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Abstract

We investigate the display of color image se-

quences using a model-based approach to mul-

tilevel error di�usion. We extend Bouman and

Kolpatzik's technique [1] for design of an optimal

�lter to the temporal dimension. Our model for

the human visual system accounts for the spatial

and temporal frequency dependence of the con-

trast sensitivity of the luminance and chromi-

nance channels. We observe an improvement

in image quality over that yielded by frame-

independent quantization, when the frame rate

is su�ciently high to support temporal averaging

by the human visual system.

1 Introduction

The desire to display sequences of color images

on computer monitors (desktop video) has in-

voked new attention toward a problem which

has been widely addressed in a lower-dimensional

context: color image quantization. The term

image quantization refers to the reproduction

of a continuous-tone image using colors from

a (limited) palette with the objective that the

quantized image resemble its original as closely

as possible. Image quantization procedures can

be computationally intensive; and generally the
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quality of reproduction reects the computa-

tional level of the algorithm. In this work, we

combine a universal color palette with an opti-

mized error di�usion scheme in order to quan-

tize sequences of images for video rendering on

a computer monitor.

Prior approaches to this problem include work

by Mulligan [2] who used an extension of the

dispersed-dot screening algorithm where the

screen thresholds were distributed spatially and

temporally. Gotsman [3] combined a model for

the human visual system with a search-based

halftoning algorithm for the quantization of im-

age sequences. His model exploits reduced con-

trast sensitivity to high spatial frequencies, but

it does not account for the dependence of con-

trast sensitivity on temporal frequency.

The palette used in the quantization of

an image can be image-dependent or image-

independent. An image-dependent palette is

better from the standpoint of quantized image

quality; such a palette is able to use known

statistics of the frequency of occurrence of col-

ors in one image in order to more �nely quan-

tize regions of the color space which are more

densely populated. Examples of algorithms

for image-dependent palette design are given in

[4, 5]. Image-dependent palette design is, how-

ever, computationally intensive, since the palet-

tization must be done separately for every di�er-

ent image. Although image-independent palette

design is suboptimal from the standpoint of tonal

reproduction, only one palette design is needed.

Some of the loss in tonal reproduction can be
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regained via a halftoning technique which re-

distributes the quantization error to spatial fre-

quencies where it is less noticeable to a human

viewer.

A commonly used halftoning technique, intro-

duced by Floyd and Steinberg [6], is known as er-

ror di�usion. In this algorithm, the quantization

error of previously quantized pixels is �ltered and

distributed forward to unquantized pixels. Using

a model for the human visual system, we can de-

sign the �lter to attenuate the resulting display

error spectrum at frequencies for which contrast

sensitivity is high.

Kolpatzik and Bouman [1] showed that the er-

ror di�usion �lter which minimizes the expected

mean-squared error can be computed assuming

that the noise resulting from the quantizer is

white, and that the monitor and human viewer

can be modeled as linear, shift-invariant systems.

In this paper, we extend their work to determine

an optimal error di�usion algorithm for image se-

quences. This model-based development involves

not only a spatial frequency-dependent charac-

terization of the contrast sensitivity of the hu-

man visual system, but one which also will allow

us to exploit the reduced contrast sensitivity to

stimuli which vary temporally.

The remainder of this paper is organized as fol-

lows. Section 2 describes our choice of palette.

Section 3 reviews model-based quantization, and

describes spatiotemporal error di�usion. Section

4 presents our spatiotemporal contrast sensitiv-

ity model for the human visual system. Section 5

describes our results; and Section 6 outlines our

conclusions.

2 Palette Design

In this section, we describe the palette which we

employed for our quantization scheme. We also

describe the procedures which are used to pre-

pare the input image data for quantization, and

the quantized images for display. These proce-

dures are depicted in Fig. 1. LetD be the digital

value input to the D/A converter which drives

any one of the three CRT guns. The displayed

luminance Y , scaled to lie between 0 and 1, is

then given by

Y =

�
D � offsetmon

255� offsetmon

�mon

: (1)

In anticipation of this relationship between the

input and output of a monitor, the Society

of Motion Picture and Television Engineers

(SMPTE) has established a standard smpte =

2:2 and offsetsmpte = 0 for the storage of

continuous-tone images.

