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Abstract—We present a novel probabilistic model for (CFGs) have been used to model hierarchal sentence struc-
the hierarchal structure of an image and its regions. We tyre [10], [11], [12]. Probabilistic context-free gramraar
call this model spatial random tree gramma(SRTGs). We (pCEGs) [47] have been used to construct probabilistic

develop algorithms for exact computation of likelihoods an .
MAP estimates and exact EM updates for model-parameter hidden tree models for sentences and to robustly parse

estimation. We collectively call these algorithms thecenter- naturally-occurring text [31], [36]. An important propgrt

surround algorithm We use the center-surround algorithm of these tree models is that the structure of the tree is
to automatically estimate the ML parameters of SRTGs, random and can adapt to the hidden structure of the
classify images based on their likelihood and based on the observations. As with most priors, HMMs and PCFGs

MAP estimate of the associated hierarchal structure. We ire th timati f t Thi
apply our method to the task of classifying natural images require the estimation of numerous parameters. IS can

and demonstrate that the addition of hierarchal structure b€ done using the expectation-maximization (EM) algo-
significantly improves upon the performance of a baseline rithm [16] or, equivalently, the Baum-Welch reestimation

model that lacks such structure. procedure [2]. In both cases, the E and M steps can be com-
Index Terms— Bayesian methods for image understanding, Puted exactly. However, in the case of HMMs, the E step
multiscale analysis. is computed using the forward-backward algorithm [43],
whereas in the case of PCFGs, it is computed using the
I. Introduction more complex inside-outside algorithm [1], [26]. Variants

. o ~of both algorithms can be used to compute the most
Hierarchal organlzatlon can be very valuable in Ima%Obame state sequence, in the case of HMMS, or most
analysis and classification. Recursive bipartitioning][14probable parse, in the case of PCFGs [52].
[49], [53] and region merging [33], [37], using features Structural priors are also valuable for the analysis and
such as intensity gradient, region shape, region color, apgbcessing of images and complex scenes. For example,
region texture, can yield a hierarchy of segmentations pfMMs have been used for document image recogni-
an image. However, these methods are feature (_je_tta drivym [22] and layout analysis [20]; and PCFGs have been
and generally are not based on an overall explicit modghplied to the event-recognition task, by processing a
of hierarchal structure in the image. An alternative to éhegD aspect of a video stream [5]. However, the general-
approache§ is the use of hierarchal Bayesian StatiStiﬂz’&tion of 1D priors to 2D has often proved to be very
models of image structure. _ difficult. Markov random fields (MRFs) [3] are a non-
Researchers in the fields of speech and computatioh@rarchal prior which is the most common extension of
linguistics have long exploited the value of structurgiMMs to 2D. For example, an MRF model of image
priors in language processing. Hidden Markov modefggions was used in [32] for image interpretation. While
(HMMs) are a non-hierarchal prior that has had enormogsective methods have been developed to approximately
impact in speech processing [43]. Context-free grammaggmpute maximum a posteriori (MAP) estimates [18] and
maximum likelihood (ML) parameter estimates [4], [41],
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they still result in intractable estimation problems whiclsection Il presents a nontechnical overview of our method.

can only be solved approximately. Section Il presents the technical details of our method.
Various strategies have been used to apply grammar f&ection IV presents experiments that illustrate our imple-

malisms to images [17], [46], [48]. For example, K. S. Fu'sentation classifying images. Section VI concludes with a

research in syntactic pattern recognition incorporated tsummary of the contributions of this paper.

use of PCFGs for the classification of 2D structures [17

Deterministic context-free grammars call¥dY treesand

associated algorithms were cpnstructed in [2'3],. [34] 10 context-free grammars (CFGs) can be used to impose
model 2D layout of document images. Probabilistic grangierarchal structure on sentences, i.e. 1D word strings. Fo
mars h'a've more recently been applied to optical characgggamme, the CFG in figure 1(a) imposes the parse in fig-
recognition [42]. ure 1(b) on the sentendée woman loves the maNodes

In this paper, we present a novel probabilistic mode}f such a parse tree corresponddonstituentswhere a
for the hierarchal structure of an image and its constituegénstituent is a contiguous substring. Internal nodes tigh
components. Specifically, we present a novel method fgrrespond to substrings that contain multiple words, avhil
reformulating PCFGs to model 2D images or other mujeaf nodes correspond to singleton constituents congistin
tidimensional data. We call this methaspatial random of 5 single word.

tree grammar¢SRTGs) and the associated algorithms the For this 1D problem, the parse tree unambiguously
center-surround algorithnThe center-surround algorithmspecifies an ordering of the words from left to right.
plays an anaIOgOUS role to the inside-outside algorithm‘his |mp||es that there is a unique mapp|ng from the
in that it allows for exact computation of likelihoodsnodes of the parse tree to constituents of the sentence.
and MAP estimates and exact EM updates for modejye call this mapping theonstituency functionMoreover,
parameter estimation. We use SRTGs to formulate prioffe unambiguous ordering of the nodes implies that each
on image-region hierarchies; and we use the associajfgtse tree produces a unique sentence. This property allows
center-surround algorithm to automatica”y estimate tl‘E probab"r[y distribution over parse trees to induce a
ML parameters of such priors, compute the MAP estimajgobability distribution over strings. We elaborate orsthi
of the associated parse tree, and classify images basedrpBection 1ll. When a constituency function exists which
their likelihood. We extend prior work [38], [39], [40], maps the nodes of the parse tree to parts of a sentence (or,
[54] in several important directions. The algorithms ofater, image), we say that the parse tree jgaseof the
[38], [39], [40], [54] are based on constructing probabitis sentence (respectively, image).
models for pixel intensities and grouping image pixels The fundamental difficulty in extending CFGs to 2D
into non-overlapping rectangular regions. The models angs in the unambiguous specification of the constituency
algorithms proposed in this paper are more flexible, in thfifnctions so that each parse tree produces a unique image.
they are able to handle feature images where the featutgssee that this property does not automatically hold in 2D,
are extracted from possibly overlapping regions of arbytraconsider the example in figure 2. Figure 2(b) illustrates a
Shapes. This results both in more modeling choices anddarse tree genera‘[ed by the CFG in ﬁgure 2(a) Figures 2(C)
improved computational efficiency. In addition, there argnd 2(e) illustrate two different possible imagésand0’,
important theoretical distinctions between the constouct parsed by this parse tree, with corresponding constituency
in [54] and the framework introduced in this paper. Whilgynctions illustrated in figures 2(d) and 2(f), respectjvel
the model of [54] hard-wires image regions to grammaoth imagesO and O’ have the same set of regions, 1,
symbols, we introduce a more flexible framework whick and 3. Note that the regions in the two images are not
is more similar to the traditional 1D PCFG models. In oufssumed to form a regular 2D lattice.
current framework, the problem of uniquely associating |n this paper, we introduce a new class of grammars
a tree with an image is not straightforward. To solvealled spatial tree grammarSTGs) that ensures that no
this problem, we introduce in Section Ill a number ofwo distinct images have the same parse. STGs augment
theoretical tools which insure that each tree has at most asigch branching production in a CFG with production
associated image, much like in the standard 1D PCFGs.diass An STG generates parse trees whose branching
addition, our methods of both [54] and the present papgbdes aretaggedwith production classes. The tags con-
extend PCFGs to continuous observations, much like tBgain the allowed relationships between the constituents
work in [27] extended HMMs. that are associated with parse-tree nodes and those that are
In order to show the potential value of our methods, wassociated with their children. The list of all valid pddits
apply them to the special case of classification of naturef a constituent tagged with a specific production class into
images and demonstrate a significant increase in average subconstituents, is specified by a data structure called
classification accuracy over baseline non-hierarchal mogbnstituent hierarchye formally define this data structure
els. We also show that substantial information is containgg definition 1 of section 11I-C.2. Figures 2(g) and 2(h)
in the MAP image parses extracted by our methods. illustrate how production classes are used. In this example
The remainder of this paper is organized as followsve use two production classes: “h” and “v". Intuitively,

