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Spatial Random Tree Grammars for Modeling
Hierarchal Structure in Images with Regions of

Arbitrary Shape
J.M. Siskind, J. Sherman, Jr., I. Pollak, M.P. Harper, and C.A. Bouman

Abstract— We present a novel probabilistic model for
the hierarchal structure of an image and its regions. We
call this model spatial random tree grammars(SRTGs). We
develop algorithms for exact computation of likelihoods and
MAP estimates and exact EM updates for model-parameter
estimation. We collectively call these algorithms thecenter-
surround algorithm. We use the center-surround algorithm
to automatically estimate the ML parameters of SRTGs,
classify images based on their likelihood and based on the
MAP estimate of the associated hierarchal structure. We
apply our method to the task of classifying natural images
and demonstrate that the addition of hierarchal structure
significantly improves upon the performance of a baseline
model that lacks such structure.

Index Terms— Bayesian methods for image understanding,
multiscale analysis.

I. Introduction

Hierarchal organization can be very valuable in image
analysis and classification. Recursive bipartitioning [14],
[49], [53] and region merging [33], [37], using features
such as intensity gradient, region shape, region color, and
region texture, can yield a hierarchy of segmentations of
an image. However, these methods are feature data driven
and generally are not based on an overall explicit model
of hierarchal structure in the image. An alternative to these
approaches is the use of hierarchal Bayesian statistical
models of image structure.

Researchers in the fields of speech and computational
linguistics have long exploited the value of structural
priors in language processing. Hidden Markov models
(HMMs) are a non-hierarchal prior that has had enormous
impact in speech processing [43]. Context-free grammars
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(CFGs) have been used to model hierarchal sentence struc-
ture [10], [11], [12]. Probabilistic context-free grammars
(PCFGs) [47] have been used to construct probabilistic
hidden tree models for sentences and to robustly parse
naturally-occurring text [31], [36]. An important property
of these tree models is that the structure of the tree is
random and can adapt to the hidden structure of the
observations. As with most priors, HMMs and PCFGs
require the estimation of numerous parameters. This can
be done using the expectation-maximization (EM) algo-
rithm [16] or, equivalently, the Baum-Welch reestimation
procedure [2]. In both cases, the E and M steps can be com-
puted exactly. However, in the case of HMMs, the E step
is computed using the forward-backward algorithm [43],
whereas in the case of PCFGs, it is computed using the
more complex inside-outside algorithm [1], [26]. Variants
of both algorithms can be used to compute the most
probable state sequence, in the case of HMMs, or most
probable parse, in the case of PCFGs [52].

Structural priors are also valuable for the analysis and
processing of images and complex scenes. For example,
HMMs have been used for document image recogni-
tion [22] and layout analysis [20]; and PCFGs have been
applied to the event-recognition task, by processing a
1D aspect of a video stream [5]. However, the general-
ization of 1D priors to 2D has often proved to be very
difficult. Markov random fields (MRFs) [3] are a non-
hierarchal prior which is the most common extension of
HMMs to 2D. For example, an MRF model of image
regions was used in [32] for image interpretation. While
effective methods have been developed to approximately
compute maximum a posteriori (MAP) estimates [18] and
maximum likelihood (ML) parameter estimates [4], [41],
the exact computation of these estimates for MRFs is fun-
damentally intractable. HMMs have also been generalized
to tree structures used for probabilistic reasoning [35] and
multiscale image modeling [6], [8], [9], [15], [29], [28],
[30], [45]. However, an important distinction between these
models and PCFGs is that, in the former case, the tree
structure is fixed and nonrandom.

Conditional random fields (CRFs) [25] model the poste-
rior distribution directly, without imposing a prior. While
the recent adaptations of CRFs to image analysis [19], [24],
[50] offer interesting and promising alternatives to MRFs,



they still result in intractable estimation problems which
can only be solved approximately.

Various strategies have been used to apply grammar for-
malisms to images [17], [46], [48]. For example, K. S. Fu’s
research in syntactic pattern recognition incorporated the
use of PCFGs for the classification of 2D structures [17].
Deterministic context-free grammars calledX-Y treesand
associated algorithms were constructed in [23], [34] to
model 2D layout of document images. Probabilistic gram-
mars have more recently been applied to optical character
recognition [42].

In this paper, we present a novel probabilistic model
for the hierarchal structure of an image and its constituent
components. Specifically, we present a novel method for
reformulating PCFGs to model 2D images or other mul-
tidimensional data. We call this methodspatial random
tree grammars(SRTGs) and the associated algorithms the
center-surround algorithm. The center-surround algorithm
plays an analogous role to the inside-outside algorithm
in that it allows for exact computation of likelihoods
and MAP estimates and exact EM updates for model-
parameter estimation. We use SRTGs to formulate priors
on image-region hierarchies; and we use the associated
center-surround algorithm to automatically estimate the
ML parameters of such priors, compute the MAP estimate
of the associated parse tree, and classify images based on
their likelihood. We extend prior work [38], [39], [40],
[54] in several important directions. The algorithms of
[38], [39], [40], [54] are based on constructing probabilistic
models for pixel intensities and grouping image pixels
into non-overlapping rectangular regions. The models and
algorithms proposed in this paper are more flexible, in that
they are able to handle feature images where the features
are extracted from possibly overlapping regions of arbitrary
shapes. This results both in more modeling choices and in
improved computational efficiency. In addition, there are
important theoretical distinctions between the construction
in [54] and the framework introduced in this paper. While
the model of [54] hard-wires image regions to grammar
symbols, we introduce a more flexible framework which
is more similar to the traditional 1D PCFG models. In our
current framework, the problem of uniquely associating
a tree with an image is not straightforward. To solve
this problem, we introduce in Section III a number of
theoretical tools which insure that each tree has at most one
associated image, much like in the standard 1D PCFGs. In
addition, our methods of both [54] and the present paper
extend PCFGs to continuous observations, much like the
work in [27] extended HMMs.

In order to show the potential value of our methods, we
apply them to the special case of classification of natural
images and demonstrate a significant increase in average
classification accuracy over baseline non-hierarchal mod-
els. We also show that substantial information is contained
in the MAP image parses extracted by our methods.

The remainder of this paper is organized as follows.

Section II presents a nontechnical overview of our method.
Section III presents the technical details of our method.
Section IV presents experiments that illustrate our imple-
mentation classifying images. Section VI concludes with a
summary of the contributions of this paper.

II. Overview

Context-free grammars (CFGs) can be used to impose
hierarchal structure on sentences, i.e. 1D word strings. For
example, the CFG in figure 1(a) imposes the parse in fig-
ure 1(b) on the sentenceThe woman loves the man. Nodes
of such a parse tree correspond toconstituents, where a
constituent is a contiguous substring. Internal nodes might
correspond to substrings that contain multiple words, while
leaf nodes correspond to singleton constituents consisting
of a single word.

For this 1D problem, the parse tree unambiguously
specifies an ordering of the words from left to right.
This implies that there is a unique mapping from the
nodes of the parse tree to constituents of the sentence.
We call this mapping theconstituency function. Moreover,
the unambiguous ordering of the nodes implies that each
parse tree produces a unique sentence. This property allows
a probability distribution over parse trees to induce a
probability distribution over strings. We elaborate on this
in section III. When a constituency function exists which
maps the nodes of the parse tree to parts of a sentence (or,
later, image), we say that the parse tree is aparseof the
sentence (respectively, image).

The fundamental difficulty in extending CFGs to 2D
lies in the unambiguous specification of the constituency
functions so that each parse tree produces a unique image.
To see that this property does not automatically hold in 2D,
consider the example in figure 2. Figure 2(b) illustrates a
parse tree generated by the CFG in figure 2(a). Figures 2(c)
and 2(e) illustrate two different possible images,O andO′,
parsed by this parse tree, with corresponding constituency
functions illustrated in figures 2(d) and 2(f), respectively.
Both imagesO and O′ have the same set of regions, 1,
2, and 3. Note that the regions in the two images are not
assumed to form a regular 2D lattice.

