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Abstract— An increasing number of X-ray CT procedures
are being conducted with drastically reduced dosage, due
at least in part to advances in statistical reconstruction
methods that can deal more effectively with noise than
can traditional techniques. As data become photon-limited,
more detailed models are necessary to deal with count
rates that drop to the levels of system electronic noise.
We present two options for sinogram pre-treatment that can
improve the performance of photon-starved measurements,
with the intent of following with model-based image recon-
struction. Both the local linear minimum mean-squared
error (LLMMSE) filter and pointwise Bayesian restoration
(PBR) show promise in extracting useful, quantitative infor-
mation from very low-count data by reducing local bias while
maintaining the lower noise variance of statistical methods.
Results from clinical data demonstrate the potential of both
techniques.

Index Terms— Adaptive filtering, Bayesian inference,
computed tomography, iterative reconstruction, low-dose
CT, photon starvation, statistical reconstruction.

I. INTRODUCTION

CONCERNS over long-term health effects of radiation
exposure in CT motivate diagnostic imaging with min-

imal X-ray dosages. The improved image quality offered by
model-based, iterative reconstruction (MBIR) methods in the
presence of noisy data [1]–[3] has created expectations that
lower exposure levels can be used to extract sufficient informa-
tion to make diagnoses and/or furnish partial information for
subsequent procedures. These improved reconstruction capa-
bilities have led to experimentation with dramatically reduced
exposures in the clinic [4]–[6]. Dealing with the resulting
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noise characteristics of model-based methods is critical to
clinical utility when applying MBIR to extremely low signal-
to-noise ratio (SNR) data. Improving quantitative accuracy in
these settings may be important in applications such as lung
assessment near high-attenuation shoulder regions in screening
for emphysema [7], [8].

Photon starvation in CT detectors has long been an issue,
particularly in such low-flux-rate applications as attenuation
compensation scanning systems in emission tomography [9],
where extremely low SNR is routine. In conventional diagnos-
tic CT, near-total photon starvation has generally been treated
as an outlier event, with ad hoc treatments to allow such mea-
surements to be treated in the conventional processing chain.
Particularly in cases of metal or other nearly radio-opaque
objects in the field of view, correction of “bad” data with
various interpolation or data replacement approaches [10]–[12]
reduces severe artifacts from highly localized X-ray blockage.
Dramatically reduced overall dosage however, may cause a
significant fraction of data to be photon-starved; to this situa-
tion the replacement methods are not particularly well-suited.

As indicated by its name, MBIR could allow us to model the
data in such a way that detectors registering no photon energy,
or even a negative number due to additive electronic noise,
do not pose a serious statistical problem. Effects of polychro-
maticity in beam hardening, scatter, Poisson statistics, arbitrary
detector response shapes, etc. can be included in a forward
model that allows all readings to contribute appropriately,
statistically, to the reconstructed imagery. However, for the
sake of limiting the computational cost of iterative methods,
simplifications are necessary, and we will seek to treat photon-
starved data such that reconstruction can be equally simple to
the normal-dosage case. That is, we will consider approaches
that can be applied as pre-treatment of data for application
of conventional MBIR routines. A variety of sinogram pre-
processing techniques has improved performance in generic
reduced dosage settings [13]–[22], primarily as a prelude to
reconstruction by deterministic methods such as filtered back
projection (FBP). The fact that we plan to reconstruct via
MBIR changes the requirements for sinogram data restoration.
The aforementioned noise preprocesssing methods are aimed
primarily at reducing noise variance to enhance the limited
control of FBP over that attribute of reconstructions. MBIR has
the capability of suppressing noise according to locally vary-
ing statistics and spatially adaptive stochastic image models;
therefore it is less sensitive to data variance and can tolerate
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sinogram correction methods aimed at eliminating bias at the
expense of potentially increased sinogram variance.

We propose two methods for X-ray CT sinogram restoration
under very low photon counts. The first is in the same vein
as [14], for recovering local means in photon counts through
spatially adaptive filtering. Our algorithm is based on non-
stationary, signal-dependent noise and modeled after that of
Kuan, et. al [23], called the local linear minimum mean-
squared error estimator (LLMMSE). Local estimates of sta-
tistics parameterize filter coefficients. The second alternative
is designed to better preserve conditional independence among
sinogram photon count data, and operates point-wise. It relies
on a Bayesian scalar estimation model, with a weak a priori
density on the Poisson mean of each detector output, and will
be referred to as pointwise Bayesian restoration (PBR).

Preliminary results on our photon-starvation methods were
presented in two conference papers [24], [25]. Further studies
included in this paper have improved the methods’ robustness.

The paper is organized as follows. In Section II, conven-
tional noise modeling for statistical methods is described. Sec-
tion III discusses the issues with photon-starved measurements
at extremely low dose and then presents two proposed data
correction methods. Section IV shows results of sinogram
correction as well as reconstructed images from both phantom
and clinical scans. Finally, Section V discusses the algorithms’
comparison and potential future work.