FI'. Overview
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Fig. 1. The CFG (a) imposes the parse (b) on the sentEheewoman loves the maNote that the parse tree unambiguously specifies an ogderin
of the words from left to right which leads to the unique c@osncy function (c).
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Fig. 2. (a) A CFG. (b) A parse tree generated by (a). (c) An ien@gwith regions1, 2, and3, and region intensitie® (1) = u, O(2) = u, and
O(3) = w. (d) A constituency function that maps the nodes of (b) todbastituents of (c). (e) Another imagé)’, with the same regions, 2,
and3 as imageO, but with different intensitiesO’ (1) = u, O’(2) = w, andO’(3) = u. (f) A constituency function that maps the nodes of (b) to
the constituents of (e). (g) An STG derived from (a) by augtingnthe branching productions with production classe}.Alparse tree generated
by (g). This parse tree is the same as (b) except that the lirepoodes have been tagged with production classes.

production class “h” (horizontal split) constrains a parses is required by the tag “h” on the parse-tree npdelt

tree node to be associated with a constituent that is sglan be shown that, in fact, figure 2(c) is the only image
into upper and lower subconstituents that are associatgatsed by figure 2(h).

with the node’s children, while production class “v” (verti  Note that, while the example in figure 2 contains only
cal split) constrains a parse-tree node to be associatéd wictangular constituents and partitions image constisuen
a constituent that is split into left and right subconstitise only horizontally or vertically, our current method, de-
that are associated with the node’s children. Figure 2(g¢ribed in section llI, supports nonrectangular constitsie
illustrates an STG derived from the CFG in figure 2(aand nonhorizontal, nonvertical constituent partitiorsiras

by augmenting the branching productions with these tweell. In section 1lI-D, we provide specific conditions that
production classes. Figure 2(h) illustrates a parse treasure that no two distinct images have the same parse,
generated by this STG. This new parse tree is the sameaasl in section IV we demonstrate a useful application of
that from figure 2(b) except that the branching nodes hatteis more general case.

been tagged with production classes. However, this parsan the case of CFGs, one can interpret a branching
tree does not parse the image in figure 2(e). Figure 2ff)oduction like S— NP VP as saying that one can
is no longer a valid constituency function because thgnstruct an S by concatenating an NP with a VP. CFGs
constituent{1,3} does not lie above the constitueft}, are called such because they arentext free One can



concatenat@any NP with any VP to construct an S. It has
been shown that context-free languages can be parsed in
polynomial time using the CKY algorithm [21], [56].

In the special case of STGs with rectangular constituents
considered in this overview, one can interpret a branching

production like U — V Z as concatenating matrices

wy M

vertically, and a branching production like V> X Y as
concatenating matrices horizontally. However, unlike the
case of CFGs, where it is possible to concatenate agy 3. ustration of a feature image defined on domdin =
two strings, it is only possible to vertically concatenaté€v:, vz, vs,va,vs} of size |D| = 5, for feature dimensiory = 1.
matrices of the same width and horizontally concatendfé'e: the locations, - -, s are the centroids of five constant-intensity
. . . regions of an image, and the featuPgv,,) is the intensity at,.

matrices of the same height. Analogous restrictions hold’
for the more general case of arbitrary constituents and , . .
constituent partitionings that we consider in section nfhis procedure, forafeatur_e 'mage W'th five r¢g|9|r13|(:
This means that STGs amontext sensitiveHowever, it 2) @nd one feature dimension € 1), is shown in figure 3.
can be easily shown that STGs are a special class Td'fe preprocessing segmentation step has the advantage of
context-sensitive grammars—i.e. that there exist conteﬂaduc'ng the ””mb,ef of nodes to b,e proc‘?ssed and thergfore
sensitive languages which cannot be generated by an STG, total computation. ngever, ',t also imposes practical
It moreover is shown below that the parsing algorithrjrﬂm'ts on how much local information can be passed to the
for STGs is polynomial in the number of constituents>R1CG model.
One way to ensure that our methods use algorithms Wigh parse Trees
polynomial complexity is therefore to limit the number
of possible constituents to be polynomial in the size of Let 7 be a finite set ofproduction classedet 7 be a
the input. This can be done using methods discussedfiinite set of nonterminals and let the sefR? be the set
section IV-A. of terminals We use: to denote production classes,to

One may induce a probability distribution over the parsgenote terminals, angl, k£, and! to denote nonterminals.
trees generated by a CFG by imposing probabilities aNe define goarse tred” to be a finite ordered tree where
the productions. Such an augmented CFG is called a, |eaf nodesterminal nodesarelabeledwith terminals,
probabilistic context-free grammar (PCFG). In a similar , nonleaf nodes rfionterminal nodésare labeledwith
fashion, one may induce a probability distribution over the  ponterminals,
parse trees generated by an STG by imposing probabilities nonterminal nodes have either one chiltibranch-
on the productions. We call such an augmented STG a ing nonterminal nodgsor two children pranching
spatial random tree grammgsRTG). nonterminal nodes
« branching nonterminal nodes a@ggedwith produc-

tion classes,

In this section, we formally introduce the concepts of « the child of every nonbranching nonterminal node is
feature imagesnd parse treesnd develop a framework @ terminal node, and
for associating parse trees with a feature image, given itse the children of every branching nonterminal node are
spatial organization. We construct a probability disttibo nonterminal nodes.
over parse trees and show that our framework allows thiégure 2(h) shows an example of a parse tree \#ith-
probability distribution to induce a probability distritton  {“h”,“v"}, J = {4, k,(}, branching nonterminal nodes
on the feature images given their spatial organization. p;, p2, nonbranching nonterminal nodes, p4, p5, and

terminal nodey, p7, ps.

V2

O(vs) = 64

IIl. The Technical Details of our Method

A. Feature Images
aﬁ:' Constituents, Constituent Hierarchies, and Con-

We start with an image or any other multidimension Lituency Functions for SRTGs

data. From this data, we determine a setlotations

D = {vi,---,vp}, and, at each of these locations, 1) Motivation: With PCFGs, one constructs a probabil-
we extract afeature vectoiO(v,) € RY. We define the ity distribution over all trees generated by the PCFG and
feature imageO € R¥”1, to be the vector consisting of defines the probabilifyof each string to be the sum of
all these feature vector® 2 (O(v1),---,0(vp))). probabilities of all its parses. This method of construgtin

For example, in our experiments reported in section I\robabilities is only correct if any two distinct stringsviea
each location corresponds to an image region obtained
through a segmentation algorithm, and the feature vectof , . . .

If the terminals are continuous-valued, as in section llitlen the

O(Uﬁ) for each locatiorv,, is formed_by extra}cting ir?for' probability densityof each string is the sum of probability densities of
mation from the corresponding region. An illustration o#ll its parses.

