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ABSTRACT

We introduce a new approach to optimal image scaling called Res-
olution Synthesis (RS). In RS, the pixel being interpolated is £rst
classi£ed in the context of a window of neighboring pixels; and
then the corresponding high-resolution pixels are obtained by £l-
tering with coef£cients that depend upon the classi£cation. RS is
based on a stochastic model explicitly re¤ecting the fact that pix-
els falls into different classes such as edges of different orientation
and smooth textures. We present a simple derivation to show that
RS generates the minimum mean-squared error (MMSE) estimate
of the high-resolution image, given the low-resolution image. The
parameters that specify the stochastic model must be estimated be-
forehand in a training procedure that we have formulated as an
instance of the well-known expectation-maximization (EM) algo-
rithm. We demonstrate that the model parameters generated during
the training may be used to obtain superior results even for input
images that were not used during the training.

1. INTRODUCTION

Image scaling is an important application in the £eld of image pro-
cessing; and a critical one when it comes to displaying or printing
an image at a resolution higher than that at which the image is
available. In this paper, we present a new approach to optimal im-
age scaling called Resolution Synthesis (RS) [1, 2, 3]. Formally,
what sets RS apart from prior approaches to optimal image scal-
ing is that RS is based on a stochastic model explicitly re¤ecting
the fact that pixels falls into different classes such as edges and
smoother gradients of different orientation. By an analysis of this
model, we show that RS image scaling generates the minimum
mean-squared error (MMSE) estimate of the high-resolution im-
age, given the low-resolution image. A model which is similar but
different from the one we present here has been used by Popat and
Picard [4] for image restoration, compression, and synthesis.

In RS image scaling, the pixel being interpolated is £rst clas-
si£ed in the context of a window of neighboring pixels; and then
the corresponding high-resolution pixels are obtained by £ltering
with coef£cients that are optimal for the selected class. The re-
sult of this is that edges are interpolated using £lters which do not
smooth out their sharp transitions.

The parameters that specify the stochastic model behind RS
must be estimated in a training procedure that we have formulated
as an instance of the well-known expectation-maximization (EM)
algorithm. While the training is computationally intensive, it only
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Fig. 1. Structure of the RS predictor.

needs to be performed once. We demonstrate that the resulting
model parameters may be used to obtain superior results for input
images that were not used during the training.

RS is different from various image scaling approaches pre-
viously proposed in the literature. These include the class of B-
spline interpolators [5, 6, 7]; cubic convolution interpolation [8];
edge-directed methods [9], [10]; and a maximuma priori (MAP)
estimation approach [11].

In [12], we describe a separate approach to MMSE image scal-
ing implemented as a regression tree. The present approach is dif-
ferent in that pixel classi£cation is based on class membership in a
Gaussian mixture model. We have found that the present approach
leads to better interpolation quality.

The remainder of this paper is organized as follows. In Sec.
2, we introduce RS by describing how RS image scaling is car-
ried out, and how the parameters for the RS model are obtained.
Finally, in Secs. 3 and 4, we present results and conclusions.

2. RESOLUTION SYNTHESIS

We begin by training on example low- and high-resolution image
pairs to estimate the required prediction parameters. The resulting
prediction parameter estimates may be used to scale images that
were not even in the training set. The structure of the RS predictor
is illustrated in Fig. 1. The example here is for a scaling factor of
2; however, the derivation we present only requires that the scaling
factor be a positive integer.

For each input pixel in the low-resolution image, the predic-
tion task is to compute the corresponding block of high-resolution
pixels. The predictor uses all the pixels in a neighborhood cen-
tered at the input pixel. In this example, the neighborhood is a
5×5–pixel window. For the analysis, we will write the input pixel
neighborhood as the elements of an observation vectorz, and the
estimated high-resolution pixels in a vectorx. More generally, we



will be modeling both these vectors as random quantities, and we
will follow the convention of using upper-case letters for random
variables and lower-case letters for their realizations.

The form of our predictor is based on the assumption that each
input pixel is from some class, with the different classes represent-
ing image features like edges and smoother gradient transitions of
different orientation. Further, we assume we have an optimal pre-
diction £lter for each class, so that if we knew the class of the input
pixel, we could generate an optimal estimate ofX by applying the
£lter toz. The only problem is that we can not ascertain the class
of the input pixel.

In RS, the prediction process is to associate the input pixel
with each of the classes, to different degrees, with a mixture of
proportions. We estimateX by £rst £lteringz with the optimal
predictors for the individual classes, and then combining the re-
sults with the proportion mixture. We refer to the £rst step as
“classi£cation,” and we represent the classi£er parameters with the
symbolθ. We refer to the second step as “£ltering,” and we repre-
sent collectively the prediction £lters for the different classes with
the symbolψ.