In this paper, we introduce a new class of grammars
called spatial tree grammars(STGs) that ensures that no
two distinct images have the same parse. STGs augment
each branching production in a CFG with aproduction
class. An STG generates parse trees whose branching
nodes aretaggedwith production classes. The tags con-
strain the allowed relationships between the constituents
that are associated with parse-tree nodes and those that are
associated with their children. The list of all valid partitions
of a constituent tagged with a specific production class into
two subconstituents, is specified by a data structure calleda
constituent hierarchy. We formally define this data structure
in definition 1 of section III-C.2. Figures 2(g) and 2(h)
illustrate how production classes are used. In this example,
we use two production classes: “h” and “v”. Intuitively,
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S → NP VP
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NP → D N
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S: {1, 2, 3, 4, 5}
NP: {1, 2}

D: {1}
N: {2}

VP: {3, 4, 5}
V: {3}

NP: {4, 5}
D: {4}
N: {5}

(a) (b) (c)

Fig. 1. The CFG (a) imposes the parse (b) on the sentenceThe woman loves the man. Note that the parse tree unambiguously specifies an ordering
of the words from left to right which leads to the unique constituency function (c).
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Fig. 2. (a) A CFG. (b) A parse tree generated by (a). (c) An image O with regions1, 2, and3, and region intensitiesO(1) = u, O(2) = u, and
O(3) = w. (d) A constituency function that maps the nodes of (b) to theconstituents of (c). (e) Another image,O′, with the same regions1, 2,
and3 as imageO, but with different intensities:O′(1) = u, O′(2) = w, andO′(3) = u. (f) A constituency function that maps the nodes of (b) to
the constituents of (e). (g) An STG derived from (a) by augmenting the branching productions with production classes. (h) A parse tree generated
by (g). This parse tree is the same as (b) except that the branching nodes have been tagged with production classes.

production class “h” (horizontal split) constrains a parse-
tree node to be associated with a constituent that is split
into upper and lower subconstituents that are associated
with the node’s children, while production class “v” (verti-
cal split) constrains a parse-tree node to be associated with
a constituent that is split into left and right subconstituents
that are associated with the node’s children. Figure 2(g)
illustrates an STG derived from the CFG in figure 2(a)
by augmenting the branching productions with these two
production classes. Figure 2(h) illustrates a parse tree
generated by this STG. This new parse tree is the same as
that from figure 2(b) except that the branching nodes have
been tagged with production classes. However, this parse
tree does not parse the image in figure 2(e). Figure 2(f)
is no longer a valid constituency function because the
constituent{1, 3} does not lie above the constituent{2},

as is required by the tag “h” on the parse-tree nodeρ1. It
can be shown that, in fact, figure 2(c) is the only image
parsed by figure 2(h).

Note that, while the example in figure 2 contains only
rectangular constituents and partitions image constituents
only horizontally or vertically, our current method, de-
scribed in section III, supports nonrectangular constituents
and nonhorizontal, nonvertical constituent partitionings as
well. In section III-D, we provide specific conditions that
ensure that no two distinct images have the same parse,
and in section IV we demonstrate a useful application of
this more general case.

In the case of CFGs, one can interpret a branching
production like S → NP VP as saying that one can
construct an S by concatenating an NP with a VP. CFGs
are called such because they arecontext free. One can
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concatenateany NP with any VP to construct an S. It has
been shown that context-free languages can be parsed in
polynomial time using the CKY algorithm [21], [56].

In the special case of STGs with rectangular constituents
considered in this overview, one can interpret a branching

production like U
“h”
→ V Z as concatenating matrices

vertically, and a branching production like V
“v”
→ X Y as

concatenating matrices horizontally. However, unlike the
case of CFGs, where it is possible to concatenate any
two strings, it is only possible to vertically concatenate
matrices of the same width and horizontally concatenate
matrices of the same height. Analogous restrictions hold
for the more general case of arbitrary constituents and
constituent partitionings that we consider in section III.
This means that STGs arecontext sensitive. However, it
can be easily shown that STGs are a special class of
context-sensitive grammars—i.e. that there exist context-
sensitive languages which cannot be generated by an STG.
It moreover is shown below that the parsing algorithm
for STGs is polynomial in the number of constituents.
One way to ensure that our methods use algorithms with
polynomial complexity is therefore to limit the number
of possible constituents to be polynomial in the size of
the input. This can be done using methods discussed in
section IV-A.

One may induce a probability distribution over the parse
trees generated by a CFG by imposing probabilities on
the productions. Such an augmented CFG is called a
probabilistic context-free grammar (PCFG). In a similar
fashion, one may induce a probability distribution over the
parse trees generated by an STG by imposing probabilities
on the productions. We call such an augmented STG a
spatial random tree grammar(SRTG).

III. The Technical Details of our Method

In this section, we formally introduce the concepts of
feature imagesand parse treesand develop a framework
for associating parse trees with a feature image, given its
spatial organization. We construct a probability distribution
over parse trees and show that our framework allows this
probability distribution to induce a probability distribution
on the feature images given their spatial organization.

A. Feature Images

We start with an image or any other multidimensional
data. From this data, we determine a set oflocations
D = {v1, · · · , v|D|}, and, at each of these locationsvn,
we extract afeature vectorO(vn) ∈ Rq. We define the
feature image, O ∈ Rq|D|, to be the vector consisting of

all these feature vectors:O
4
= (O(v1), · · · , O(v|D|)).

For example, in our experiments reported in section IV,
each location corresponds to an image region obtained
through a segmentation algorithm, and the feature vector
O(vn) for each locationvn is formed by extracting infor-
mation from the corresponding region. An illustration of

O(v4) = 255

v4

O(v2) = 64

v2

v1

O(v1) = 255v3

O(v3) = 255

v5

O(v5) = 255

Fig. 3. Illustration of a feature image defined on domainD =
{v1, v2, v3, v4, v5} of size |D| = 5, for feature dimensionq = 1.
Here, the locationsv1, · · · , v5 are the centroids of five constant-intensity
regions of an image, and the featureO(vn) is the intensity atvn.

this procedure, for a feature image with five regions (|D| =
5) and one feature dimension (q = 1), is shown in figure 3.
The preprocessing segmentation step has the advantage of
reducing the number of nodes to be processed and therefore
the total computation. However, it also imposes practical
limits on how much local information can be passed to the
SRTG model.

B. Parse Trees

Let I be a finite set ofproduction classes, let J be a
finite set of nonterminals, and let the setRq be the set
of terminals. We usei to denote production classes,u to
denote terminals, andj, k, and l to denote nonterminals.
We define aparse treeT to be a finite ordered tree where

• leaf nodes (terminal nodes) arelabeledwith terminals,
• nonleaf nodes (nonterminal nodes) are labeledwith

nonterminals,
• nonterminal nodes have either one child (nonbranch-

ing nonterminal nodes) or two children (branching
nonterminal nodes),

• branching nonterminal nodes aretaggedwith produc-
tion classes,

• the child of every nonbranching nonterminal node is
a terminal node, and

• the children of every branching nonterminal node are
nonterminal nodes.

Figure 2(h) shows an example of a parse tree withI =
{“h” , “v” }, J = {j, k, l}, branching nonterminal nodes
ρ1, ρ2, nonbranching nonterminal nodesρ3, ρ4, ρ5, and
terminal nodesρ6, ρ7, ρ8.

C. Constituents, Constituent Hierarchies, and Con-
stituency Functions for SRTGs

1) Motivation: With PCFGs, one constructs a probabil-
ity distribution over all trees generated by the PCFG and
defines the probability1 of each string to be the sum of
probabilities of all its parses. This method of constructing
probabilities is only correct if any two distinct strings have

1If the terminals are continuous-valued, as in section III-D, then the
probability densityof each string is the sum of probability densities of
all its parses.
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disjoint sets of parses. This is ensured by the fact that, for
PCFGs, two distinct strings cannot have the same parse.
The reason that two distinct strings cannot have the same
parse is because the unique string corresponding to any
parse tree is simply obtained by ordering the leaves of the
tree from left to right.

However, a potential problem with SRTGs is that, if
improperly designed, a single parse tree can parse two
distinct images. This problem can result from the fact that
there is no unique natural ordering of the elements of a
domainD. This can make it impossible for a probability
distribution over trees to induce a probability distribu-
tion over feature images in a manner similar to PCFGs.
This difficulty is avoided by imposing organization on
the elements ofD. Specifically, we introduce the novel
concepts ofconstituentsof D and constituent hierarchies
which impose structure on the ways in which locations in
a domainD can be combined. The following section in-
troduces precise definitions of these concepts which ensure
that a probability distribution on the feature images can be
properly defined, and moreover allow for computationally
tractable estimation algorithms.