4



disjoint sets of parses. This is ensured by the fact that, f(€3) Every nonsingleton constituent can be partitioned
PCFGs, two distinct strings cannot have the same parse. in at least one way into two subconstituents:
The reason that two distinct strings cannot have the same (VV eCs.t.|V|>1)= (i €T s.t. L(:,V) # @)
parse is because the unique string corresponding to any
parse tree is simply obtained by ordering the leaves of ti@4) Every constituent has at most one left
tree from left to right. subconstituent of given cardinality:

However, a potential problem with SRTGs is that, if Vi € I,V € C, V', V" € L(i,V)st|V| =
improperly designed, a single parse tree can parse two |V"|) = (V' =V")
distinct images. This problem can result from the fact that _. . . i
there is no unique natural ordering of the elements of aleen aD and an, it is typically easy to find sucld
domain D. This can make it impossible for a probabilityg;(:]gitggst ézeigl;?)?r:glgitra:igﬁgérzv’vg; dﬁ >hrgv?/§/SerC:\t\;gi'ow
distribution over trees to induce a probability distribu- escribe a simple algorithm to modify ahysatisfying C1-

tion over feature images in a manner similar to PCFG 3 10 obtain a valid constituent hierarchy. Specificall
This difficulty is avoided by imposing organization on ! vall It : y. >peciically,

the elements ofD. Specifically, we introduce the novelSUPPOSE that you have a quadrupie = <.D’I’C’£?
concepts ofconstituentof D and constituent hierarchies that meets C1-C3 but POt Ca. The f/oIIowmg algorithm
which impose structure on the ways in which locations iﬁonstructs z';\.quadruprez = (D,1,C, L) that meets all
a domainD can be combined. The following section in-Of the conditions.
troduces precise definitions of these concepts which ensigorithm 1. Let < be a total ordering on constituents.
that a probability distribution on the feature images can bnitialize £’ to be the same a£. Terminate, if there

properly defined, and moreover allow for computationallgre no violations of C4. LeV be the first constituent,

tractable estimation algorithms. according to=, that violates C4. That means that there
2) Constituents and Constituent Hierarchie#/e des- exists a production class € 7 and two constituents
ighate some subsets of a domdinto be constituentsand Vi,V € L'(i,V) such that|V;| = |V;|. Without loss of

useC to denote the set of all constituents BX. As we generality, assumé’; < V,. Removel, from L'(i, V).
stated earlier, not all subsets c D will be constituents, Repeat this process until there are no violations of C4l.
so C will generally be a proper subset af’, the power
set of D. Furthermore, for each production class 7
and each constituent € C, we will specify all valid
two-way partitions of V' into its subconstituents under
production class. To do this, we define the séX(¢, V') of
all lefti-subconstituentsf V', with the interpretation that

a partition of V' into V' and V\V’ under the production stituency function. Suppose that = (D,Z,C,L) is a

e e .
classi is only valid if V'’ € £(i, V). We call the quadruple qgitent hierarchyl is a parse tree generated using
H = (D.1.C, L) aconstituent hierarchyVe now formally o set of production class@s andO € R7?! is a feature

define the concepts of constituents and constituent hierf?ﬁ'age. Consider a functioRf which maps the nodes G
chy. to the constituents ofD and which has the following
Definition 1. Let D be a finite domain, andZ a finite set Propertes.

of production classes. L&t be a set of subsets @, and « For the root HOQ@, F(p)=D.

let £ be a function fronZ x C to 2. The quadruple = « For every terminal node, labeledu, F'(p) = {v},

Section IV-A shows how to construéi for a certain
class of domain®), resulting in the number of constituents
which is polynomialin D|, and leading to polynomial-time
inference algorithms.

3) Constituency FunctionsTo associate parse trees
with feature images, we introduce the concept of con-

(D,Z,C,L) is called aconstituent hierarchif it satisfies whereO(v) = w. . _ _
the four conditions C1-C4 given below. In this case, a ® Fo.r every nonbranching nonterminal noge with
subsetV’ C D is called aconstituenof D iff V € C. A child p1, F(p) = F(p1). _

setV’ is called asubconstituenof V if V' € L(i,V) « For every branching nonterminal noge tagged:,
(in this caseV’ is called aleft i-subconstituenof V) or with left and right childrenp, and py, F(p1) €
if V\V' e L(i,V) (in this caseV’ is called a right L(i, F(p)) and F(p2) = F(p)\F(p1).
i-subconstituenof V). In this case, we say thdf is an’H-constituency function

for T and O; and we say thaf’ is anH-parseof O. We
show that conditions C1-C4 guarantee that &fyparseTl’
of O € R4PI cannot also be af(-parse of another feature
imageO’ € R4P!, and that moreover thé(-constituency
function forT and O is unique.

(C1) The entire domairD is a constituent:
DecC

(C2) Every subconstituent of every constitudrtis a
proper, nonempty subset of :
VMieZ, Vel V' eLl(i,V) = Theorem 1. Let H = (D,Z,C,L) be a constituent
(V'cVand V'#£g@and V' #V) hierarchy. LetI’ be anH-parse ofO € R¢ P!, and letF be
an H-constituency function fof’ and O. LetT" also be an



H-parse ofO’ € R?P!, and let I’ be anH-constituency imageO < R?PI,
function forT and O’. ThenF' = F’ and O = O'. A
P(O|G,H) = > P(T|G)

PROOF. See appendix. O T is an’H-parse ofO
o _ _ Note that, strictly speakingP(O|G,H) is not a prob-
D. Probabilistic Modeling with SRTGs ability density since not every tree generated by the

above stochastic process is necessarilyraparse of a
Using the framework described in the previous sulfeature image inR?”.2 Therefore, it may happen that

section, we can define a probability distribution over th P(O|G,H)dO < 1. A true probability densityP’

) : . ) | .
feature images. We do this according to the following pla A then be obtained as follows:

« Construct a probability distribution over trees, similar P(O|G,H)

to PCFGs. P'(OIG\H) = ; , (N3)
« Construct a quadruple/f which satisfies condi- /RQ‘D‘P(O |G, H)dO

tions C1-C3.

« If necessary, use algorithm 1 to enforce C4 and fornirhe probability density”’(O|G, 1) is, in gt.aneral,. very
a constituent hierarchy. difficult to compute because of the denominator in equa-

« Construct the probability (or probability density) c)ftion N3. Fortunately, we will not need to compute it in any

a feature |ma_gd) c RQ‘D‘ by Summing the prob_ of our algorithms.

abilities (or probability densities) of all-parses of _ NOt€ that a single SRTGx can be used to define
0. P(O|G,H) for any arbitrary constituent hierarchyt, as

long asG and’H use the same s&tof production classes.
We first specify the method for generating random pargghis is an important property which is exploited in our
trees. With probability, generate a root nonterminal nodealgorithms.
with label k. Next, repeatedly select a nonterminal node,
p, that does not yet have children and denote its label.byE. Inference Algorithms

With conditional probabilityt;, p will be a nonbranchin . . .
P Vi P g 1) Likelihood Calculation, Center Variables, and Sur-

node; and with conditional probability — ¢;, it will be Sbles: Gi : hi
a branching node. Ip is a nonbranching node, then igound Variables: Given an SRTGG’ a cons’utgent -
archy H, and a feature imageD < RIPI the

child must be a terminal node. In this case, the child%i . .
label, u, is chosen to be a conditionally normal randorH elihood P(O|G,H) can be computed using equa-

vector with mean:; and covarianc;. If  is a branching UONS 1 and 2 of figure 4. For any nonterminaland
nonterminal node, then it must have a production class tfif domainD, we let the center variablec(j, D) be
which we calli, and left and right children whose labels wdne Cono!monal probability density Of the featu_re. im-
call k and!. In this case, choosé, k, 1) with conditional 29¢ O given that the root label of its-parse is:

probabilityp;;r;. The distributiorv- and the conditional dis- c(j, D) = Z P(T|G). The cen-

i i . i i i i . T is an’H-parse ofO with root labelj
tributionsp; obey the following normalization constramts.ter variablec(j, V) for any other constituent’ of D is

defined similarly. Equation 2 of figure 4 relates the center

Z rj = 1 (N) variable ¢(j, V) of any nonsingleton constituenf with
) i€ the center variables of its subconstituents. Specifically,
(VjeJ) Z P = 1 (N2) equation 2 takes into account all possible partitiond/of
1€L,k,leT

into a lefti-subconstituent’; and a righti-subconstituent
Note that while we take: to be conditionally normal, V\Vi, and sums over all such partitions, over all produc-
it is possible to use any conditional distribution, diserettion classes, and over all possible labelsand! of V; and
or continuous or hybrid, so long as one replaces tHé\ V1. Equation 1 is the formula for the center variable of a
reestimation procedures for, andY; that are presented in singleton constituent. In this equatiol,(u|u, 2) denotes
figure 8 with suitable variants for the alternate distribnti the normal density. The center variables for all constitsien
We take aspatial random tree gramm&RTG) G to be and all nonterminalsj can therefore be computed by
an octuple(Z, 7, R?, 7, t,p, u, ©), whereZ is the set of first using equation 1 for each singleton constituent, and
production classes/ is the set of nonterminals, arige  then using equation 2 for every nonsingleton constituent.
is the set of terminals. The above process defiA€E|G), The feature image likelihood is then obtained as follows:
the probability density over all trees generated by such”A(O|G, H) = H ric(d, D).
process, given an SRTG. jeg
Whenever we discuss an SRTG and a constituent
hierarchy’H{, we assume that both use the sameZseff 2We expand upon this observation in section V where we disthess
production classes. In this case, we define, for any featueationships between our framework and traditional PCFGs



c(g, {v}) =t N(OW)|pn;, %j) (1)

c(j, V) = (1 = t)pjiric(k, Vi)e(l, VAVL) Vi>1 (2
ik, V4EL(:,V)