The �rst step in the procedure for image quan-

tization is to transform the original image data,

which is stored in SMPTE gamma-corrected co-

ordinates Dsmpte, to coordinates Dlin which are

linearly related to the luminance displayed by

the monitor. This is necessary because the spa-

tial averaging by the human visual system, which

results in the perceived tone, does not commute

with the nonlinear transformation of the pixel

colors. These two coordinate systems are related

by

Dlin =

�
Dsmpte

255

�smpte

: (2)

Note that the range for Dsmpte is 0 to 255

whereas that for Dlin is 0 to 1. This transfor-

mation is applied pixel-by-pixel to each of three

color coordinates in the image data.

The next step shown in Fig. 1 is to quan-

tize and halftone the linear image data. For

the quantization of our image sequences, we

employed a palette which is separable in the

(R;G;B) space of the monitor [7]. More sophis-

ticated palettes are available [4, 5]. We desired

that the output levels of the R;G; and B quan-

tizers be perceived as uniformly spaced. As a

basis for achieving perceptually equal steps in

luminance, we chose the power law relation be-

tween displayed luminance Y and lightness L�,

which is intrinsic to the CIE uniform color spaces

L�u�v� and L�a�b�. Let N be the desired num-

ber of quantizer output levels. This results in

2



output levels

di =

�
i

N � 1

�
3:0

; (3)

for i = 0; : : : ; N � 1:

After quantizing the image data, we correct

for the speci�c gamma and o�set of the mon-

itor on which it is to be displayed. For our

display monitor, we measured mon = 2:3 and

offsetmon = 40: The corrected image dataDcorr

is then given by

Dcorr = (4)

(255� offsetmon)D
(

1

mon
)

quant + offsetmon ;

where Dquant 2 fdi : i = 0; : : : ; N � 1g is the

quantized linear image data. When the corrected

image data Dcorr is input to the D/A converters

that drive the monitor, the resulting display lu-

minance will be proportional to Dquant.

3 Model-Based Quantization

To extend error di�usion to the temporal do-

main, we modify the region of support of the

�lter as shown in Fig. 2. This exploits spatial

and temporal averaging of the quantized pixel

values by distributing the error to the four con-

tiguous, unquantized pixels of the present frame

and to the nine contiguous, unquantized pixels of

the following frame. In the rest of this section,

we develop a method for choosing the weights of

the �lter.

Central to this analysis are the two assump-

tions mentioned earlier. First, the number of

quantization levels for each quantizer must be

su�ciently large to ensure that the quantization

error can be modeled as a white, stationary ran-

dom process; and second, the human visual sys-

tem is characterized as linear and time- and shift-

invariant. With the second assumption, we can

represent the human visual system with a �lter

W (!).

A block diagram of the error di�usion algo-

rithm appears in Fig. 3. The input to the

system is a sequence of continuous-tone pixels

fi(n). Here the parameter n indexes into the dis-

crete space-time domain of the image sequence,

according to the order in which the pixels are

scanned. The input pixel values are modi�ed by

the addition of past quantization errors eq(n),

�ltered in the feedback branch of the diagram.

The quantization error is de�ned as

eq(n) = m(n)� fo(n); (5)

so the input to the quantizer is the modi�ed pixel

value

m(n) = fi(n) + [eq(n) � g(n)]; (6)

where g(n) represents the �lter coe�cients and �

represents 3-dimensional convolution. We de�ne

the display error as the di�erence between the

input and the output of the system:

ed(n) = fi(n)� fo(n): (7)

It is the display error ed(n) which is �ltered by

the human visual system w(n) to produce the

perceived error ep(n).

It can be shown [4] that the display error spec-

trum is given by

Ed(!) = Eq(!)[1�G(!)]: (8)

Since the quantization noise Eq(!) is assumed

to be white, (8) shows that the �lter frequency

response G(!) directly shapes the spectrum of

the displayed error. We would like to use this

property of the error di�usion algorithm to de-

sign a �lter which attenuates the displayed error

at frequencies where the human visual system is

most sensitive.