2) Constituents and Constituent Hierarchies:We des-
ignate some subsets of a domainD to beconstituents, and
useC to denote the set of all constituents ofD. As we
stated earlier, not all subsetsV ⊂ D will be constituents,
so C will generally be a proper subset of2D, the power
set of D. Furthermore, for each production classi ∈ I
and each constituentV ∈ C, we will specify all valid
two-way partitions ofV into its subconstituents under
production classi. To do this, we define the setL(i, V ) of
all left i-subconstituentsof V , with the interpretation that
a partition ofV into V ′ and V \V ′ under the production
classi is only valid if V ′ ∈ L(i, V ). We call the quadruple
H = 〈D, I, C,L〉 aconstituent hierarchy. We now formally
define the concepts of constituents and constituent hierar-
chy.

Definition 1. Let D be a finite domain, andI a finite set
of production classes. LetC be a set of subsets ofD, and

let L be a function fromI × C to 2C . The quadrupleH
4
=

〈D, I, C,L〉 is called aconstituent hierarchyif it satisfies
the four conditions C1–C4 given below. In this case, a
subsetV ⊂ D is called aconstituentof D iff V ∈ C. A
set V ′ is called asubconstituentof V if V ′ ∈ L(i, V )
(in this caseV ′ is called a left i-subconstituentof V ) or
if V \V ′ ∈ L(i, V ) (in this caseV ′ is called a right
i-subconstituentof V ).

(C1) The entire domainD is a constituent:
D ∈ C

(C2) Every subconstituent of every constituentV is a
proper, nonempty subset ofV :
(∀i ∈ I, V ∈ C, V ′ ∈ L(i, V )) ⇒
(V ′ ⊂ V and V ′ 6= ∅ and V ′ 6= V )

(C3) Every nonsingleton constituent can be partitioned
in at least one way into two subconstituents:
(∀V ∈ C s.t. |V | > 1) ⇒ (∃i ∈ I s.t.L(i, V ) 6= ∅)

(C4) Every constituent has at most one lefti-
subconstituent of given cardinality:
(∀i ∈ I, V ∈ C, V ′, V ′′ ∈ L(i, V ) s.t. |V ′| =
|V ′′|) ⇒ (V ′ = V ′′)

Given aD and anI, it is typically easy to find suchC
andL that the quadrupleH = 〈D, I, C,L〉 meets C1-C3.
Condition C4 is not as straightforward; however, we now
describe a simple algorithm to modify anyH satisfying C1-
C3 to obtain a valid constituent hierarchy. Specifically,
suppose that you have a quadrupleH = 〈D, I, C,L〉
that meets C1-C3 but not C4. The following algorithm
constructs a quadrupleH′ = 〈D, I, C,L′〉 that meets all
of the conditions.

Algorithm 1. Let ≺ be a total ordering on constituents.
Initialize L′ to be the same asL. Terminate, if there
are no violations of C4. LetV be the first constituent,
according to≺, that violates C4. That means that there
exists a production classi ∈ I and two constituents
V1, V2 ∈ L′(i, V ) such that|V1| = |V2|. Without loss of
generality, assumeV1 ≺ V2. RemoveV2 from L′(i, V ).
Repeat this process until there are no violations of C4.2

Section IV-A shows how to constructH for a certain
class of domainsD, resulting in the number of constituents
which is polynomial in|D|, and leading to polynomial-time
inference algorithms.

3) Constituency Functions:To associate parse trees
with feature images, we introduce the concept of con-
stituency function. Suppose thatH = 〈D, I, C,L〉 is a
constituent hierarchy,T is a parse tree generated using
the set of production classesI, andO ∈ Rq|D| is a feature
image. Consider a functionF which maps the nodes ofT
to the constituents ofD and which has the following
properties.

• For the root nodeρ, F (ρ) = D.
• For every terminal nodeρ, labeledu, F (ρ) = {v},

whereO(v) = u.
• For every nonbranching nonterminal nodeρ, with

child ρ1, F (ρ) = F (ρ1).
• For every branching nonterminal nodeρ, taggedi,

with left and right childrenρ1 and ρ2, F (ρ1) ∈
L(i, F (ρ)) andF (ρ2) = F (ρ)\F (ρ1).

In this case, we say thatF is anH-constituency function
for T andO; and we say thatT is anH-parseof O. We
show that conditions C1-C4 guarantee that anyH-parseT
of O ∈ Rq|D| cannot also be anH-parse of another feature
imageO

′ ∈ Rq|D|, and that moreover theH-constituency
function for T andO is unique.

Theorem 1. Let H = 〈D, I, C,L〉 be a constituent
hierarchy. LetT be anH-parse ofO ∈ Rq|D|, and letF be
anH-constituency function forT andO. LetT also be an
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H-parse ofO′ ∈ Rq|D|, and letF ′ be anH-constituency
function forT and O

′. ThenF = F ′ andO = O
′.

PROOF: See appendix. 2

D. Probabilistic Modeling with SRTGs

Using the framework described in the previous sub-
section, we can define a probability distribution over the
feature images. We do this according to the following plan:

• Construct a probability distribution over trees, similar
to PCFGs.

• Construct a quadrupleH which satisfies condi-
tions C1-C3.

• If necessary, use algorithm 1 to enforce C4 and form
a constituent hierarchy.

• Construct the probability (or probability density) of
a feature imageO ∈ Rq|D| by summing the prob-
abilities (or probability densities) of allH-parses of
O.

We first specify the method for generating random parse
trees. With probabilityrk generate a root nonterminal node
with label k. Next, repeatedly select a nonterminal node,
ρ, that does not yet have children and denote its label byj.
With conditional probabilitytj, ρ will be a nonbranching
node; and with conditional probability1 − tj , it will be
a branching node. Ifρ is a nonbranching node, then its
child must be a terminal node. In this case, the child’s
label, u, is chosen to be a conditionally normal random
vector with meanµj and covarianceΣj . If ρ is a branching
nonterminal node, then it must have a production class tag
which we calli, and left and right children whose labels we
call k and l. In this case, choose〈i, k, l〉 with conditional
probabilitypjikl. The distributionr and the conditional dis-
tributionspj obey the following normalization constraints:

∑
j∈J

rj = 1 (N1)

(∀j ∈ J )
∑

i∈I,k,l∈J

pjikl = 1 (N2)

Note that while we takeu to be conditionally normal,
it is possible to use any conditional distribution, discrete
or continuous or hybrid, so long as one replaces the
reestimation procedures forµj andΣj that are presented in
figure 8 with suitable variants for the alternate distribution.
We take aspatial random tree grammar(SRTG) G to be
an octuple〈I,J , Rq, r, t, p, µ, Σ〉, whereI is the set of
production classes,J is the set of nonterminals, andRq

is the set of terminals. The above process definesP (T |G),
the probability density over all trees generated by such a
process, given an SRTGG.

Whenever we discuss an SRTGG and a constituent
hierarchyH, we assume that both use the same setI of
production classes. In this case, we define, for any feature

imageO ∈ Rq|D|,

P (O|G,H)
4
=

∑
T is anH-parse ofO

P (T |G)

Note that, strictly speaking,P (O|G,H) is not a prob-
ability density since not every tree generated by the
above stochastic process is necessarily anH-parse of a
feature image inRq|D|.2 Therefore, it may happen that∫

Rq|D|

P (O|G,H) dO < 1. A true probability densityP ′

can then be obtained as follows:

P ′(O|G,H) =
P (O|G,H)∫

Rq|D|

P (O′|G,H) dO′
(N3)

The probability densityP ′(O|G,H) is, in general, very
difficult to compute because of the denominator in equa-
tion N3. Fortunately, we will not need to compute it in any
of our algorithms.

Note that a single SRTGG can be used to define
P (O|G,H) for any arbitrary constituent hierarchyH, as
long asG andH use the same setI of production classes.
This is an important property which is exploited in our
algorithms.