Rather than classifying the input pixel based on the entire ob-
servation vectorz, we use a “cluster vector”y extracted from the
observation vector using a nonlinear transformationf(·):

y = f(z) .

Generallyy is of lower dimension thanz, and we refer to this trans-
formation as a “projection.” The projection operation is critical,
because ultimately it in¤uences which classes are de£ned during
the training, which in turn controls the quality of overall scaling
process.

In the remainder of this section, we formally derive the scal-
ing procedure, while demonstrating its optimality under certain as-
sumptions. Then we describe the training process. Finally, we dis-
cuss brie¤y the role of the projection operatorf(·). Note that here
we assume images are grayscale. One way to achieve color image
scaling is to treat the red, green, and blue planes as if they were
individual grayscale images.

2.1. Optimal Image Scaling

In this subsection, we derive RS image scaling as an MMSE pre-
dictor, assuming we know the values of the classi£er parametersθ
and the £lter parametersψ. The training process, where we com-
pute estimates ofθ andψ, is given in the following subsection.

Our derivation is based on three assumptions.
Assumption 1: The cluster vectorY is distributed as a multivari-
ate Gaussian mixture. That is, the probability density function
py(y) has the form

py(y) =

M∑
j=1

py|j(y | j)πj , (1)

wherej is a random variable representing the class;py|j(y | j) is
a multivariate Gaussian density for eachj, andπj is the probabil-
ity of classj. This assumption is not very strong, since we may
closely approximate the true distribution by using a large number
of classes. Note, assuming there areM classes,J takes discrete
values between1 andM .
Assumption 2: The conditional distribution ofX givenZ andJ
is multivariate Gaussian, with meanAJZ + βJ . The £lter param-
eters represented byψ are obtained directly from the parameters

for these distributions, so we write

ψ = ({Aj}M
j=1, {βj}M

j=1) . (2)

This assumption is similar to the previous one since it requires that
a suf£ciently large number of classes be chosen so that for each
class,J , the high-resolution pixels are distributed as a linear trans-
formation of the low-resolution pixels plus multivariate Gaussian
noise.
Assumption 3: The classJ is conditionally independent of the
high- and low-resolution vectorsX andZ, given the cluster vector
Y . Formally, this means that

pj|x,z(j | x, z) = pj|y(j | y) . (3)

Intuitively, this assumption means that the cluster vectorY gives
us all possible information required to determine the classJ . This
is a strong assumption sinceZ andX may contain additional infor-
mation which might be useful in determining the class. However,
this assumption will lead to important algorithmic simpli£cations
that we have found improve the quality of the resulting scaled im-
ages.

Given these assumptions, we may compute the MMSE [13]
estimate as

X̂ = E[X | Z] (4)

=
M∑

j=1

E[X | Z, J = j]pj|z(j | Z) (5)

=
M∑

j=1

(AjZ + βj)pj|y(j | Y ) . (6)

To obtain the £rst and second terms in the argument of the last
summation, we have invoked assumptions 2 and 3, respectively.

In order to computeX̂, we need to computepj|y(j | y), the
probability that the cluster vectory belongs to classj. By assump-
tion 1, the conditional probability ofY given J is a multivariate
Gaussian. We will denote the mean of thej–th Gaussian distribu-
tion asµj . In general, the covariance could be chosen to vary with
each classj. However, we have found that choosing the covariance
for all classes to beσ2I, whereI is the identity matrix, actually
improves the quality of the scaled images. While this may seem
counter-intuitive, it is quite reasonable, since the reduced number
of parameters makes training more effective and accurate. Putting
this together we write the parameters ofpy(y) asθ:

θ =
{
{µj , πj}M

j=1, σ
}

. (7)

Hence by an application of Bayes’ rule, we can compute

pj|y(j | y, θ) =
exp

( −1
2σ2 ‖y − µj‖2

)
πj∑M

l=1 exp
( −1

2σ2 ‖y − µl‖2
)
πl

. (8)

Inserting (8) into (6), we obtain the equation for optimal image
scaling, in terms of the unknown parameters:

X̂ =
M∑

j=1

(AjZ + βj)
exp

( −1
2σ2 ‖y − µj‖2

)
πj∑M

l=1 exp
( −1

2σ2 ‖y − µl‖2
)
πl

. (9)

The optimal output pixels are computed as a combination of the
outputs of allM of the interpolating £lters.



2.2. Estimating Predictor Parameters

Our objective here is to compute maximum likelihood (ML) es-
timates [13] ofψ and θ from training images by extracting ex-
ample realizations of the pair(Z, X), which we assume are inde-
pendent. This is generally dif£cult since the data does not reveal
realizations of the class labelJ . This is known as the incomplete
data problem, where observations of the triplet(Z, X, J) would
be complete data. To address this we have used the expectation-
maximization (EM) algorithm [14, 15, 16]. A formal derivation
of the training as an instantiation of the EM algorithm is given in
[1]. Here, because of space limitation, we only list the steps in the
process.