S(.j; D) = Ty (3)

sGV) = > > A—tipeips(k, Ve, Vi\V)+  V£D  (4)

ikl Vi:VEL(, V)
(1 = t)pritys(k, Vi)e(l, Vi\V)
ikl ViVI\VEL(,V])

Fig. 4. The center and surround recursions for a single featoageO. (1-2) The center recursions. (3—4) The surround recussiBach summation
overi, k, 1 is performed over the entire ranges of these variablespver.i € Z, k,l € J. Recall thatL (s, V') is the set of lefti-subconstituents of
V, and thatt; is the probability that a node labelgdis nonbranching. We us® (u|u, 32) to denote the normal density.

The surround variables(j, V') for every nonterminaly The center and surround recursions, together with equa-
and every constituent’ is computed via the surroundtions 8 through 14 of figure 8, constitute the EM algo-
recursions shown in equations 3 and 4 of figure 4. Startimghm [2], [16]. Equations 8 and 9 constitute the E step
with the entire domainD, the surround variables for while equations 10 through 14 constitute the M step, i.e. the
every constituent are recursively computed in terms of theestimation formulas for;, t;, pjw, p; and ;. We
surround variables of larger constituents and the centllectively refer to the equations in figures 4 through 8
variables. These recursions, together with the center+ecas thecenter-surround algorithm
sions, are used in the parameter estimation algorithm whichThe standard implementation of the algorithm in fig-
is described below. Note that the center variables must bees 4 through 8 memoizes the center and surround recur-
precomputed before calculating the surround variables. Tsions. This leads to algorithms for likelihood calculation
center and surround recursions generalize the inside aviéP estimation, and parameter reestimation that are poly-
outside recursions [1], [26]. nomial in |D|, so long as the number af and s values

2) Estimation of the MAP ParseGiven an SRTGA, a to be memoized is polynomial ifD| and the summations
constituent hierarchg, and a feature imag® < R?”!, and maximizations range over sets of indices whose size
the MAP H-parse of O is argmax P(T|G). It is polynomial in|D|. These are both true, so long as the

T is an’H-parse ofO : . .
can be found using equations 5 through 7 of figure number of constituents is polynomial j|.

in appendix. Equation 6 and equation 7 recursively fing, Experiments

the most likely partition of a constitueit labeled; and _ _ _

taggedi into two subconstituent¥; and V\Vi, labeled A. Constituent Hierarchies: An Example
k andl. Once the most likely quadruplg, k, 1, V1)(4,V)
for each;j and each/ is determined and stored, the MAPmenting an image. In this case, every locatione D

parseT’ for O can be constructed as follows: corresponds to a region, i.e. a set of pixels in an image. We

1) Let p be the root node off’. Label p with |etz(v) andj(v) denote the mean af andy coordinates
argmaxe(j, D) and letF(p) = D. of the pixels in regionw respectively. We now present a

2) Ff)erjeach node in T, labeledj, where|F(p)| > 1, (rjnethqd for gor?strgc.tingr]]_a constituent hierardtiyfor any
let (i, k.1.V}) = i’m i F(p)), tag p with 4, omamD obtained in this way..
add< left and>righ<t chiIdre|;>(1 anfj;))i to p, label p To define the setC of constltuents_; ofD,.we take a
with & and p, with 7, and let F(p1) — V; and nonempty subsel’ C D to be a constituent iff there exist
Flps) = V\VA. four numbersey, x2, y1, andys such that for al € V,

3) For each nodp in T, labeled;j, whereF(p) = {v}, ! < I(?) < Tp gndyl 4§ y(v). < y2. Note that the numper
add a single chilg; to p, label py with O(v), and of constituents i$)(|D|*). 'I"h|s' results in time complexity

O(|Z| T3 - |D]?) for the likelihood calculation, one step

. et F.(pl) = (). , . of EM, and MAP tree estimation.
This algorithm, based on equations 5 through 7 of figure 7\y,s take the setZ of production classes to be

in appendix, genera!lzes. th(.e Viterbi [52] algorlthm. {“row” “column”}. In order to specify a constituent hi-
3) Parameter EsUmann.Sg‘%pl)?se we are QJYEE{ erarchy, it remains to specify the sefgi, V) of left i-
training feature image®); € R 0, Om ER ' subconstituents df’, for both production classeésand for

and further suppose that each feature image has a Qfary constituent’. Supposéy is a constituent. We take
responding constituent h|erarchMmM: (Dm,Z,C, L), a proper nonempty subsét of V to be a left “row’-

subconstituent o¥/ iff there exists a number such that
form=1,---, M. We seek argmaﬂglP(OMG,Hm). z(v) < x for all v € V; andz(v) > x for all v € V\ V4.
We address this problem via the algorithm in equations\8e take a proper nonempty subdét of V to be a left
through 14 of figure 8 in appendix which use the centécolumn”-subconstituent of/ iff there exists a numbey
and surround recursions given in equations 1 through 4 siich thaty(v) < y for all v € V; and y(v) > y for all
figure 4. v € V\Vi. FormulatingH = (D,Z,C, L) in this fashion

In our experiments, we obtain the domaih by seg-



West Lafayette IN. The houses were photographed from
the front, the cars were photographed from the drivers
side, and the target house or car was centered and sized
to fill the field of view. The photographs were taken
with an Intel Pocket Digital PC Camera &tl0 x 480
resolution® The original images were converted to 256-
level greyscale and subsampled 160 x 120 without
filtering. All subsequent processing was performed on the
subsampled greyscale images. Some sample images from
this data set are illustrated in figure 6(a). Note that the
Fig. 5. lllustration of a domain D consisting of five regioffheir cen- house images often have (partially occluded) cars parked
troids are marked with black dots. According to the constitthierarchy in front and the car images often have (partially occluded)
construction in Section IV-A, the following are valid coitsents:1 U2, houses in the background. Also note that the images often

1U4,2U3,2U5,3U4,3U5,4U5,1U2U3,2U3U5,3U4U5, . .
1U30U4, 20304 1020305 2030405, 1U2030U4, and have other occluding objects such as trees.

1U2U3U4US5. We segmented the images with Ratio Cut [53ll 200
images in our data set contained exadtlyregions after
clearly meet conditions C1-CA4. segmentation. For each image, we define the domain
Figure 5 illustrates these definitions. For example,2 D = {v1,--- ,v10} Wherevy, -+ ,v1o are the ten extracted

is a valid constituent since the centroids of regions 1 andr@gions. The results of segmenting the images from fig-
are adjacent vertically antiu4 is a valid constituent since ure 6(a) are shown in figure 6(b).
the centroids of regions 3 and 4 are adjacent horizontally.We constructed a 4-element feature vector as follows.
For 1 U 2, the only left “row”-subconstituent id and Let A(v) denote the covariance matrix of the coordinates
the only left “column”-subconstituent i3 as well. For of the pixels in regiorv. We associated each regiomwith
3 U 4, the unique left “row”-subconstituent i$ and the the following features:
unique left “column’-subconstituent & Note that, despite  * the area ofv, i.e. the number of pixels in,
the fact that regions 1 and 3 are neighbors (i.e. share e the average intensity of the pixels in
common boundary), their union is not a valid constituent  the orientation of the principle eigenvector &fv),
since their centroids are separated by region 2's centroid and
in the vertical direction and by region 4's centroid in the * the ratio of the smallest to the largest eigenvalue
horizontal direction. Thus, even though regions 1 and 4 are of A(v).
not neighbors, their union is a valid constituent. We normalized each component of the feature vector to
be in [0,1] by dividing the area by the total image area,
the average pixel intensity by the maximal possible pixel
intensity, and the principle eigenvector orientation (séo
%alue was shifted to lie if0,x)) by =. The eigenvalue
ratio is already in0, 1] since it is a ratio of the smaller to
the larger eigenvalue.

