on the plug-and-play framework where

the function that implements the forward model can be expressed as the composi-

tion of three simpler sub-functions. Recently, the framework of plug-and-play prior

models [106,107] was introduced that enables us improve software modularity by in-

dependently combining inversion algorithms for system specific forward models with

state-of-the-art denoising algorithms as prior models.

In this chapter, we will present the mathematical framework of plug-and-play

forward models. First, we will formulate the plug-and-play framework of solving in-

verse problems when the forward model function can be expressed as the composition

of several simpler sub-functions. Next, we present a proof based on mathematical

induction that can be used to verify the validity of our approach.

5.2 Framework of Plug-and-Play Forward Models

In this section, we will solve the inverse problem associated with forward models

that can be expressed as the composition of several sub-functions. The general form

of the forward model is given by,

y = (f0 ◦ f1 ◦ · · · fn−1) (x) + w (5.1)
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where fi(.) ∀ 0 ≤ i ≤ n− 1 are sub-functions, ◦ represents function composition, and

w is the noise vector.

Then, we can formulate the reconstruction of x from y as the solution to the

following optimization problem,

x̂ = argmin
x

{
1

2
||y − (f0 ◦ f1 ◦ · · · fn−1) (x)||2Λ +R(x)

}
(5.2)

where Λ is a diagonal matrix that models the variance of noise and R(x) is a prior

model for x. Using variable splitting, the above unconstrained optimization problem

can be expressed as a constrained optimization problem of the form,

(
x̂, ŷ(1), · · · , ŷ(n−1)

)
= argmin

x

{
1

2

∣∣∣∣y − f0

(
y(1)
)∣∣∣∣2

Λ
+R(x)

}
s.t. y(1) = f1

(
y(2)
)
, y(2) = f2

(
y(3)
)
, · · · , y(n−1) = fn−1 (x) (5.3)

where y(1), · · · , y(n−1) are auxiliary vectors.

Using ADMM, we can show that the above optimization problem can be solved

using the Invert function defined in algorithm 7. Note that algorithm 7 recursively

calls the functions defined in algorithms 8 and 9. In algorithms 7, 8, and 9, we will

assume y(0) = y and y(n) = x. Also,
(
u(0), · · · , u(n)

)
are the dual variable vectors and

(µ1, · · · , µn−1) are the augmented Lagrangian parameters. Note that
(
ŷ(0), · · · , ŷ(n)

)
represents the estimated value for the vectors

(
y(0), · · · , y(n)

)
. Thus, we can estimate

y(0) (or x) from y(n) (or y) by calling the function defined in algorithm 7 as shown

below,(
ŷ(0), · · · , ŷ(n), u(0), · · · , u(n)

)
← Invert(n−1)

(
ŷ(0), · · · , ŷ(n), u(0), · · · , u(n)

)
(5.4)

where the inputs to the function represent the initial estimates for all the various

parameters.

5.3 Proof by Mathematical Induction

We can prove the validity of algorithms 7,8, and 9 using the theory of mathematical

induction. First, we will prove the validity for n = 3. Then, we will assume the
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Algorithm 7 INVERSION (n− 1)

1: function Invert(n−1)(ŷ(0), · · · , ŷ(n), u(0), · · · , u(n)) . where ŷ(0) = y, ŷ(n) = x̂

2: while not converged do

3: Inversion of fn−1

(
y(n)
)

. where y(n) = x

ŷ(n) ← argmin
y(n)

{µn−1

2

∣∣∣∣ŷ(n−1) − fn−1

(
y(n)
)

+ u(n−1)
∣∣∣∣2 +R

(
y(n)
)}

4: Inverse of (f0 ◦ · · · ◦ fn−2)
(
y(n−1)

)(
ŷ(1), · · · , ŷ(n−1), u(1), · · · , u(n−1)

)
← Invert(n−2)(ŷ(0), · · · , ŷ(n), u(0), · · · , u(n))

5: u(n−1) ← u(n−1) +
(
ŷ(n−1) − fn−1(ŷ(n))

)
. u(n−1) is dual vector

6: end while

7: return
(
ŷ(1), · · · , ŷ(n), u(1), · · · , u(n)

)
8: end function

Algorithm 8 INVERSION (i) ∀ 1 ≤ i ≤ n− 2, n ≥ 3

1: function Invert(i)(ŷ(0), · · · , ŷ(i+2), u(0), · · · , u(i+2)) . where ŷ(0) = y, ŷ(n) = x̂

2: while not converged do

3: Inversion of fi
(
y(i+1)

)
ŷ(i+1) ← argmin

y(i+1)

{µi
2

∣∣∣∣ŷ(i) − fi
(
y(i+1)

)
+ u(i)