We incorporate the model for the human vi-

sual system as in Fig. 4, and de�ne an error met-

ric �p by squaring the output of the �lter W (!)

and integrating. Since the �lters G(!) andW (!)

are linear, and time- and shift-invariant, their or-

dering as shown in Fig. 4 can be switched. Fig. 5

depicts the rearranged system in the space-time

domain. Since the �lter g(n) is strictly causal,
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i.e. its coe�cients are nonzero only for previous

inputs u(m), it can be interpreted as a linear

predictor for the current value u(n).

The optimal �lter coe�cients are given by the

solution to the optimal linear prediction problem

[1]. The random process u(n) is the output of the

�lter w(n) driven by the white random process

eq(n). Hence the power spectral density of u(n)

is given by

�u(!) = No jW (!)j2 ; (9)

and the autocorrelation of u(n) is given by

Ru(n) = Efu[m+ n]u[m]g = F�1f�u(!)g;

where F�1f�g denotes the inverse Fourier trans-

form.

Let

g = [gx1; : : : ; gxp]
T

be a vector containing the nonzero coe�cients

of the desired �lter impulse response. Here p

is the order of the �lter; and the indexing se-

quence fxig
p
i=1 is selected according to the re-

gion of support of the �lter, as shown in Fig. 2,

where p = 13. We similarly de�ne a vector

u = [ux�1
; : : : ; ux�p]

T

containing past samples of the random process

u(n). The �lter output which predicts the value

of ux0 is formed by the inner product

ux0 = gTu: (10)

It is shown in [1] that the optimal �lter coe�-

cients g are given by

g = R�1b; (11)

where R = EfuuT g and b = Efux0ug. The

elements of R and b are values of the autocorre-

lation Ru(n) de�ned above.

4 Human Visual System Model

In this section, we develop the human visual sys-

tem model which we use to determine the op-

timal error di�usion �lter. The human visual

system processes color stimuli in an opponent

color space; hence for color error di�usion, we

�lter the quantization error in an opponent color

space. We will assume that the spatiotemporal

frequency responses of both chrominance chan-

nels are identical. The task is then to determine

two �lters: one for the luminance channel and

one for the chrominance channels.

Up to this point, we have expressed spatiotem-

poral frequency as ! 2 IR3. We assume that the

contrast sensitivity function is circularly sym-

metric in spatial frequency. We specify the radial

component of spatial frequency as

!s =
p
u2 + v2 2 IR1; (12)

where u and v represent horizontal and vertical

spatial frequencies; and we denote temporal fre-

quency as !t. Then

! = (!s; !t) 2 IR2: (13)

To measure spatiotemporal contrast sensitiv-

ity, the subject views a sinusoidal grating

B +�Bsin(!sx+ !tt)

traveling horizontally at a constant rate. At a

given point in the stimulus �eld, the luminance

of the stimulus varies sinusoidally in time with

frequency !t; while at a �xed point in time, the

stimulus is a (stationary) sinusoidal grating with

spatial frequency !s. The subject adjusts �B

until they are able to just discern the moving

grating. This yields a \threshold" modulation of

B=�B. The contrast sensitivity is de�ned as its

reciprocal.

Assuming that spatial contrast sensitivity is

circularly symmetric, we can completely char-

acterize the spatiotemporal frequency response

as a function of the spatial frequency !s and
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the temporal frequency !t. Portions of the 3-

dimensional \surface" of luminance contrast sen-

sitivity for the human visual system have been

measured by many researchers [8, 9, 10, 11, 12].

Kelly [9] has measured the luminance contrast

sensitivity function W (!t; !s) of the human vi-

sual system over a wide range of stimulus fre-

quencies. In his study, the stimuli were stabi-

lized on the subject's retina. Since the visual

system only responds to a changing stimulus [10],

the perception of stationary objects depends on

small, jerky movements of the eye called sac-

cades which induce movement of the image on

the retina. Retinal stabilization of the stimu-

lus e�ectively cancels out the e�ects of saccades,

severely attenuating measured values of contrast

sensitivity for stimuli at very low temporal fre-

quencies. For a given spatial frequency, Kelly's

study indicates that the luminance channel tem-

poral frequency response is bandpass. Our stim-

uli are never �xed on the viewer's retina; hence

this model does not perfectly characterize the op-

eration of the visual system when viewing image

sequences.