E. Inference Algorithms

1) Likelihood Calculation, Center Variables, and Sur-
round Variables: Given an SRTGG, a constituent hi-
erarchy H, and a feature imageO ∈ Rq|D|, the
likelihood P (O|G,H) can be computed using equa-
tions 1 and 2 of figure 4. For any nonterminalj and
the domain D, we let the center variablec(j, D) be
the conditional probability density of the feature im-
age O given that the root label of itsH-parse is j:
c(j, D) =

∑
T is anH-parse ofO with root labelj

P (T |G). The cen-

ter variablec(j, V ) for any other constituentV of D is
defined similarly. Equation 2 of figure 4 relates the center
variable c(j, V ) of any nonsingleton constituentV with
the center variables of its subconstituents. Specifically,
equation 2 takes into account all possible partitions ofV

into a left i-subconstituentV1 and a righti-subconstituent
V \V1, and sums over all such partitions, over all produc-
tion classesi, and over all possible labelsk andl of V1 and
V \V1. Equation 1 is the formula for the center variable of a
singleton constituent. In this equation,N(u|µ, Σ) denotes
the normal density. The center variables for all constituents
and all nonterminalsj can therefore be computed by
first using equation 1 for each singleton constituent, and
then using equation 2 for every nonsingleton constituent.
The feature image likelihood is then obtained as follows:
P (O|G,H) =

∏
j∈J

rjc(j, D).

2We expand upon this observation in section V where we discussthe
relationships between our framework and traditional PCFGs.
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c(j, {v}) = tjN(O(v)|µj , Σj) (1)

c(j, V ) =
X

i,k,l

X

V1∈L(i,V )

(1 − tj)pjiklc(k, V1)c(l, V \V1) |V | > 1 (2)

s(j, D) = rj (3)

s(j, V ) =
X

i,k,l

X

V1:V ∈L(i,V1)

(1 − tk)pkijls(k, V1)c(l, V1\V )+ V 6= D (4)

X

i,k,l

X

V1:V1\V ∈L(i,V1)

(1 − tk)pkiljs(k, V1)c(l, V1\V )

Fig. 4. The center and surround recursions for a single feature imageO. (1–2) The center recursions. (3–4) The surround recursions. Each summation
over i, k, l is performed over the entire ranges of these variables, i.e.over i ∈ I, k, l ∈ J . Recall thatL(i, V ) is the set of lefti-subconstituents of
V , and thattj is the probability that a node labeledj is nonbranching. We useN(u|µ, Σ) to denote the normal density.

The surround variables(j, V ) for every nonterminalj
and every constituentV is computed via the surround
recursions shown in equations 3 and 4 of figure 4. Starting
with the entire domainD, the surround variables for
every constituent are recursively computed in terms of the
surround variables of larger constituents and the center
variables. These recursions, together with the center recur-
sions, are used in the parameter estimation algorithm which
is described below. Note that the center variables must be
precomputed before calculating the surround variables. The
center and surround recursions generalize the inside and
outside recursions [1], [26].

2) Estimation of the MAP Parse:Given an SRTGG, a
constituent hierarchyH, and a feature imageO ∈ Rq|D|,
the MAP H-parse ofO is argmax

T is anH-parse ofO
P (T |G). It

can be found using equations 5 through 7 of figure 7
in appendix. Equation 6 and equation 7 recursively find
the most likely partition of a constituentV labeledj and
taggedi into two subconstituentsV1 and V \V1, labeled
k and l. Once the most likely quadruple ̂〈i, k, l, V1〉(j, V )
for eachj and eachV is determined and stored, the MAP
parseT for O can be constructed as follows:

1) Let ρ be the root node ofT . Label ρ with
argmax

j∈J
ĉ(j, D) and letF (ρ) = D.

2) For each nodeρ in T , labeledj, where|F (ρ)| > 1,
let 〈i, k, l, V1〉 = ̂〈i, k, l, V1〉(j, F (ρ)), tag ρ with i,
add left and right childrenρ1 andρ2 to ρ, label ρ1

with k and ρ2 with l, and let F (ρ1) = V1 and
F (ρ2) = V \V1.

3) For each nodeρ in T , labeledj, whereF (ρ) = {v},
add a single childρ1 to ρ, label ρ1 with O(v), and
let F (ρ1) = {v}.

This algorithm, based on equations 5 through 7 of figure 7
in appendix, generalizes the Viterbi [52] algorithm.

3) Parameter Estimation:Suppose we are givenM
training feature images,O1 ∈ Rq|D1|, · · · ,OM ∈ Rq|DM |,
and further suppose that each feature image has a cor-
responding constituent hierarchy,Hm = 〈Dm, I, C,L〉,

for m = 1, · · · , M . We seek argmax
G

M∏
m=1

P (Om|G,Hm).

We address this problem via the algorithm in equations 8
through 14 of figure 8 in appendix which use the center
and surround recursions given in equations 1 through 4 of
figure 4.

The center and surround recursions, together with equa-
tions 8 through 14 of figure 8, constitute the EM algo-
rithm [2], [16]. Equations 8 and 9 constitute the E step
while equations 10 through 14 constitute the M step, i.e. the
reestimation formulas forrj , tj , pjikl , µj and Σj . We
collectively refer to the equations in figures 4 through 8
as thecenter-surround algorithm.

The standard implementation of the algorithm in fig-
ures 4 through 8 memoizes the center and surround recur-
sions. This leads to algorithms for likelihood calculation,
MAP estimation, and parameter reestimation that are poly-
nomial in |D|, so long as the number ofc and s values
to be memoized is polynomial in|D| and the summations
and maximizations range over sets of indices whose size
is polynomial in |D|. These are both true, so long as the
number of constituents is polynomial in|D|.

IV. Experiments

A. Constituent Hierarchies: An Example

In our experiments, we obtain the domainD by seg-
menting an image. In this case, every locationv ∈ D

corresponds to a region, i.e. a set of pixels in an image. We
let x̄(v) and ȳ(v) denote the mean ofx andy coordinates
of the pixels in regionv respectively. We now present a
method for constructing a constituent hierarchyH for any
domainD obtained in this way.

To define the setC of constituents ofD, we take a
nonempty subsetV ⊂ D to be a constituent iff there exist
four numbersx1, x2, y1, andy2 such that for allv ∈ V ,
x1 ≤ x̄(v) ≤ x2 andy1 ≤ ȳ(v) ≤ y2. Note that the number
of constituents isO(|D|4). This results in time complexity
O(|I| · |J |3 · |D|5) for the likelihood calculation, one step
of EM, and MAP tree estimation.

We take the setI of production classes to be
{“row”,“column”}. In order to specify a constituent hi-
erarchy, it remains to specify the setsL(i, V ) of left i-
subconstituents ofV , for both production classesi and for
every constituentV . SupposeV is a constituent. We take
a proper nonempty subsetV1 of V to be a left “row”-
subconstituent ofV iff there exists a numberx such that
x̄(v) < x for all v ∈ V1 and x̄(v) > x for all v ∈ V \V1.
We take a proper nonempty subsetV1 of V to be a left
“column”-subconstituent ofV iff there exists a numbery
such thatȳ(v) < y for all v ∈ V1 and ȳ(v) > y for all
v ∈ V \V1. FormulatingH = 〈D, I, C,L〉 in this fashion
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3

2

54

1

Fig. 5. Illustration of a domain D consisting of five regions.Their cen-
troids are marked with black dots. According to the constituent hierarchy
construction in Section IV-A, the following are valid constituents:1∪ 2,
1∪ 4, 2 ∪ 3, 2 ∪ 5, 3 ∪ 4, 3 ∪ 5, 4 ∪ 5, 1 ∪ 2 ∪ 3, 2 ∪ 3∪ 5, 3∪ 4∪ 5,
1 ∪ 3 ∪ 4, 2 ∪ 3 ∪ 4, 1 ∪ 2 ∪ 3 ∪ 5, 2 ∪ 3 ∪ 4 ∪ 5, 1 ∪ 2 ∪ 3 ∪ 4, and
1 ∪ 2 ∪ 3 ∪ 4 ∪ 5.

clearly meet conditions C1–C4.
Figure 5 illustrates these definitions. For example,1∪ 2

is a valid constituent since the centroids of regions 1 and 2
are adjacent vertically and3∪4 is a valid constituent since
the centroids of regions 3 and 4 are adjacent horizontally.
For 1 ∪ 2, the only left “row”-subconstituent is1 and
the only left “column”-subconstituent is1 as well. For
3 ∪ 4, the unique left “row”-subconstituent is4 and the
unique left “column”-subconstituent is3. Note that, despite
the fact that regions 1 and 3 are neighbors (i.e. share a
common boundary), their union is not a valid constituent
since their centroids are separated by region 2’s centroid
in the vertical direction and by region 4’s centroid in the
horizontal direction. Thus, even though regions 1 and 4 are
not neighbors, their union is a valid constituent.