∣∣∣∣2 +
µi+1

2

∣∣∣∣y(i+1) − fi+1

(
ŷ(i+2)

)
+ u(i+1)

∣∣∣∣2}
4: Inverse of (f0 ◦ · · · ◦ fi−1)

(
y(i)
)(

ŷ(1), · · · , ŷ(i), u(1), · · · , u(i)
)
← Invert(i−1)(ŷ(0), · · · , ŷ(i+1), u(0), · · · , u(i+1))

5: u(i) ← u(i) +
(
ŷ(i) − fi

(
ŷ(i+1)

))
. u(i) is dual vector

6: end while

7: return
(
ŷ(1), · · · , ŷ(i+1), u(1), · · · , u(i+1)

)
8: end function

algorithm is valid for an arbitrary value of n = k and then show that the algorithm

is also valid for n = k + 1.
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Algorithm 9 INVERSION (0)

1: function Invert(0)(ŷ(0), ŷ(1), ŷ(2), u(0), u(1), u(2)) . where ŷ(0) = y

2: Inversion of f0

(
y(1)
)

ŷ(1) ← argmin
y(1)

{∣∣∣∣ŷ(0) − f0

(
y(1)
)∣∣∣∣2

Λ
+
µ1

2

∣∣∣∣y(1) − f1(ŷ(2)) + u(1)
∣∣∣∣2} (5.5)

3: return
(
y(1), u(1)

)
4: end function

5.3.1 Forward Model - Composition of Three Functions

We will solve the inverse problem associated with a forward model that can be

expressed as a composition of n = 3 functions. Let y(0) = y be a vector array

containing the measured data from the imaging system and y(n) = x be a vector

array containing all the unknown parameters of the sample. Then, we can express

the forward model as,

y = (f0 ◦ f1 ◦ f2) (x) + w (5.6)

where w is the noise vector and the forward model function (f0 ◦ f1 ◦ f2) (x) =

f0(f1(f2(x))) is the composition of three sub-functions, f0(.), f1(.) and f2(.).

Using MBIR, the reconstruction is given by solving the following optimization

problem,

(x̂) = argmin
x

{
||y − (f0 ◦ f1 ◦ f2) (x)||2Λ +R(x)

}
(5.7)

where Λ is a diagonal matrix such that each diagonal element Λii gives the variance of

the noise parameter wi and R(x) is a prior model for x. We will use variable splitting

to express the above problem as a constrained optimization problem of the form,

(
x̂, ŷ(1), ŷ(2)

)
= argmin

x

{∣∣∣∣y − f0

(
y(1)
)∣∣∣∣2

Λ
+R(x)

}
s.t. y(1) = f1(y(2)) and y(2) = f2(x) (5.8)
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Using ADMM, we can show that the algorithm that solves the above optimization

problem is given in algorithm 10. Note that algorithm 10 also follows from algorithms

7, 8, and 9 by substituting n = 3 and calling the function below,

(
ŷ(0), ŷ(1), ŷ(2), ŷ(3), u(0), u(1), u(2), u(3)

)
← Invert(2)

(
ŷ(0), ŷ(1), ŷ(2), ŷ(3), u(0), u(1), u(2), u(3)

)
,

(5.9)

where y(0) = y and y(3) = x.

Algorithm 10 RECONSTRUCTION

1: while not converged do

2: Inversion of forward model f2(x)

x̂← argmin
x

{µ2

2

∣∣∣∣ŷ(2) − f2(x) + u(2)
∣∣∣∣2 +R(x)

}
(5.10)

3: while not converged do

4: Inversion of forward model f1

(
y(2)
)

ŷ(2) ← argmin
y(2)

{µ1

2

∣∣∣∣ŷ(1) − f1

(
y(2)
)

+ u(1)
∣∣∣∣2 +

µ2

2

∣∣∣∣y(2) − f2(x̂) + u(2)
∣∣∣∣2}

(5.11)

5: Inversion of forward model f0

(
y(1)
)

ŷ(1) ← argmin
y(1)

{∣∣∣∣y − f0

(
y(1)
)∣∣∣∣2

Λ
+
µ1

2

∣∣∣∣y(1) − f1(ŷ(2)) + u(1)
∣∣∣∣2} (5.12)

6: u(1) ← u(1) +
(
ŷ(1) − f1

(
ŷ(2)
))

7: end while

8: u(2) ← u(2) +
(
ŷ(2) − f2(x̂)

)
9: end while

Note that (5.10), (5.11), and (5.12) are simpler optimization problems than the

original problem in (5.7). In typical imaging systems [11], there exist efficient algo-

rithms for solving (5.10), (5.11), and (5.12). Thus, the above algorithm represents

the plug-and-play framework that solves the original reconstruction problem by iter-

atively solving three simpler reconstruction problems.
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5.3.2 Forward Models - Composition of k Functions

The forward model for n = k from equation (5.1) is given by,

y = (f0 ◦ f1 ◦ · · · fk−1) (x) + w (5.13)

where fi(.) ∀ 0 ≤ i ≤ k − 1 are sub-functions, ◦ denotes function composition, and w

is the noise vector.