2) Classifiers: We use two different methods for con-
structing a classifier with the algorithm of figures 4

B. Implementation of the Parameter Estimation Algo-
rithm

When using SRTGs, it is sometimes convenient
designate a nontermingl to only label nonbranching
nonterminal nodes, i.e. to havg = 1. This can be
accomplished during training by initializing to 1. Indeed,
it follows from the equations in figure 8 thatdf = 1, ¢;

will never change by reestimation. In this case, we refdirough 8:
to j as anonbranching nonterminaSimilarly, we can method A Train a distinct SRTG for each class on train-

initialize ¢; = 0, and obtain a nontermingl which can ing feature images from that class and classify a
only label branching nonterminal nodes. In this case, we test feature imag® by asking which SRTG
refer toj as abranching nonterminalt is also sometimes maximizesP(O|G, H).

useful to have the possible labels of the root node comprisemethod B Train a single SRTGG with distinct root
only a small subset off. If the root node can be labeled nonterminals for each of the classes on all of

with a nonterminalj, we refer toj as aroot nonterminal
Any nonterminal;j can be prevented from being a root 3This data set, as well as all of the source code and scriptd use

nonterminal by initializingr; = 0 during training. to perform the experiments reported in this section, arélabla from
ftp://ftp.ecn. purdue. edu/ qobi / pam 2007. t gz.
C. Experiments with a House-Car Dataset “We used the iterated region-based segmentation technidetive

blocking heuristic. We used a linear decreasing funcgom block size
) ~of 32x 32, and a homogeneity threshaldl = 720 for the first iteration.
1) Data Collection: To evaluate our methods, we firstwe post-processed the results of the first iteration usiegatiea-merging

applied them to the task of distinguishing images of houstgghnique withA7 = 100. We then performed a second iteration with
f . f rs. We took00 photoaraphs each of Hyp =700 and post-processed the results of this iteration by regiyate
rom images o Ca} S. ) . p grap o merging the two adjacent regions with the largest cut ratdil uhe
houses and cars in the University Farms subdivision efimber of regions was0.
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Fig. 6. (a) Sample images from obouse- car data set. (b) The results of segmenting the images from () Ratio Cut.

the training feature images, where those feature 3) Experimental ResultsWe conducted four experi-

images are labeled with their class, and classifyjents to compare the classification accuracy of SRTGs

a test feature imag® by finding the MAP parse to that of a baseline. For each experiment, we performed

of O and examining the root-node label. a set of five round-robin training and classification runs.
When training with method B;; is taken to be one when For each round-robin run, we partitioned our data set into
corresponds to the root nonterminal for the feature imagetraining set of eighty images for each class and a test set
being trained on and is taken to be zero otherwise. Whehtwenty images for each class. The test sets partition the
classifying with method B, the single SRTG constructe€ntire data set.

jointly for all classes weights the; equally among the \wve used two different baselines, both of which were

root nonterminalsj for all classes. Method B allows aGayssian mixture models. One, treeparate baseline

common vocabulary of terminals across different classqgained separate mixtures of ten Gaussians, one on houses

reflected in the sharegi; and %i; parameters, as well and one on cars. Each model contained distjngt 3;,

as a common vocabulary of nonterminals across differegiq ©; parameters for each class. The other, fhint

classes, reflected in the sharegi parameters. baseline trained a single mixture of ten Gaussians on

both houses and cars. Each model contained distinct

SWhen reestimating-;, ¢;, and p;:;, we clip them to zero when parameters for each class, but the models for both classes

they are less tham. Further, when reestimating;, we clip it to one shared the samg,; andX; parameters.
when it is greater than — e. We renormalize the distributions andp; 7 J

after such clipping to maintain the normalization equatioil and N2. Distinct separate and joint baseline models were trained
When estimating the parameters for our baseline model, we perform for each round-robin run. The separate baseline model was

an eigenvalue/eigenvector decomposition Xf, clip the eigenvalues . . " . L. .
0 e, when they are less thary;, and recompos&; from the original trained in the traditional fashion. The joint baseline mode

eigenvectors and the clipped eigenvalues. In our expetaneve found was trained by first training a single set @f, £;, andn;

that our algorithms are not excessively sensitive to theieslof Ege parameters on the combined set of house and car training
parameters and ex. In particular, we found that the values= 10 . Th ixt fi th di ded
andex = 10~3, which we used in all the experiments in section IV,'mageS' en; m'X' ure propor |ops were then 'scar_ €d.
worked well. New sets ofw; mixture proportions were then trained



SVM accuracy support vector machifie(SVM) [51]. The SVM classi-
test set| on training set| on test set fication experiments used the same feature vectors as the
00—19 33.1% 75.0% baseline and SRTG models in table I. Comparing tables |
20-39 84.4% 65.0% and I, we see that SVMs performed substantially worse
4059 81.9% 75.0% than both SRTGs and the Gaussian mixture baseline. In
60=79 81.3% 77 5% addition, SVMs performed substantially worse than SRTGs
80-99 83.1% 77.5% in experiments 2 and 3 described below.
mean 32.8% 74.0% b) Experiment 2: Our second experiment differed

from experiment 1 in that it used the joint baseline
TABLE Il: T HE RESULTS OF CLASSIFYING THEhOUSE- Car DATA models instead of the separate baseline models. We again
SET USING SUPPORT VECTOR MACHINES compared the classification accuracy of SRTGs to the
baseline models using method A from section IV-C.2. The
results of this classification are shown in table Ill. Again,
SRTGs consistently out-performed the baseline, this time

separately on just houses or just cars using the same misclassifying only 6 test images out of 200, compared to
andX; parameters for both houses and cars. Images W&/£ paseline misclassifications.