B. Implementation of the Parameter Estimation Algo-
rithm

When using SRTGs, it is sometimes convenient to
designate a nonterminalj to only label nonbranching
nonterminal nodes, i.e. to havetj = 1. This can be
accomplished during training by initializingtj to 1. Indeed,
it follows from the equations in figure 8 that iftj = 1, tj
will never change by reestimation. In this case, we refer
to j as a nonbranching nonterminal. Similarly, we can
initialize tj = 0, and obtain a nonterminalj which can
only label branching nonterminal nodes. In this case, we
refer toj as abranching nonterminal. It is also sometimes
useful to have the possible labels of the root node comprise
only a small subset ofJ . If the root node can be labeled
with a nonterminalj, we refer toj as aroot nonterminal.
Any nonterminalj can be prevented from being a root
nonterminal by initializingrj = 0 during training.

C. Experiments with a House-Car Dataset

1) Data Collection: To evaluate our methods, we first
applied them to the task of distinguishing images of houses
from images of cars. We took100 photographs each of
houses and cars in the University Farms subdivision of

West Lafayette IN. The houses were photographed from
the front, the cars were photographed from the drivers
side, and the target house or car was centered and sized
to fill the field of view. The photographs were taken
with an Intel Pocket Digital PC Camera at640 × 480
resolution.3 The original images were converted to 256-
level greyscale and subsampled to160 × 120 without
filtering. All subsequent processing was performed on the
subsampled greyscale images. Some sample images from
this data set are illustrated in figure 6(a). Note that the
house images often have (partially occluded) cars parked
in front and the car images often have (partially occluded)
houses in the background. Also note that the images often
have other occluding objects such as trees.

We segmented the images with Ratio Cut [53].4 All 200
images in our data set contained exactly10 regions after
segmentation. For each image, we define the domain
D = {v1, · · · , v10} wherev1, · · · , v10 are the ten extracted
regions. The results of segmenting the images from fig-
ure 6(a) are shown in figure 6(b).

We constructed a 4-element feature vector as follows.
Let Λ(v) denote the covariance matrix of the coordinates
of the pixels in regionv. We associated each regionv with
the following features:

• the area ofv, i.e. the number of pixels inv,
• the average intensity of the pixels inv,
• the orientation of the principle eigenvector ofΛ(v),

and
• the ratio of the smallest to the largest eigenvalue

of Λ(v).

We normalized each component of the feature vector to
be in [0, 1] by dividing the area by the total image area,
the average pixel intensity by the maximal possible pixel
intensity, and the principle eigenvector orientation (whose
value was shifted to lie in[0, π)) by π. The eigenvalue
ratio is already in[0, 1] since it is a ratio of the smaller to
the larger eigenvalue.

2) Classifiers: We use two different methods for con-
structing a classifier with the algorithm of figures 4
through 8:

method A Train a distinct SRTG for each class on train-
ing feature images from that class and classify a
test feature imageO by asking which SRTGG

maximizesP (O|G,H).
method B Train a single SRTGG with distinct root

nonterminals for each of the classes on all of

3This data set, as well as all of the source code and scripts used
to perform the experiments reported in this section, are available from
ftp://ftp.ecn.purdue.edu/qobi/pami2007.tgz.

4We used the iterated region-based segmentation technique with the
blocking heuristic. We used a linear decreasing functiong, a block size
of 32×32, and a homogeneity thresholdHT = 720 for the first iteration.
We post-processed the results of the first iteration using the area-merging
technique withAT = 100. We then performed a second iteration with
HT = 700 and post-processed the results of this iteration by repeatedly
merging the two adjacent regions with the largest cut ratio until the
number of regions was10.
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(a)

(b)

house00 house01 house02 house03

(a)

(b)

car00 car01 car02 car03

Fig. 6. (a) Sample images from ourhouse-car data set. (b) The results of segmenting the images from (a) with Ratio Cut.

the training feature images, where those feature
images are labeled with their class, and classify
a test feature imageO by finding the MAP parse
of O and examining the root-node label.

When training with method B,rj is taken to be one whenj
corresponds to the root nonterminal for the feature image
being trained on and is taken to be zero otherwise. When
classifying with method B, the single SRTG constructed
jointly for all classes weights therj equally among the
root nonterminalsj for all classes. Method B allows a
common vocabulary of terminals across different classes,
reflected in the sharedµj and Σj parameters, as well
as a common vocabulary of nonterminals across different
classes, reflected in the sharedpjikl parameters.5

5When reestimatingrj , tj , and pjikl, we clip them to zero when
they are less thanε. Further, when reestimatingtj , we clip it to one
when it is greater than1− ε. We renormalize the distributionsr andpj

after such clipping to maintain the normalization equations N1 and N2.
When estimating the parametersΣj for our baseline model, we perform
an eigenvalue/eigenvector decomposition ofΣj , clip the eigenvalues
to εΣ when they are less thanεΣ, and recomposeΣj from the original
eigenvectors and the clipped eigenvalues. In our experiments, we found
that our algorithms are not excessively sensitive to the values of the
parametersε and εΣ. In particular, we found that the valuesε = 10−5

and εΣ = 10−3, which we used in all the experiments in section IV,
worked well.

3) Experimental Results:We conducted four experi-
ments to compare the classification accuracy of SRTGs
to that of a baseline. For each experiment, we performed
a set of five round-robin training and classification runs.
For each round-robin run, we partitioned our data set into
a training set of eighty images for each class and a test set
of twenty images for each class. The test sets partition the
entire data set.

We used two different baselines, both of which were
Gaussian mixture models. One, theseparate baseline,
trained separate mixtures of ten Gaussians, one on houses
and one on cars. Each model contained distinctµj , Σj ,
and πj parameters for each class. The other, thejoint
baseline, trained a single mixture of ten Gaussians on
both houses and cars. Each model contained distinctπj

parameters for each class, but the models for both classes
shared the sameµj andΣj parameters.

Distinct separate and joint baseline models were trained
for each round-robin run. The separate baseline model was
trained in the traditional fashion. The joint baseline model
was trained by first training a single set ofµj , Σj , andπj

parameters on the combined set of house and car training
images. Theπj mixture proportions were then discarded.
New sets ofπj mixture proportions were then trained
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SVM accuracy
test set on training set on test set
00–19 83.1% 75.0%
20–39 84.4% 65.0%
40–59 81.9% 75.0%
60–79 81.3% 77.5%
80–99 83.1% 77.5%
mean 82.8% 74.0%

TABLE II: T HE RESULTS OF CLASSIFYING THEhouse-car DATA

SET USING SUPPORT VECTOR MACHINES.

separately on just houses or just cars using the sameµj

andΣj parameters for both houses and cars. Images were
classified with the baseline models by selecting the model
that best fit that image.

To focus the comparison between SRTGs and the base-
line on the advantages of the hierarchal structure provided
by SRTGs, we used the sameµj and Σj parameters for
both the baseline models and the SRTGs in each round-
robin run in each experiment. To train the SRTGs for
each round-robin run in each experiment, we took theµj

and Σj parameters for that round-robin run from the
baseline model, discarded theπj mixture proportions, and
trained just thepjikl parameters of an SRTG. All SRTGs
were trained with twenty nonterminals, ten of which were
constrained to be branching nonterminals and ten of which
were constrained to be nonbranching nonterminals with
the fixedµj andΣj parameters from the baseline model.
To train each SRTG, we started reestimation with two
different random values forpjikl, performed300 iterations
of reestimation on each using equations 1–4 and 8–12, and
then selected the one that yielded the highest likelihood
on the training set. Each initialp contained8000 nonzero
entries. The number of nonzero entries in the final values
of p is indicated in tables I through IV. Note that typically
less than 2% of the entries are nonzero after training.

a) Experiment 1: In our first experiment, we com-
pared the classification accuracy of SRTGs to the separate
baseline models using method A from section IV-C.2. For
each round-robin run, we trained both a separate baseline
model and an SRTG for each class. We then classified both
the training images and test images using both the baseline
models and the SRTGs. The results of this classification
are shown in table I. SRTGs consistently out-performed
the baseline, with only 9 misclassifications on 200 test
images, compared to 32 baseline misclassifications. It is
also interesting to note that our training procedure drasti-
cally reduced the model order of SRTGs: while the initial
number of nonzeropjikl ’s was 8000, the final number was
usually about 100.