Then, we can formulate the reconstruction of x from y as the solution to the

following optimization problem,

x̂ = argmin
x

{
1

2
||y − (f0 ◦ f1 ◦ · · · fk−1) (x)||2Λ +R(x)

}
(5.14)

where Λ is a diagonal matrix that models the variance of noise and R(x) is a prior

model for x.

We will assume that we can solve for y(0) (or x) from y(k) (or y) by calling the

function below,(
ŷ(0), · · · , ŷ(k), u(0), · · · , u(k)

)
← Invert(k−1)

(
ŷ(0), · · · , ŷ(k), u(0), · · · , u(k)

)
(5.15)

where the inputs to the function represent the initial estimates for the different pa-

rameters. Note that y(0) = y and y(k) = x.

5.3.3 Forward Models - Composition of k + 1 Functions

The forward model for n = k + 1 from equation (5.1) is given by,

y = (f0 ◦ f1 ◦ · · · fk) (x) + w (5.16)

where fi(.) ∀ 0 ≤ i ≤ k are sub-functions, ◦ denotes function composition, and w is

the noise vector.

Then, we can formulate the reconstruction of x from y as the solution to the

following optimization problem,

x̂ = argmin
x

{
1

2
||y − (f0 ◦ f1 ◦ · · · fk) (x)||2Λ +R(x)

}
(5.17)
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Algorithm 11 RECONSTRUCTION

1: while not converged do

2: Inversion of fk (x)

x̂← argmin
x

{µk
2

∣∣∣∣y(k) − fk (x) + u(k)
∣∣∣∣2 +R (x)

}
3: Inverse of (f0 ◦ · · · ◦ fk−1)

(
y(k)
)(

ŷ(1), · · · , ŷ(k), u(1), · · · , u(k)
)
← Invert(k−1)(ŷ(0), · · · , ŷ(k), x̂, u(0), · · · , u(k+1))

4: u(k) ← u(k) +
(
ŷ(k) − fk(x̂)

)
. u(k) is dual vector

5: end while

6: return
(
ŷ(1), · · · , ŷ(k), x̂, u(1) · · · , u(k+1)

)

where Λ is a diagonal matrix that models the variance of noise and R(x) is a prior

model for x.

We can then formulate the above unconstrained optimization problem in the form

of a constrained optimization problem as shown below,

x̂ = argmin
x

{
1

2

∣∣∣∣y − (f0 ◦ · · · ◦ fk−1) (y(k))
∣∣∣∣2

Λ
+R(x)

}
s.t. y(k) = fk (x) . (5.18)

Thus, it follows from ADMM that we can solve the above constrained optimization

problem using algorithm 11. In step (3), we estimate ŷ(k) using the following new

quadratic prior model for y(k),

R
(
y(k)
)

=
µk
2

∣∣∣∣y(k) − fk (x) + u(k)
∣∣∣∣2 (5.19)

We can see that algorithm 11 agrees with the algorithm 7 when n = k + 1 and with

the new prior model R
(
y(k)
)

defined in (5.19). Hence, we have proved the validity of

our plug-and-play forward model framework using mathematical induction. However,

note that we haven’t proved convergence here. A sufficient condition for convergence

is if the functions fi ∀ 0 ≤ i ≤ n− 1 in (5.1) are all convex.
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A. THE OFFSET ERROR CONSTRAINT MATRIX, H

In this section, we briefly discuss our choice of the H matrix. We choose the matrix

H such that we enforce a zero constraint on the weighted average of the offset errors,

di, over overlapping rectangular patches. Since the number of constraints is much less

than the number of parameters, di, the matrix H will have many more columns than

rows. Furthermore, all the rows of H sum to the same value and all the columns sum

to the same value.

The offset error constraint Hd = 0 is better expressed as a constraint on the two

dimensional form of the offset error, d̃i,j. Let d̃i,j be the offset error corresponding

to the ith row and jth column of the detector. We then impose a zero constraint on

the weighted average of the offset error, d̃i,j, over overlapping1 rectangular patches as

shown in Fig. A.1. The patches are such that they overlap half-way along both the

u-axis and v-axis and cover the entire detector plane.

Let h̃N(i) be a triangular window of the form

h̃N(i) =


i 1 ≤ i ≤ N

2N − i+ 1 N + 1 ≤ i ≤ 2N

0 otherwise.