Kelly has �t the data obtained in his experi-

ments with the mathematical function

W 0(!s; !t) =

"
6:1 + 7:3

����ln
�
!t

3!s

�����3
#

(14)

!t!s exp

�
�
2(!t + !s)

45:9

�
;

where !s is in cycles per degree and !t is in

Hz. To determine the contrast sensitivity func-

tion to be used for design of the optimal �lter

coe�cients, we must transform W 0(!s; !t) from

the continuous-parameter domain at the retina

of the viewer to the discrete space-time domain

at the display. This transformation depends on

viewing distance, display resolution, and frame

rate. A plot of the luminance contrast sensitiv-

ity function for a viewing distance of roughly 22

inches, a display resolution of 100 pixels per inch,

and a frame rate of 60 Hz appears in Fig. 6.

Fig. 7 shows the �lter coe�cients obtained

using the model for the luminance channel for

frame rates of 30 Hz and 60 Hz. Note that the

coe�cients of the �lters are nearly identical for

the present frame; but that the most signi�cant

previous-frame coe�cients for the 60 Hz �lter

have roughly twice the magnitude of their coun-

terparts in the 30 Hz �lter. Both �lters were de-

signed for the same viewing distance; and as spa-

tial �lters they should be nearly the same. This

is the reason for the similarity between the �lter

coe�cients in the present-frame plane. The dif-

ference between the coe�cients of the previous-

frame �lter plane is due to the greater frame rate

of 60 Hz which accommodates temporal averag-

ing of pixels in the quantized image sequence.

Spatiotemporal contrast sensitivity for the

chrominance channels has been measured by van

der Horst and Bouman [11]. In their study,

the stimuli were not stabilized on the subject's

retina. Their study indicates that the temporal

frequency response is strictly lowpass. They do

not provide a mathematical function that repre-

sents the contrast sensitivity of the chrominance

channels. For the results obtained in this pa-

per, we scaled the temporal axis of the function,

which Kelly gave for the luminance channel, by

a factor of 7 in order to reect the lower cut-

o� temporal frequency of the chrominance chan-

nels. While not completely consistent with the

data obtained in [11], this strategy allowed us

to consistently utilize the structure of a contrast

sensitivity function. A plot of the chrominance

contrast sensitivity function for a viewing dis-

tance of roughly 22 inches, a display resolution

of 100 pixels per inch, and a frame rate of 60 Hz

appears in Fig. 8.

Fig. 9 gives the �lter coe�cients obtained us-

ing the models for the chrominance and lumi-

nance channels for a frame rate of 60 Hz. The co-

e�cients of the �lters are not signi�cantly di�er-

ent for the present frame; but the previous-frame

coe�cients for the chrominance �lter are greater

than their counterparts in the luminance �l-

ter, suggesting that the lower bandwidths of the

chrominance channels in the visual system can

be exploited by temporal averaging of chromi-
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nance information.

A block diagram of our color error di�usion

system appears in Fig. 10. Transformation of

the R;G;B error data to and from the Y; rg; yb

opponent-color space of the �lters is performed

by the matrix TR;G;B!Y;rg;yb and its inverse.

The three quantizers Q(R); Q(G), and Q(B) are

shown to emphasize the separate quantization of

the R;G, and B values of the modi�ed pixels.

5 Results

We viewed color and monochrome image se-

quences on the monitor of a Hewlett-Packard

755 workstation at frame rates of 30 and 60 Hz.

We quantized to 6 levels for the R and G pri-

maries and to 4 levels for the B primary. In the

monochrome case, we quantized to 8 gray levels.

In addition to the sequences quantized using our

optimized algorithm, we viewed sequences quan-

tized using error di�usion with two other �lters.

In one, we used the �lter introduced by Floyd

and Steinberg [6]. In the other, we used an op-

timal 2-dimensional �lter proposed by Kolpatzik

and Bouman in [1]. Their �lter uses a model

for contrast sensitivity which is only dependent

upon spatial frequency.