To provide another benchmark for our experiments,
we list in table II the classification performance of a

support vector machine6 (SVM) [51]. The SVM classi-
fication experiments used the same feature vectors as the
baseline and SRTG models in table I. Comparing tables I
and II, we see that SVMs performed substantially worse
than both SRTGs and the Gaussian mixture baseline. In
addition, SVMs performed substantially worse than SRTGs
in experiments 2 and 3 described below.

b) Experiment 2: Our second experiment differed
from experiment 1 in that it used the joint baseline
models instead of the separate baseline models. We again
compared the classification accuracy of SRTGs to the
baseline models using method A from section IV-C.2. The
results of this classification are shown in table III. Again,
SRTGs consistently out-performed the baseline, this time
misclassifying only 6 test images out of 200, compared to
54 baseline misclassifications.

c) Experiment 3:Experiments 1 and 2 used method A
from section IV-C.2. Our third experiment differed from
experiment 2 in that it used method B instead of method A.
We again compared the classification accuracy of SRTGs
to the joint baseline models. We used the same joint
baseline model for each class and round-robin run as the
one from the corresponding class and round-robin run
from experiment 2. (This means that the baseline numbers
in tables III and IV are identical.) For each round-robin
run, we trained a single SRTG on both the houses and
cars in the corresponding training set. We constrained
each SRTG to contain two root branching nonterminals
corresponding to the training labels of the two image
classes. We then classified both the training images and the
test images using both the baseline models and the SRTGs.
The results of this classification are shown in table IV.
SRTGs again significantly out-performed the baseline, with
6 misclassifications on 200 test images, compared to 54
baseline misclassifications.

d) Experiment 4:We evaluated the parses produced
by SRTGs with a further experiment. For each round-robin
run in this experiment, we used the same joint baseline
model and SRTG as the corresponding round-robin run of
experiment 3. We attempted to classify houses and cars
using just the shape of their parses without any image
data, feature vectors, parse-tree node tags, or parse-tree
node labels. For each round-robin run, we computed the
set of all best parses for each image in our data set with the
SRTG trained on the training set for that round-robin run.
Note that there can be—and often are—multiple distinct
parses with the same maximal probability. We computed
the set of all such parses for each image in our data set.
We then took the training set in each round-robin run as
the exemplars and classified the test set in each round-
robin against these exemplars with ak–nearest-neighbor
classifier using pivot distance as the distance metric. Our
definition of pivot distance is given in appendix. Since

6We used the SVM software of
http://svmlight.joachims.org/
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test set nonzerop entries accuracy on training set accuracy on test set
house car baseline SRTG ∆ baseline SRTG ∆

00–19 108 95 95.6% 100.0% 4.4% 80.0% 92.5% 12.5%
20–39 114 110 95.0% 100.0% 5.0% 85.0% 95.0% 10.0%
40–59 113 108 93.8% 100.0% 6.3% 90.0% 100.0% 10.0%
60–79 108 107 95.6% 100.0% 4.4% 82.5% 100.0% 17.5%
80–99 107 102 95.0% 100.0% 5.0% 82.5% 90.0% 7.5%
mean 95.0% 100.0% 5.0% 84.0% 95.5% 11.5%

TABLE I: T HE RESULTS OF EXPERIMENT1, CLASSIFYING THEhouse-car DATA SET, USING BOTH THE BASELINE MODELS ANDSRTGS, FOR

VARIOUS ROUND-ROBIN RUNS. THIS EXPERIMENT USED THE SEPARATE BASELINE MODELS AND METHODA FROM SECTIONIV-C.2.

test set nonzerop entries accuracy on training set accuracy on test set
house car baseline SRTG ∆ baseline SRTG ∆

00–19 106 106 75.6% 100.0% 24.4% 75.0% 95.0% 20.0%
20–39 117 109 75.6% 100.0% 24.4% 77.5% 95.0% 17.5%
40–59 108 112 75.6% 100.0% 24.4% 75.0% 100.0% 25.0%
60–79 113 118 80.0% 100.0% 20.0% 62.5% 95.0% 32.5%
80–99 98 105 72.5% 100.0% 27.5% 75.0% 100.0% 25.0%
mean 75.9% 100.0% 24.1% 73.0% 97.0% 24.0%

TABLE III: T HE RESULTS OF EXPERIMENT2, CLASSIFYING THEhouse-car DATA SET, USING BOTH THE BASELINE MODELS ANDSRTGS, FOR

VARIOUS ROUND-ROBIN RUNS. THIS EXPERIMENT USED THE JOINT BASELINE MODELS AND METHODA FROM SECTIONIV-C.2.

test set nonzerop accuracy on training set accuracy on test set
entries baseline SRTG ∆ baseline SRTG ∆

00–19 158 75.6% 99.4% 23.8% 75.0% 92.5% 17.5%
20–39 158 75.6% 100.0% 24.4% 77.5% 97.5% 20.0%
40–59 153 75.6% 98.1% 22.5% 75.0% 95.0% 20.0%
60–79 161 80.0% 100.0% 20.0% 62.5% 100.0% 37.5%
80–99 141 72.5% 98.8% 26.3% 75.0% 100.0% 25.0%
mean 75.9% 99.3% 23.4% 73.0% 97.0% 24.0%

TABLE IV: T HE RESULTS OF EXPERIMENT3, CLASSIFYING THEhouse-car DATA SET, USING BOTH THE BASELINE MODELS ANDSRTGS, FOR

VARIOUS ROUND-ROBIN RUNS. THIS EXPERIMENT USED THE JOINT BASELINE MODELS AND METHODB FROM SECTIONIV-C.2.

both exemplars and test images could have multiple best
parses, we computed the pivot distance between all pairs
consisting of an exemplar best parse and a test image
best parse and selected the minimal pivot distance as the
distance metric between that exemplar and that test image.
Note that pivot distance measured only the shape of the
parses and was not sensitive to any parse-tree node tags
or labels. We repeated this for all odd values of1 ≤
k ≤ 13 and compared the classification accuracy against
the baseline models. The results of this classification are
shown in table V. Note that, on average, the SRTG-based
method which used only the extracted hierarchal structure,
out-performed the baseline which directly used the region
feature vectors.

4) Discussion of the Experiments:The experiments
reported in section IV-C.3 used the sameµj andΣj param-
eters from the baseline models when constructing SRTGs

and did not reestimate those parameters. This was done
to focus the experiments on measuring the added leverage
afforded by hierarchal structure. SRTGs are strictly more
powerful than the baseline models because the baseline
models are equivalent to degenerate SRTGs with a single
branching nonterminal. Our methods can obviously be used
to reestimate theµj and Σj parameters to yield SRTGs
with an even better fit to the training data.

Experiments 1 through 3 demonstrate the added leverage
afforded by hierarchal structure. The baseline models and
SRTGs in each round-robin run of each experiment differ
only in that the baselines use nonhierarchal mixture pro-
portions, reflected in theπj parameters, while the SRTGs
use hierarchal structure, reflected in thepjikl parameters.
In all three experiments, SRTGs consistently out-perform
the corresponding baseline model, often significantly. This
indicates that the presence of hierarchal structure signifi-

11



baseline SRTG
k = 1 k = 3 k = 5 k = 7 k = 9 k = 11 k = 13

00–19 75.0% 72.5% 77.5% 75.0% 72.5% 75.0% 82.5% 80.0%
∆ −2.5% 2.5% 0.0% −2.5% 0.0% 7.5% 5.0%

20–39 77.5% 77.5% 70.0% 70.0% 65.0% 70.0% 67.5% 72.5%
∆ 0.0% −7.5% −7.5% −12.5% −7.5% −10.0% −5.0%

40–59 75.0% 82.5% 85.0% 85.0% 82.5% 82.5% 82.5% 82.5%
∆ 7.5% 10.0% 10.0% 7.5% 7.5% 7.5% 7.5%

60–79 62.5% 75.0% 72.5% 85.0% 82.5% 82.5% 82.5% 82.5%
∆ 12.5% 10.0% 22.5% 20.0% 20.0% 20.0% 20.0%