classified yvith thg baseline models by selecting the model c) Experiment 3:Experiments 1 and 2 used method A
that best fit that image. from section IV-C.2. Our third experiment differed from
To focus the comparison between SRTGs and the bagperiment 2 in that it used method B instead of method A.
line on the advantages of the hierarchal structure provid¥¢¢ again compared the classification accuracy of SRTGs
by SRTGs, we used the samg and ¥; parameters for t0 the joint baseline models. We used the same joint
both the baseline models and the SRTGs in each roum@seline model for each class and round-robin run as the
robin run in each experiment. To train the SRTGs foene from the corresponding class and round-robin run
each round-robin run in each experiment, we took/ﬂj]e from experiment 2. (ThIS means that the baseline numbers
and ¥; parameters for that round-robin run from thdn tables Il and IV are identical.) For each round-robin
baseline model, discarded the mixture proportions, and run, we trained a single SRTG on both the houses and
trained just thep;;;; parameters of an SRTG. All SRTGscars in the corresponding training set. We constrained
were trained with twenty nonterminals, ten of which wergach SRTG to contain two root branching nonterminals
constrained to be branching nonterminals and ten of whi€Rrresponding to the training labels of the two image
were constrained to be nonbranching nonterminals wighasses. We then classified both the training images and the
the fixedy; andy; parameters from the baseline modelkest images using both the baseline models and the SRTGs.
To train each SRTG, we started reestimation with twéhe results of this classification are shown in table IV.
different random values qujikl- performed300 iterations SRTGs again significantly out-performed the baseline, with
of reestimation on each using equations 1-4 and 8-12, ghdnisclassifications on 200 test images, compared to 54
then selected the one that yielded the highest likelihod@seline misclassifications.
on the training set. Each initial contained3000 nonzero d) Experiment 4:We evaluated the parses produced
entries. The number of nonzero entries in the final valu®y SRTGs with a further experiment. For each round-robin
of p is indicated in tables | through IV. Note that typicallyrun in this experiment, we used the same joint baseline
less than 2% of the entries are nonzero after training. Model and SRTG as the corresponding round-robin run of
experiment 3. We attempted to classify houses and cars
a) Experiment 1:In our first experiment, we com- ysing just the shape of their parses without any image
pared the classification accuracy of SRTGs to the separgia, feature vectors, parse-tree node tags, or parse-tree
baseline models using method A from section IV-C.2. Ffode labels. For each round-robin run, we computed the
each round-robin run, we trained both a separate baselifg of all best parses for each image in our data set with the
model and an SRTG for each class. We then classified b&RTG trained on the training set for that round-robin run.
the training images and test images using both the baseljgte that there can be—and often are—multiple distinct
models and the SRTGs. The results of this ClaSSiﬁcati%rses with the same maximal probab|||ty We Computed
are shown in table I. SRTGs consistently out-performefle set of all such parses for each image in our data set.
the baseline, with only 9 misclassifications on 200 tegfe then took the training set in each round-robin run as
images, Compared to 32 baseline misclassifications. |tt|‘% exemp|ars and classified the test set in each round-
also interesting to note that our training procedure drastpbin against these exemplars withkanearest-neighbor
cally reduced the model order of SRTGs: while the initiad|assifier using pivot distance as the distance metric. Our

number of nonzerp;;;'s was 8000, the final number wasqefinition of pivot distance is given in appendix. Since
usually about 100.

To provide another benchmark for our experiments, ey, used the SVM software of
we list in table Il the classification performance of attp://svmight.|oachins.org/
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test set| nonzerop entries| accuracy on training set accuracy on test set

house car baseline| SRTG A baseline| SRTG A
00-19 108 95 95.6% | 100.0% | 4.4% 80.0% | 92.5% | 12.5%
20-39 114 110 95.0% | 100.0% | 5.0% 85.0% 95.0% | 10.0%
40-59 113 108 93.8% | 100.0% | 6.3% 90.0% | 100.0% | 10.0%
60-79 108 107 95.6% | 100.0% | 4.4% 82.5% | 100.0% | 17.5%
80-99 107 102 95.0% | 100.0% | 5.0% 82.5% | 90.0% | 7.5%
mean 95.0% | 100.0% | 5.0% 84.0% | 95.5% | 11.5%

TABLE I: THE RESULTS OF EXPERIMENTL, CLASSIFYING THEhOuse- car DATA SET, USING BOTH THE BASELINE MODELS ANDSRTGS, FOR
VARIOUS ROUND-ROBIN RUNS. THIS EXPERIMENT USED THE SEPARATE BASELINE MODELS AND METHO®\ FROM SECTIONIV-C.2.

test set| nonzerop entries| accuracy on training set accuracy on test set

house car baseline| SRTG A baseline| SRTG A
00-19 106 106 75.6% | 100.0% | 24.4% 75.0% 95.0% | 20.0%
20-39 117 109 75.6% | 100.0% | 24.4% 77.5% 95.0% | 17.5%
40-59 108 112 75.6% | 100.0% | 24.4% 75.0% | 100.0% | 25.0%
60-79 113 118 80.0% | 100.0% | 20.0% | 62.5% | 95.0% | 32.5%
80-99 98 105 72.5% | 100.0% | 27.5% 75.0% | 100.0% | 25.0%
mean 75.9% | 100.0% | 24.1% 73.0% 97.0% | 24.0%

TABLE Ill: T HE RESULTS OF EXPERIMENT, CLASSIFYING THEhouse- car DATA SET, USING BOTH THE BASELINE MODELS ANDSRTGS, FOR
VARIOUS ROUND-ROBIN RUNS. THIS EXPERIMENT USED THE JOINT BASELINE MODELS AND METHODA FROM SECTIONIV-C.2.

test set| nonzerop accuracy on training set accuracy on test set

entries | baseline] SRTG A baseline| SRTG A
00-19 158 75.6% | 99.4% | 23.8% 75.0% | 92.5% | 17.5%
20-39 158 75.6% | 100.0% | 24.4% 77.5% | 97.5% | 20.0%
40-59 153 75.6% 98.1% | 22.5% 75.0% 95.0% | 20.0%
60-79 161 80.0% | 100.0% | 20.0% 62.5% | 100.0% | 37.5%
8099 141 72.5% 98.8% | 26.3% 75.0% | 100.0% | 25.0%
mean 75.9% 99.3% | 23.4% 73.0% 97.0% | 24.0%

TABLE IV: T HE RESULTS OF EXPERIMENT, CLASSIFYING THEhOuse- car DATA SET, USING BOTH THE BASELINE MODELS ANDSRTGs, FOR
VARIOUS ROUND-ROBIN RUNS. THIS EXPERIMENT USED THE JOINT BASELINE MODELS AND METHO FROM SECTIONIV-C.2.

both exemplars and test images could have multiple bestd did not reestimate those parameters. This was done
parses, we computed the pivot distance between all paiosfocus the experiments on measuring the added leverage
consisting of an exemplar best parse and a test imagfforded by hierarchal structure. SRTGs are strictly more

best parse and selected the minimal pivot distance as flmverful than the baseline models because the baseline
distance metric between that exemplar and that test imag®dels are equivalent to degenerate SRTGs with a single
Note that pivot distance measured only the shape of theanching nonterminal. Our methods can obviously be used
parses and was not sensitive to any parse-tree node tapseestimate the.; and X; parameters to yield SRTGs

or labels. We repeated this for all odd values Iof< with an even better fit to the training data.

k < 13 and compared the classification accuracy against .
the baseline models. The results of this classification areExperiments 1 through 3 demonstrate the added leverage

shown in table V. Note that, on average, the SRTG-basatforded by hierarchal structure. The baseline models and
method which used only the extracted hierarchal structu@RTGs in each round-robin run of each experiment differ

out-performed the baseline which directly used the regi@ly in that the baselines use nonhierarchal mixture pro-
feature vectors. portions, reflected in the; parameters, while the SRTGs

use hierarchal structure, reflected in they, parameters.
4) Discussion of the ExperimentsThe experiments In all three experiments, SRTGs consistently out-perform
reported in section IV-C.3 used the sameand¥; param- the corresponding baseline model, often significantlysThi
eters from the baseline models when constructing SRT@slicates that the presence of hierarchal structure signifi
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baseline SRTG

k=1]1k=3]k=5] k=7 | k=9 ] k=11 [k=13
00-19 75.0% | 72.5% | T7.5% | 75.0% 72.5% | 75.0% 82.5% | 80.0%
A | —2.5% 2.5% 0.0% —2.5% 0.0% 7.5% 5.0%
20-39 77.5% | 77.5% | 70.0% | 70.0% 65.0% | 70.0% 67.5% | 72.5%
A 0.0% | —7.5% | —7.5% | —12.5% | —7.5% | —10.0% | —5.0%
40-59 75.0% | 82.5% | 85.0% | 85.0% 82.5% | 82.5% 82.5% | 82.5%
A 7.5% | 10.0% | 10.0% 7.5% 7.5% 7.5% 7.5%
60-79 62.5% | 75.0% | 72.5% | 85.0% 82.5% | 82.5% 82.5% | 82.5%
A | 12.5% | 10.0% | 22.5% 20.0% | 20.0% 20.0% | 20.0%
80-99 75.0% | 82.5% | 75.0% | 82.5% 72.5% | 80.0% 80.0% | 75.0%
A 7.5% 0.0% 7.5% —2.5% 5.0% 5.0% 0.0%

mean| 73.0% | 78.0% | 76.0% | 79.5% 75.0% | 78.0% 79.0% | 78.5%
A 5.0% 3.0% 6.5% 2.0% 5.0% 6.0% 5.5%