The expected result was that temporal av-

eraging would result from quantization using

the 3-dimensional optimized �lter. This was

the case with a frame rate of 60 Hz. The

monochrome sequences quantized with the op-

timized 3-dimensional �lter appeared smoother

spatially and temporally. The color sequences

quantized with the optimized 3-dimensional �l-

ter appear marginally smoother, spatially and

temporally. Temporal averaging with a frame

rate of 30 Hz was not achieved; according to

the model which we used, contrast sensitivity is

not su�ciently attenuated at temporal frequen-

cies up to 15 Hz. All of the quantized image

sequences for the 30 Hz test case appeared com-

parable in quality.

A comparison of single frames from each of

the quantized sequences reveals that our 3-

dimensional �lters permit more error at lower

spatial frequencies than do the 2-dimensional �l-

ters proposed in [6] and [1]. This was not surpris-

ing, as the 3-dimensional �lter was designed for

use with image sequences. Our model explicitly

takes reduced contrast sensitivity to high tem-

poral frequencies into account; this can only be

exploited with frame rates high enough to ac-

commodate temporal averaging of the colors or

gray levels in the quantized image sequence.

6 Conclusions

We have observed that spatiotemporal error dif-

fusion does move texture from the spatial do-

main into the temporal domain.

One possible improvement would be to use

a better spatiotemporal model. Speci�cally, a

model which is strictly lowpass in temporal fre-

quency response would more accurately charac-

terize the human visual system.

Another possible improvement would be

to perform quantization in an opponent-color

space. Van der Horst and Bouman [11] have

noted that luminance information coding by the

neural system takes place with much greater

bandwidth than does coding of color information

by either of the visual system's opponent-color

channels. Hence it would seem that quantiza-

tion is more naturally performed in an opponent

color space, and to �ner resolution along the lu-

minance axis in that color space.

The advantage of spatiotemporal quantiza-

tion over 2-dimensional methods is realized only

when reduced contrast sensitivity to high tempo-

ral frequencies can be exploited. This is possible

when sequence frame rates that allow temporal

averaging are used.
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Figure 2: Region of support for the error di�u-
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Figure 3: Block diagram of the error di�usion

algorithm.
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Figure 4: Display error is shaped by �lter fre-

quency response G(!).
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Figure 5: The �lter g(n) acts as a linear predictor

for the random process u(n).

-20
-10

0
10

20

-40

-20

0

20

40
0

0.1

0.2

0.3

0.4

0.5

0.6

Spatial Frequency, cpdTemporal Frequency, Hz

Figure 6: Spatiotemporal contrast sensitivity for

the luminance channel.

-0.7110

0.8462

0.8363 0.0067

-0.0419

0.0521

0.0516 -0.0053

-0.0056 0.0064 0.0000

-0.0640 0.0064

-0.7118

0.8471

0.8359 0.0077

0.0947

-0.1127

-0.1114 0.0005

0.0013 0.0024 -0.0123

0.1320 0.0024

30 Hz 60 Hz

Figure 7: Luminance channel �lter coe�cients

for 30 and 60 Hz.

-20
-10

0
10

20

-40

-20

0

20

40
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Spatial Frequency, cpdTemporal Frequency, Hz

Figure 8: Spatiotemporal contrast sensitivity for

the chrominance channel.

-0.7437

0.8697

0.8469 0.0148

0.6814

-0.7984

-0.7779 -0.0088

-0.0046 -0.0037 -0.0036

0.9196 -0.0036

-0.7118

0.8471

0.8359 0.0077

0.0947

-0.1127

-0.1114 0.0005

0.0013 0.0024 -0.0123

0.1320 0.0024

LuminanceChrominance

Figure 9: Chrominance and luminance channel

�lter coe�cients for 60 Hz.

GL(w)
GC(w)
Gc(w)

+

+

+
-

Q(R)
Q(G)
Q(B)

Ri

Gi

Bi

Ro

Go

Bo

TY,rg,yb - RGB TRGB - Y,rg,yb

Figure 10: Block diagram of the color error dif-

fusion algorithm.

8