80–99 75.0% 82.5% 75.0% 82.5% 72.5% 80.0% 80.0% 75.0%
∆ 7.5% 0.0% 7.5% −2.5% 5.0% 5.0% 0.0%

mean 73.0% 78.0% 76.0% 79.5% 75.0% 78.0% 79.0% 78.5%
∆ 5.0% 3.0% 6.5% 2.0% 5.0% 6.0% 5.5%

TABLE V: T HE RESULTS OF EXPERIMENT4, CLASSIFYING THEhouse-car DATA SET, USING BOTH THE BASELINE MODELS ANDSRTGS, FOR

VARIOUS ROUND-ROBIN RUNS AND VALUES OFk. FOR EACH ROUND-ROBIN RUN IN THIS EXPERIMENT, WE USED THE SAME JOINT BASELINE

MODEL AND SRTGAS THE CORRESPONDING ROUND-ROBIN RUN OF EXPERIMENT3. CLASSIFICATION WITH SRTGS WAS PERFORMED USING A

k–NEAREST-NEIGHBOR CLASSIFIER BETWEEN THE ENTIRE TRAINING SET TAKEN AS EXEMPLARS AND EACH ELEMENT OF THE TEST SET. THE

MINIMAL PIVOT DISTANCE BETWEEN ALL BEST PARSES OF AN EXEMPLAR AND ALL BEST PARSES OF A TEST IMAGE WAS TAKEN AS THE

DISTANCE METRIC. NOTE THAT PIVOT DISTANCE MEASURED ONLY THE SHAPE OF THE PARSESAND WAS NOT SENSITIVE TO ANY PARSE-TREE

NODE TAGS OR LABELS.

accuracy on training set accuracy on test set
baseline SRTG ∆ baseline SRTG ∆

95.0% 97.8% 2.8% 90.2% 95.4% 5.2%

TABLE VI: T HE RESULTS OF EXPERIMENT5, CLASSIFYING THE

CALTECH house-car DATA SET, USING BOTH THE BASELINE

MODELS AND SRTGS.

cantly improves classification accuracy.
Experiment 4 demonstrates that the trained SRTGs allow

derivation of image parses that contain sufficient informa-
tion to support classification. In other words, it is possible
to classify images solely on the basis of their hierarchal
structure reflected in the shape of their parses. One can
imagine using this for image database retrieval. In fact, it
is interesting to note that, in experiment 4, classification
based solely on the extracted hierarchal structure out-
performs, on average, the baseline classification method
which directly uses the region feature vectors.

D. Experiments with Additional Datasets

To further illustrate our methods, we conducted two
more experiments where we used different datasets. In
addition, in order to illustrate the applicability of our
classification methods in conjunction with a variety of
preprocessing segmentation algorithms, we employed two
segmentation algorithms which are different from the seg-
mentation method used in experiments 1–4: Normalized
Cuts [49] and Mean Shift [13].

a) Experiment 5:In our first additional experiment,
we used images from the Caltech house dataset7 and
the Caltech car dataset8. We used the Normalized Cuts
algorithm [49] to segment each image, followed by a single
pass of Ratio Cut in order to get 10 regions per image. Our
basic setup was similar to experiment 1. Specifically, we
trained both a separate baseline mixture of 10 Gaussians
and an SRTG for each class; the sameµj andΣj parame-
ters were used for the baseline and SRTG models. Out of
the total of 441 car images and 237 house images used in
the experiment, we randomly selected 160 images of each
class as the training set and used the remaining images
as the test set. The results of this experiment, summarized
in table VI, show that SRTGs significantly outperform the
baseline, achieving misclassification rates which are more
than twice as low as the baseline misclassification rates for
both the training data and the test data.

b) Experiment 6: In our second additional experi-
ment, we combined the house and car images used in
Experiments 1–4 with another set of 200 images taken
around the University Farms subdivision of West Lafayette,
IN: 100 images of mailboxes and 100 images of basketball
hoops. We segmented the whole dataset with the Mean
Shift algorithm [13], followed by three passes of Ratio Cut
in order to get 20 or fewer regions per image. We again
used an experimental setup similar to that of experiment 1.
We conducted five round-robin runs where 80 images in

7http://www.vision.caltech.edu/Image Datasets/
Pasadena-Houses-2000.tar

8http://www.vision.caltech.edu/Image Datasets/
cars brad/cars brad.tar
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accuracy on training set accuracy on test set
baseline SRTG ∆ baseline SRTG ∆

hoop-mailbox 85.3% 95.5% 10.2% 83.0% 88.0% 5.0%
hoop-car 97.2% 99.1% 1.9% 97.5% 98.5% 1.0%
hoop-house 94.8% 96.8% 2.0% 93.5% 93.0% −0.5%
mailbox-car 94.2% 98.7% 4.5% 92.0% 96.5% 4.5%
mailbox-house 95.1% 97.8% 2.7% 92.0% 95.0% 3.0%
car-house 95.1% 99.3% 4.2% 92.5% 96.0% 3.5%
mean 93.6% 97.9% 4.3% 91.75% 94.5% 2.75%

TABLE VII: R ESULTS FOR ALL TWO-WAY CLASSIFICATIONS FOR THEhoop-mailbox-house-car DATA SET IN EXPERIMENT6.

class accuracy on training set accuracy on test set
baseline SRTG ∆ baseline SRTG ∆

mailbox 80.0% 97.7% 17.7% 73.0% 89.0% 16.0%
hoop 80.0% 89.2% 9.2% 78.0% 79.0% 1.0%
house 89.2% 96.2% 7.0% 82.0% 92.0% 10.0%
car 92.5% 97.2% 4.7% 91.0% 92.0% 1.0%
mean 85.4% 95.1% 9.7% 81.0% 88.0% 7.0%

TABLE VIII: R ESULTS FOR FOUR-WAY CLASSIFICATIONS FOR THEhoop-mailbox-house-car DATA SET IN EXPERIMENT6.

each class were used as a training set, and the remaining
20 images were used as a test set. The test sets for the
five runs were disjoint. The correct classification rates
for each pairwise classification task, averaged over the
five round-robins, are given in table VII. On average,
SRTGs reduce the misclassification rate, as compared to
the baseline, by about a factor of three on the training set
and a factor of 1.5 on the test set. Note that these average
numbers are very similar to the numbers for the two newly
added classes: the SRTG misclassification rate for hoops
vs mailboxes is about three times smaller than baseline’s
misclassification rate on the training set, and about 1.5
times smaller than baseline’s misclassification rate on the
test set. The correct classification rates for one-of-four
classification are given in table VIII, again showing that
SRTGs achieve approximately three and 1.5 times smaller
misclassification rates than the baseline, on the training and
test sets, respectively.

V. SRTGs, PCFGs, and our Prior Work

Our notation for the probability distribution of images is
different from the traditional notation for PCFGs in that, in
our case, the probability distribution forO is conditioned
not only on the grammarG but also on the constituent
hierarchyH. However, the traditional PCFGs implicitly as-
sume the constituent hierarchy that corresponds to concate-
nating 1D strings, and therefore the probabilities induced
by a PCFG are implicitly conditioned on this constituent
hierarchy.

More precisely, letDM = {1, · · · , M}, and letI =
{i} consist of a single production class. Let us form a
constituent hierarchyHM = 〈DM , I, CM ,LM 〉 as follows.

We form the setCM by taking every contiguous subset of
DM to be a constituent. We take any proper nonempty
subsetV1 of V to be a lefti-subconstituent ofV iff there
exists an integern such thatv ≤ n for all v ∈ V1 andv > n

for all v ∈ V \V1. FormulatingHM in this fashion clearly
meets conditions C1–C4. LetHZ

+

= {H1,H2, · · · } be the
collection of these constituent hierarchiesHM , for all M .

Now let G be any SRTG which uses the same setI =
{i} consisting of a single production class. LetGPCFG

be the PCFG which has the same sets of terminals and
nonterminals asG, and which has the same parametersrj ,
pjikl, tj , µj , andΣj . For simplicity, we assume thatq = 1
(i.e. the terminals are scalars) and that the PCFGGPCFG

is proper.9 It can then be shown that the pair〈G,HZ
+

〉 is
equivalent to the PCFGGPCFG, in the following sense.
For anyO ∈ RM , the quantityP (O|G,HM ), as defined
in section III-D, is equal to the probability of the stringO
induced by the PCFGGPCFG. In this sense, PCFGs can
be viewed as a special case of SRTGs which is obtained
by using a singleton set of production classes and the
collectionHZ

+

of constituent hierarchies.
A similar relationship can be shown to exist between

SRTGs as formulated in the present paper, and our prior
work [38], [39], [40] where a specialized version of the
center-surround algorithm was developed for the case when
every constituent is a rectangular set of image pixels.
Another version of spatial random tree models and the
center-surround algorithm was developed in [54]. In that
work, the problem of uniquely associating the leaves of

9A PCFG is calledproper[7] if the total probability of all infinite trees
generated by the PCFG is zero.
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a parse tree with image pixels was solved by hard-wiring
image regions to nonterminals. This resulted in a context-
free grammar which models images specified on a fixed
finite domain, which is a departure both from [38], [39],
[40] and from the framework developed in the present
paper.