TABLE V: THE RESULTS OF EXPERIMEN®, CLASSIFYING THEhouse- car DATA SET, USING BOTH THE BASELINE MODELS ANDSRTGs, FOR
VARIOUS ROUND-ROBIN RUNS AND VALUES OFk. FOR EACH ROUND-ROBIN RUN IN THIS EXPERIMENT, WE USED THE SAME JOINT BASELINE
MODEL AND SRTGAS THE CORRESPONDING ROUNEROBIN RUN OF EXPERIMENT3. CLASSIFICATION WITH SRTGS WAS PERFORMED USING A
k—NEARESTNEIGHBOR CLASSIFIER BETWEEN THE ENTIRE TRAINING SET TAKEN 8 EXEMPLARS AND EACH ELEMENT OF THE TEST SETTHE
MINIMAL PIVOT DISTANCE BETWEEN ALL BEST PARSES OF AN EXEMPLAR AND ALL BEST PARSES OF A TEST IMAGE WAS TAKEN AS THE
DISTANCE METRIC. NOTE THAT PIVOT DISTANCE MEASURED ONLY THE SHAPE OF THE PARSESND WAS NOT SENSITIVE TO ANY PARSETREE
NODE TAGS OR LABELS

baselinel SRTG1T A | baselinel SRTG| A we used images from the Caltech house dataset

95.0% 1 97.8% | 2.8% | 90.2% | 95.4% | 5.29% | the Caltech car datadetWe used the Normalized Cuts
algorithm [49] to segment each image, followed by a single
TABLE VI: T HE RESULTS OF EXPERIMENT, CLASSIFYING THE pass of Ratio Cut in order to get 10 regions per image. Our
CALTECH house- car DATA SET, USING BOTH THE BASELINE basic setup was similar to experiment 1. Specifically, we
MODELS AND SRTGs. trained both a separate baseline mixture of 10 Gaussians
and an SRTG for each class; the sameandX; parame-
ters were used for the baseline and SRTG models. Out of
cantly improves classification accuracy. the total of 441 car images and 237 house images used in

Experiment 4 demonstrates that the trained SRTGs allde experiment, we randomly selected 160 images of each
derivation of image parses that contain sufficient inform&lass as the training set and used the remaining images
tion to support classification. In other words, it is possiblas the test set. The results of this experiment, summarized
to classify images solely on the basis of their hierarchidl table VI, show that SRTGs significantly outperform the
structure reflected in the shape of their parses. One de@seline, achieving misclassification rates which are more
imagine using this for image database retrieval. In fact, fian twice as low as the baseline misclassification rates for
is interesting to note that, in experiment 4, classificatidpoth the training data and the test data.
based solely on the extracted hierarchal structure out- b) Experiment 6:In our second additional experi-

performs, on average, the baseline classification meth@@nt, we combined the house and car images used in
which directly uses the region feature vectors. Experiments 1-4 with another set of 200 images taken

around the University Farms subdivision of West Lafayette,
IN: 100 images of mailboxes and 100 images of basketball
hoops. We segmented the whole dataset with the Mean
Shift algorithm [13], followed by three passes of Ratio Cut

. . th order to get 20 or fewer regions per image. We again
more expgrlments whgre we used dlffe'rentl 'datasets. L]Qed an experimental setup similar to that of experiment 1.
addition, in order to illustrate the applicability of our,

A . i i . . ¥Ve conducted five round-robin runs where 80 images in
classification methods in conjunction with a variety o

preprocessing segmentation algorithms, we employed two7 o

segmentation algorithms which are different from the seg: htt p: // www. vi si on. cal tech. edu/ | mage Dat aset s/
. . . . &sadena- Houses- 2000. t ar

mentation method used in experiments 1-4: Normalize http: // ww. vi si on. cal t ech. edu/ | nage Dat aset s/

Cuts [49] and Mean Shift [13]. cars_brad/ cars_brad.tar

D. Experiments with Additional Datasets

To further illustrate our methods, we conducted tw!
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accuracy on training set accuracy on test set

baseline| SRTG A baseline| SRTG A

hoop-mailbox | 85.3% | 95.5% | 10.2% | 83.0% | 88.0% 5.0%
hoop-car 97.2% | 99.1% 1.9% 97.5% | 98.5% 1.0%
hoop-house 94.8% | 96.8% 2.0% 93.5% | 93.0% | —0.5%
mailbox-car 94.2% | 98.7% | 4.5% 92.0% | 96.5% 4.5%
mailbox-house| 95.1% | 97.8% | 2.7% 92.0% | 95.0% 3.0%
car-house 95.1% | 99.3% | 4.2% 92.5% | 96.0% 3.5%
mean 93.6% | 97.9% 4.3% | 91.75% | 94.5% | 2.75%

TABLE VII: RESULTS FOR ALL TWO-WAY CLASSIFICATIONS FOR THEhoOp- nai | box- house- car DATA SET IN EXPERIMENTG.

class accuracy on training set accuracy on test set
baseline| SRTG A baseline| SRTG A
mailbox 80.0% | 97.7% | 17.7% 73.0% | 89.0% | 16.0%

hoop 80.0% | 89.2% | 9.2% 78.0% | 79.0% | 1.0%
house 89.2% | 96.2% | 7.0% 82.0% | 92.0% | 10.0%
car 92.5% | 97.2% | 4.7% 91.0% | 92.0% | 1.0%

mean 85.4% | 95.1% | 9.7% 81.0% | 88.0% | 7.0%

TABLE VIII: R ESULTS FOR FOURWAY CLASSIFICATIONS FOR THEhoop- nai | box- house- car DATA SET IN EXPERIMENT6.

each class were used as a training set, and the remainidg form the set,, by taking every contiguous subset of
20 images were used as a test set. The test sets for ihg to be a constituent. We take any proper nonempty
five runs were disjoint. The correct classification ratesubsetl; of V' to be a lefti-subconstituent of/ iff there

for each pairwise classification task, averaged over tleeists an integefi such thaty < n forall v € V; andv > n

five round-robins, are given in table VII. On averagédor all v € V\V;. FormulatingH,; in this fashion clearly
SRTGs reduce the misclassification rate, as comparednteets conditions C1-C4. LetZ" = {H1,Hs,---} bethe

the baseline, by about a factor of three on the training ssillection of these constituent hierarchiks,, for all M.

and a factor of 1.5 on the test set. Note that these averag®low let G be any SRTG which uses the same Bet
numbers are very similar to the numbers for the two newlyi} consisting of a single production class. L@crg
added classes: the SRTG misclassification rate for hodps the PCFG which has the same sets of terminals and
vs mailboxes is about three times smaller than baselin@enterminals as7, and which has the same parametsgrs
misclassification rate on the training set, and about 136, t;, 1;, andX;. For simplicity, we assume that= 1
times smaller than baseline’s misclassification rate on tfiee. the terminals are scalars) and that the PCFH& o

test set. The correct classification rates for one-of-foig prope® It can then be shown that the paif, HZ+> is
classification are given in table VIII, again showing thag¢quivalent to the PCFG pcrq, in the following sense.
SRTGs achieve approximately three and 1.5 times smallsr anyO € R, the quantityP(O|G,H ), as defined
misclassification rates than the baseline, on the traininlg ain section 11I-D, is equal to the probability of the strir@

test sets, respectively. induced by the PCFGpcorg. In this sense, PCFGs can

. be viewed as a special case of SRTGs which is obtained
V. SRTGs, PCFGs, and our Prior Work by using a singleton set of production classes and the