(A.1)

Then, the function h(i, j) = h̃P (i)h̃Q(j) is used to appropriately weight the offset error

terms, d̃i,j, over the rectangular patches. Let h(k,l)(i, j) be the weighting function for

the kth patch along the u-axis and lth patch along the v-axis obtained by appropriately

shifting h(i, j). Then, the constraint corresponding to the (k, l) patch is given by,

Mr∑
i=0

Mc∑
j=0

h(k,l)(i, j)d̃i,j = 0. (A.2)

1If the patch extends outside the support of the detector plane along any dimension, then we wrap
it around from the start of that dimension.
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Fig. A.1. Diagram showing the overlapping rectangular patches over which
the weighted sum of the offset error is zero. The patches are such that
they overlap half-way along both the u-axis and v-axis and cover the entire
detector plane.

where Mr and Mc are the total number of rows and columns of the detector respec-

tively. In our application, we choose P such that it is closest to
√
Mr and is a factor

of Mr (similarly, we choose Q depending on Mc). Thus, the number of constraints

is approximately equal to
√
MrMc. Each constraint indexed by (k, l) in (A.2) corre-

sponds to one of the rows of H. The offset error d is the vector form of d̃i,j and the

elements of H correspond to the weights, h(k,l)(i, j), used in (A.2). Thus, the matrix

H has a size of
√
MrMc ×MrMc.
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B. DISCRETE IMPLEMENTATION OF GREEN’S

FUNCTION CONVOLUTION

A discrete approximation to the Green’s function in (3.2), (3.3), and (3.4) is obtained

by substituting (u, v, k) = (i∆, j∆, k∆) where ∆ is the sampling width (voxel width).

However, the sampled value at (i = 0, j = 0, k = 0) is undefined. We can approximate

the value at (0, 0, 0) by integrating (3.2), (3.3), and (3.4) over a voxel cube of width

∆ centered at (0, 0, 0). Thus, an approximation to the discrete value at (0, 0, 0) for

h
(u)
C (u, v, w) is given by,∫ ∆

2

w=−∆
2

∫ ∆
2

v=−∆
2

∫ ∆
2

u=−∆
2

h
(u)
C (u, v, w)du dv dw

=

∫ ∆
2

w=−∆
2

∫ ∆
2

v=−∆
2

[∫ 0

u=−∆
2

u

|u2 + v2 + w2|3/2

+

∫ ∆
2

u=0

u

|u2 + v2 + w2|3/2

]
du dv dw

=

∫ ∆
2

w=−∆
2

∫ ∆
2

v=−∆
2

[∫ 0

u=−∆
2

u

|u2 + v2 + w2|3/2

−
∫ 0

u=−∆
2

u

|u2 + v2 + w2|3/2

]
du dv dw

= 0
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Similarly, we can show that the corresponding integrals for h
(v)
C (u, v, w) and h

(w)
C (u, v, w)

evaluate to zero. Thus, a discrete form of the Green’s function in (3.2), (3.3), and

(3.4) is given by,

h̃
(u)
D [i, j, k] = W [i, j, k]

i

|i2 + j2 + k2|3/2∆2
(B.1)

h̃
(v)
D [i, j, k] = W [i, j, k]

j

|i2 + j2 + k2|3/2∆2
(B.2)

h̃
(w)
D [i, j, k] = W [i, j, k]

k

|i2 + j2 + k2|3/2∆2
(B.3)

where h̃
(u)
D [0, 0, 0] = h̃

(v)
D [0, 0, 0] = h̃

(w)
D [0, 0, 0] = 0 and W [i, j, k] = Wu[i]Wv[j]Ww[k] is

a 3D window function where Wu[i], Wv[j], and Ww[k] are 1D Hamming windows. The

window function is necessary to prevent aliasing artifacts in the reconstruction. Since

discrete convolution is implemented using discrete summation rather than continu-

ous domain integration, the differential terms du, dv, and dw in (3.1) is accounted

for by the sample width, ∆. Thus, ∆ is absorbed into the expressions h̃
(u)
D [i, j, k],

h̃
(v)
D [i, j, k], and h̃

(w)
D [i, j, k]. Thus, the modified point spread functions that can be

used to compute the magnetic vector potential using discrete convolution is given by,

h
(u)
D [i, j, k] = W [i, j, k]

i∆

|i2 + j2 + k2|3/2
(B.4)

h
(v)
D [i, j, k] = W [i, j, k]

j∆

|i2 + j2 + k2|3/2
(B.5)

h
(w)
D [i, j, k] = W [i, j, k]

k∆

|i2 + j2 + k2|3/2
(B.6)
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