We finally point out an interesting distinction between
PCFGs and our general formulation of SRTGs. Given an
SRTG G and a constituent hierarchyH for a domainD,
it is easy to see that a parse tree generated byG will not
necessarily be anH-parse of some feature imageO ∈
Rq|D|, since the number of leaves of the parse tree may
not necessarily be equal to|D|. This is similar to PCFGs.
However, even if the number of leaves of a parse treeT

is equal to|D|, it may happen thatT is not anH-parse
of any feature image. This is in contrast to PCFGs where
every parse tree generated by a grammar must necessarily
be a parse for some string. This distinction, however, does
not influence any of our algorithms.

VI. Conclusion

We have presented a novel method for formulating priors
on the hierarchal organization of a feature image and its
constituents using SRTGs. The center-surround algorithm
can be used to estimate the parameters of SRTGs from sets
of training feature images and to classify images based on
their likelihood and based on the MAP estimate of the
associated hierarchal structure. We have demonstrated the
efficacy of these methods by training on and classifying
natural images.

There are several open problems associated with our
framework that we are currently investigating. We are
developing alternative methodologies both for constructing
constituent hierarchies [54] and for feature selection to
improve the overall classification performance. We are also
investigating methods to improve parameter estimation—
i.e. to avoid convergence to poor local maxima.
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APPENDIX

PROOF OFTHEOREM 1

The proof is by contradiction. Letρ be the first node
in T , in a preorder traversal from left to right, for which
these two functions differ, i.e. for whichF (ρ) 6= F ′(ρ).
SinceH-constituency functions map the root node toD,
ρ cannot be the root node.

case 1:ρ is an only child. SinceH-constituency functions
map every nonbranching nonterminal node to the

same constituent as its child,F and F ′ must
map the parent ofρ to different constituents.
This contradicts the premise, since parents are
traversed before their children.

case 2:ρ is a right child. LetV2, V , andV1 denote the
constituents to whichF mapsρ, its parent, and
its sibling and letV ′

2 , V ′, and V ′
1 denote the

constituents to whichF ′ maps them respectively.
By traversal,V = V ′ and V1 = V ′

1 . Since
H-constituency functions map the children of
every branching nonterminal node to constituents
that partition the constituent mapped to by their
parent,V2 = V ′

2 , which contradicts the premise.
case 3:ρ is a left child. Let i be the tag of the parent

of ρ. Let V1 and V denote the constituents to
whichF mapsρ and its parent, and letV ′

1 andV ′

denote the constituents to whichF ′ maps them
respectively. By traversal,V = V ′. Furthermore,
|V1| = |V ′

1 |, since both equal the number of leaf
nodes dominated byρ. By condition C4,V1 =
V ′

1 , which contradicts the premise.

This proves thatF = F ′. It is easy to see that condi-
tions C1-C4, together with our definition of a parse tree,
imply that, for everyv ∈ D, there exists a leaf nodeρ of T

such thatF (ρ) = {v}. For this locationv, we have, from
the definition of anH-constituency function,O(v) = u

whereu is the label ofρ. SinceF = F ′, it follows that
F ′(ρ) = {v}, and thereforeO′(v) = u = O(v). Since this
is true for everyv ∈ D, it follows thatO = O

′.

MAP PARSE AND PARAMETER ESTIMATION FORMULAS

In figure 7, we give the recursive formulas for computing
the MAPH-parse of an image, as discussed in section III-
E. Note that equation 5 is identical to equation 1 of figure 4,
and equation 6 is obtained by replacing each “

∑
” with a

“max” in equation 2.
Equations 8–14 of figure 8 are the formulas for

the parameter updates, as discussed in section III-E.
In equations 8–14, the parameters corresponding to the
m-th training feature imageOm are indexed bym.
In particular, cm stands for the center variables com-
puted by applying the center recursions toOm; and
sm stands for the surround variables computed by ap-
plying the surround recursions toOm. If we take G′

to be 〈I,J , Rq, r′, t′, p′, µ′, Σ′〉, it can be shown that
M∏

m=1

P (Om|G′,Hm) ≥

M∏
m=1

P (Om|G,Hm). Repeating

this process converges to a local maximum [44], [55].

PIVOT DISTANCE

Let us define thepivot distancebetween pairs of parse
trees as follows. Let BRANCHING(ρ) be true if ρ is a
branching nonterminal node and false if it is a nonbranch-
ing nonterminal node. Ifρ is a branching nonterminal
node, let LEFT(ρ) and RIGHT(ρ) denote the left and
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ĉ(j, {v}) = tjN(O(v)|µj , Σj) (5)
ĉ(j, V ) = max

i,k,l
max

V1∈L(i,V )
(1 − tj)pjikl ĉ(k, V1)ĉ(l, V \V1) |V | > 1 (6)

̂〈i, k, l, V1〉(j, V ) = arg max
i,k,l

max
V1∈L(i,V )

(1 − tj)pjikl ĉ(k, V1)ĉ(l, V \V1) |V | > 1 (7)

Fig. 7. The Viterbi variant of the center recursions, used for computing the MAPH-parse of a feature imageO defined on a domainD.

fm(j, i, k, l, V ) =

sm(j, V )(1 − tj)pjikl

X

V1∈L(i,V )

cm(k, V1)cm(l, V \V1)

X

j∈J

cm(j, Dm)rj

(8)

gm(j, V ) = sm(j,V )cm(j,V )
X

j∈J

cm(j, D)rj

(9) p′
jikl =

M
X

m=1

X

V ∈Cm,|V |>1

fm(j, i, k, l, V )

M
X

m=1

X

V ∈Cm,|V |>1

gm(j, V )

(12)

r′
j = 1

M

M
X

m=1

gm(j, Dm) (10) µ′
j =

M
X

m=1

X

v∈Dm

gm(j, {v})Om(v)

M
X

m=1

X

v∈Dm

gm(j, {v})

(13)

t′j =

M
X

m=1

X

v∈Dm

gm(j, {v})

M
X

m=1

X

V ∈Cm

gm(j, V )

(11) Σ′
j =

M
X

m=1

X

v∈Dm

gm(j, {v})[Om(v)−µ
′
j ][Om(v)−µ

′
j ]

t

M
X

m=1

X

v∈Dm

gm(j, {v})

(14)

Fig. 8. Parameter reestimation: (8–9) The E step of the reestimation procedure, (10–14) The M step of the reestimation procedure. We use the
superscriptt to denote the transpose of a vector.

right child of ρ respectively. Define aleft pivot to be the
transformation from the right to left below and aright pivot
to be the reverse transformation.

j2 : i2
�
�

H
H

j1 : i1
��HH

ρ1 ρ2

ρ3 ⇐⇒

j1 : i1
�
�

H
H

ρ1 j2 : i2
��HH

ρ2 ρ3

Note that it is only possible to left pivot a branching
node whose right child is a branching node. Similarly note
that it is only possible to right pivot a branching node
whose left child is a branching node. Let LEFTPIVOT(ρ)
and RIGHTPIVOT(ρ) denote the left and right pivots ofρ
respectively, when they exist, andρ, when they do not
exist.

The pivot distance||ρ1, ρ2|| betweenρ1 andρ2 is defined
as the minimal number of pivots that must be applied
to ρ1 and ρ2 so that the resulting trees have the same
shape (i.e. are the same ignoring labels and tags). The
pivot distance||ρ1, ρ2|| can be computed as shown in the
equation at the top of the next page.

This can be computed in polynomial time by memoizing
||ρ1, ρ2||. Note that the pivot distance between trees with
different numbers of nodes is infinite and that the pivot
distance between trees with the same number of nodes is
finite.
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