Our notation for the probability distribution of images iscollection#”" of constituent hierarchies.
different from the traditional notation for PCFGs in that,i A similar relationship can be shown to exist between
our case, the probability distribution f@ is conditioned SRTGs as formulated in the present paper, and our prior
not only on the gramma€ but also on the constituentwork [38], [39], [40] where a specialized version of the
hierarchyH. However, the traditional PCFGs implicitly as-center-surround algorithm was developed for the case when
sume the constituent hierarchy that corresponds to conca¥ery constituent is a rectangular set of image pixels.
nating 1D strings, and therefore the probabilities inducédnother version of spatial random tree models and the
by a PCFG are implicitly conditioned on this constituengenter-surround algorithm was developed in [54]. In that
hierarchy. work, the problem of uniquely associating the leaves of

More precisely, letDy, = {1,---,M}, and letZ =

{Z} CQHSIS’[ Qf a single production class. Let us form a9 PCFG is calledproper{7] if the total probability of all infinite trees
constituent hierarch¥{,; = (D, Z,Cur, Lar) as follows.  generated by the PCFG is zero.
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a parse tree with image pixels was solved by hard-wiring same constituent as its childy and F’ must

image regions to nonterminals. This resulted in a context- map the parent ofp to different constituents.
free grammar which models images specified on a fixed This contradicts the premise, since parents are
finite domain, which is a departure both from [38], [39], traversed before their children.
[40] and from the framework developed in the present case 2» is a right child. LetVs, V, andV; denote the
paper. constituents to whiclF' mapsp, its parent, and
We finally point out an interesting distinction between its sibling and letVy, V', and V; denote the
PCFGs and our general formulation of SRTGs. Given an constituents to whiclF” maps them respectively.
SRTG G and a constituent hierarcti{ for a domainD, By traversal,V = V'’ and V; = V/. Since
it is easy to see that a parse tree generated twill not ‘H-constituency functions map the children of
necessarily be arH-parse of some feature image €< every branching nonterminal node to constituents
R9P!, since the number of leaves of the parse tree may that partition the constituent mapped to by their
not necessarily be equal {®|. This is similar to PCFGs. parent,V, = V4, which contradicts the premise.
However, even if the number of leaves of a parse ffee case 3 is a left child. Let: be the tag of the parent
is equal to|D|, it may happen thaf’ is not an’H-parse of p. Let V; and V' denote the constituents to
of any feature image. This is in contrast to PCFGs where which F' mapsp and its parent, and 18/ andV’
every parse tree generated by a grammar must necessarily denote the constituents to whidi¥ maps them
be a parse for some string. This distinction, however, does respectively. By traversal/ = V’. Furthermore,
not influence any of our algorithms. [Vi| = |V{], since both equal the number of leaf
nodes dominated by. By condition C4,V; =
VI. Conclusion V{, which contradicts the premise.

: o -
We have presented a novel method for formulating prio[-ll-shIS proves thatl” = [”. It is easy to see that condi

on the hierarchal organization of a feature image and NS C1-C4, together with our definition of a parse tree,

constituents using SRTGs. The center-surround algorith'rrﬂpg tEattZ,Tfor ei/eryu GFD’ thh_erle exists a Ieafhnodeoff r
can be used to estimate the parameters of SRTGs from isﬁtieg dttafiiitiéﬂ ) (;( g%%—c%rn;tilfue%ccatl?l:];]}é:timéi O:Ew)e,_rom
of training feature images and to classify images based orﬁ is the label ofo. Si Fy_ 7 it foll v _thut
their likelihood and based on the MAP estimate of thW, ereu 1s fhe 1abel olp. ||;me =1, It Toflows tha
associated hierarchal structure. We have demonstrated h%P) = {v}, and therefore'(v) = u = O(v). Since this
efficacy of these methods by training on and classifyinlé rue for everys € D, it follows thatO = O'. m

natural images.

There are several open problems associated with QAP PARSE AND PARAMETER ESTIMATION FORMULAS
framework that we are currently investigating. We are Infigure 7, we give the recursive formulas for computing
developing alternative methodologies both for constnggti the MAP H-parse of an image, as discussed in section Ill-
constituent hierarchies [54] and for feature selection fo. Note that equation 5 is identical to equation 1 of figure 4,
improve the overall classification performance. We are alé®d equation 6 is obtained by replacing eadh™with a
investigating methods to improve parameter estimation=max” in equation 2.

i.e. to avoid convergence to poor local maxima. Equations 8-14 of figure 8 are the formulas for
the parameter updates, as discussed in section IlI-E.
In equations 8-14, the parameters corresponding to the

We would like to thank Shawn Brownfield, Bingrui Foo, Jacobm-th training feature imageO,, are indexed bym.
Harris, Yan Huang, Eduardo Maia, William Nagel, and Erice@itfor [N particular, ¢,,, stands for the center variables com-
experimental work leading to this paper as well as for stating and puted by applying the center recursions @,,; and
helpful discussion. The experiments reported in this papiized the Sm Stands for the surround variables computed by ap-

significant computational resources made available to ushbylTaP Plying the surround recursions t@,,. If we take G’

Acknowledgments

Research Computing Services Group. tcz)\/[ be (Z, J,Rq77“/,tl,p/,ﬂl\l/[, ¥/), it can be shown that
P0G\ Hiyp) > P(0,,|G, H,n). Repeatin
APPENDIX £1(|H)_£1(|H) P ¢
PROOF OFTHEOREM 1 this process converges to a local maximum [44], [55].
The proof is by contradiction. Lep be the first node

in T, in a preorder traversal from left to right, for which PivoT DISTANCE

these two functions differ, i.e. for whicl'(p) # F’(p). Let us define thepivot distancebetween pairs of parse

Since H-constituency functions map the root node® trees as follows. Let BANCHING(p) be true if p is a

p cannot be the root node. branching nonterminal node and false if it is a nonbranch-

case 1pis an only child. Sincé{-constituency functions ing nonterminal node. Ifp is a branching nonterminal
map every nonbranching nonterminal node to theode, let LEFT(p) and RGHT(p) denote the left and
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ed, {v}) t; N (O ()|, 25)

(5)

- e, V) max glggv)(l —ti)pjir ek, V1)e(l, VA1) Vi>1 (6)
0k LV, V) = arg max Vlglﬁegs’w(l —ti)pjamc(k, Vi)e(l, VAVL) [V >1 (7)
Fig. 7. The Viterbi variant of the center recursions, usedcfamputing the MAPH-parse of a feature imag® defined on a domai.
Sm (j7 V)(l - tj)Pjikl Z CM(k: Vl)c7n(l7 V\Vl)
L. Vi€eL(:,V)
fm (i b, LV) = ; (®)
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o S 9l v Om ()
o= 53 9 D) (10) py = "ELveDm (13)
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So0> gmGi{vd) D D> 9w AvDIOm (v) = )] [Om (v) = ]
t_;- — 771;1 vEDm (11) 2_/7 — m=1 vED, - (14)
Z Z gm (4, V) Z Z gm (4, {v})
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Fig. 8. Parameter reestimation: (8-9) The E step of the ineasbn procedure, (10-14) The M step of the reestimatiarcguure. We use the

superscriptt to denote the transpose of a vector.

right child of p respectively. Define #eft pivot to be the
transformation from the right to left below andight pivot
to be the reverse transformation.

(2]

(Bl

J2 112 J1:i11
it p3 = pL g2 %2 4]
PN PN
P11 P2 P2 P3 [5]

Note that it is only possible to left pivot a branching
node whose right child is a branching node. Similarly note
that it is only possible to right pivot a branching nodel6]
whose left child is a branching node. LeEETPIVOT(p)
and RGHTPIVOT(p) denote the left and right pivots of
respectively, when they exist, ang when they do not
exist.

The pivot distancél p;, p2|| betweerp; andp- is defined
as the minimal number of pivots that must be applied
to p; and po so that the resulting trees have the same
shape (i.e. are the same ignoring labels and tags). THhe
pivot distance||p1, p2|| can be computed as shown in the
equation at the top of the next page.

This can be computed in polynomial time by memoizinbw]
[p1, p2l|. Note that the pivot distance between trees witfiy)
different numbers of nodes is infinite and that the pivat2]
distance between trees with the same number of nodes is
finite. [13]

(7]
(8]

[14]
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