1. Build the training set. Procure example high-resolution im-
ages. Create the low-resolution images by lowpass £lter-
ing and downsampling. For scaling factorL, doing this by
computing averages of non-overlappingL×L blocks works
well because it guarantees perfect registration between the
low- and high-resolution images. To build sharpening in to
the scaling procedure, sharpen the high-resolution images
after generating the low resolution images from them.

2. Extract training vectors from the training set. A training
vector is a pair of low- and high-resolution vectors(z, x)
corresponding to any one of the pixels in the low-resolution
images. We will denote the set of low-resolution pixels in
the training set asS, and we will denote the extracted train-
ing vectors as{(zs, xs)}s∈S . By writing ys, we refer to the
cluster vector extracted from vectorzs, computed asf(zs),
with the operation described in Sec. 2.3. We will denote as
N the number of training vectors. The more, the better; but
it is best to use at least100, 000.

3. Select a value for the numberM of classes. In our exper-
iments we used 100; however, satisfactory results can be
obtained with as few as 25 classes.

4. Initialize estimate ofθ. For eachj ∈ {1, . . . , M}, setπ(0)
j

to 1
M

, and set each cluster meanµ
(0)
j to equal one of the

cluster vectors from the training vectors. (To ensure the
cluster means represent the training data comprehensively,
acquire them from throughout the training images rather

than from, say, just one of the training images.) Setσ2(0)
as

the average of the sample variances of the elements in the
cluster vectors:

σ2(0)
=

1

d

d∑
i=1

ri ,

whered is the number of elements in the cluster vector, and
ri is the sample variance of theith cluster vector compo-
nent computed over the available cluster vectors.

5. Iterate the update equations(10)–(13) for 1 ≤ j ≤ M to
estimateθ.

N
(k+1)
j =

∑
s∈S

pj|y(j | ys, θ
(k)) ; (10)

π
(k+1)
j =

N
(k+1)
j

N
; (11)

µ
(k+1)
j =

1

N
(k+1)
j

∑
s∈S

yspj|y(j | ys, θ
(k)) ; (12)

and

σ2(k+1)
=

1

d

M∑
j=1

[
π

(k+1)
j Ξj

]
, (13)

where

Ξj =
1

N
(k+1)
j

∑
s∈S

‖ys − µ
(k+1)
j ‖2pj|y(j | ys, θ

(k)) .

Stop when the quantity
∑

s∈S log py(ys|θ(k)) ceases to in-
crease appreciably from one update to the next.

6. Estimateψ. Compute

Âj = Σxz|jΣ
−1
zz|j ; (14)

β̂j = νx|j − Σxz|jΣ
−1
zz|jνz|j ; (15)

for 1 ≤ j ≤ M , where

Nj =
∑
s∈S

pj|y(j | ys, θ̂) ; (16)

νj
def
=

(
νx|j
νz|j

)
(17)

=
1

Nj

∑
s∈S

bspj|y(j | ys, θ̂) ; (18)

and

Σj
def
=

(
Σxx|j Σxz|j
Σt

xz|j Σzz|j

)
(19)

=
1

Nj

∑
s∈S

bsb
t
spj|y(j | ys, θ̂) , (20)

where

bs
def
=

(
xs

zs

)
.

2.3. The Projection Operatorf(·)
To extract a cluster vector from the observation vector, we £rst
de£ne the vectory ′ by stacking the 8 pixels adjacent to the input
pixel into a vector, and subtracting the value of the central pixel
from each of these 8 elements. Then

y = f(z) =

{
y′ ‖y′‖− 3

4 if y′ 6= 0
0 else

. (21)

We experimented with a variety of projection operators and this
one yielded the best results. It was chosen to accentuate edge
features during clustering. To see this, observe that the vector
y′ contains differences between the input pixel and its 8 nearest
neighbors. In they′ sample space, pixels from uniform, ¤at im-
age regions fall near the origin and edge pixels fall away from the
origin. The nonlinear transformation of (21) pushes nonzeroy′

vectors away from the origin, which encourages the formation of
more edge classes.

3. RESULTS

In Figs. 2 and 3, we present image scaling results for a factor
of L = 4, using Photoshop bicubic interpolation and RS. We have
found that RS compares very favorably with other scaling meth-
ods; but we have included Photoshop bicubic interpolation because
it is common. We feel that this comparison shows that RS renders
edges and detail relatively continuous and sharp.



4. CONCLUSIONS

We have introduced the image scaling algorithm known as Res-
olution Synthesis. We have provided an analytical derivation of
the RS scaling procedure. Under certain assumptions, RS gen-
erates a MMSE estimate, in a closed-form computation, of the
high-resolution image, given the source image. Finally, we have
presented results which demonstrate that both RS and ERS yield
results of very satisfactory subjective quality.
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