II. STATISTICAL MODELING OF SINOGRAM

MEASUREMENTS

We begin with treatment of modeling issues that are
especially pronounced at very low transmission rates, but
merit inclusion in a large fraction of CT scans. Transmission
tomographic data is initially captured as detector outputs
approximately proportional to numbers of photons arriving at
the detector surface. If a monoenergetic input Poisson rate of
λT is attenuated by material having line integral density p j

between detector and source, corresponding to projection j ,
the random received count is, by the Beer-Lambert law [18],

� j ∼ Poisson{λT e−p j }. (1)

This can easily be generalized to the case of spatially and/or
temporally varying input rates. Conditioned on the set of
integral projections {p j }, counts may be modeled as mutually
independent, resulting in the log-likelihood

L(λ|p) =
M∑

j=1

( − λT e−p j − λ j p j + constant(λ j )
)
, (2)

where M denotes the total number of projection measure-
ments. While (2) is not highly complex, greater simplicity in
both computation and intuitive understanding of the estimation
problem is available in a collection of one-dimensional Taylor
series expansions [26] about the point y in data space,

L j (λ j |p j ) ≈ L j (λ j |y j ) − d1, j (y j − p j ) + d2, j

2
(y j − p j )

2,

(3)
in which dk, j is the k-th derivative of L j (λ j |p) with respect
to p j . Probably the most useful and common choice of

Fig. 1. Log-likelihood function Lj (λj |pj ) in (2) (smooth curves) and
corresponding quadratic approximation (curves with markers) for varying
photon counts. Input flux λT = 2 × 105.

expansion point for the approximation of (3) is the maximum-
likelihood value of the integral density,

y j = − log
λ j

λT
. (4)

This transformation is also the standard mapping of counts to
projections in X-ray CT.

The end goal of this work is not estimation of sinogram
values, but rather the discretized image, x . We model each
unknown, true integral projection as p j = A j∗x , which
requires that the matrix A capture the geometry of the
voxelized 3D image, the detector sensitivity profiles and a
linearization of the response of materials to the generally
polychromatic X-rays. Choosing a diagonal data weighting
matrix W populated by entries w j = −d2, j , the approximate
ML estimation of x is given by

x̂ = arg min
x∈�

{
1

2
(y − Ax)T W (y − Ax)

}
, (5)

where � is the feasible region of x .
This approximation has provided a basis for a range of

useful statistical approaches to tomographic estimation for-
mulations and their optimizations [27], [28]. The entries in
the matrix W may vary over several orders of magnitude
in common scans, representing inverse variance of individual
measurements. Exploitation of this varying data reliability
is the primary advantage of statistical methods over deter-
ministic methods. The Hessian of this formulation, AT W A,
is an approximation to the Fisher information matrix [29]
for estimating voxel values from the sinogram data. The
diagonal entries therefore provide a measure of the information
available for the value of a voxel when the remainder of the
image is fixed.

Fig. 1 shows scalar log-likelihoods in p j and their quadratic
approximations for four values of the received photon
count λ j . The higher counts on the left yield log-likelihoods
that are well-matched by the Taylor series approximations.
As counts decrease, representing greater attenuation due to
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greater densities, the deviation from quadratic becomes dra-
matic. Simultaneously, the curvature is reduced proportionally
to λ j . In a vector estimation problem such as the one at hand
for x , the compromise made to minimize (5) will tend to accept
approximately equal weighted costs among measurements.
Thus low-count projection estimates in the vector optimal
estimate for x may be forced far from their scalar maximum-
likelihood values of (4), into the region where the simple
quadratic approximation is quite inaccurate. When counts drop
to starvation levels (4) and (5) may need adjustment from their
simplest, high-dosage versions to allow useful interpretation of
the full set of measurements.

A. Additive Poisson Noise

For clinical CT X-rays, the primary attenuation mechanism
is Compton scatter [18]. This deflection of photons from
their original path is accompanied by energy loss, but a large
fraction remains within the sensitivity range and the physical
capture surface of detectors. Most detectors are not capable
of energy discrimination and cannot distinguish between scat-
tered and unscattered photons. Scatter forms an additive offset
to �, sometimes constituting the majority of captured energy
in uncollimated, or poorly collimated, systems. Because angu-
lar distribution is wide relative to detector size, this bias in
counts is often modeled as independent of local image content,
which allows it to be treated as an additive, independent
Poisson, whose rate we denote γ j .

Eq.(1) may then be modified as

� j ∼ Poisson{λT e−p j + γ j }. (6)

Our log-likelihood becomes

L j (λ j |x) = −(λT e−p j + γ j ) + λ j log(λT e−p j + γ j ). (7)

The parameter γ j of these additive Poisson variates possess
slowly varying spatial features, which can often be estimated
with sufficient accuracy to be subtracted in preprocessing.
Additional variance from the higher counts, however, remains.
The background rate may also make the log-likelihood non-
convex [27], [30]. In cases where λ j > γ j the log-likelihood
has its maximum at

y j = − log
(λ j − γ j )

λT
, (8)

the natural point for the Taylor expansion of (7) similarly
to (3). Second derivatives result in data weighting coefficients

w j = (λ j − γ j )
2

λ j
, (9)

demonstrating information loss in the background counts [27].
Fig. 2 shows the effects of γ j on the log-likelihood. In cases

of very small numbers of unscattered, unattenuated photons
such as the problems of interest here, scattered energy may
be a major noise source. Incorrect scatter compensation may
lead to bias in projection values, as illustrated in Fig. 2. Failing
to compensate for the 20% fraction of radiation received as
scatter leads to a shift of 0.223 for the ML line integral
estimates.

Fig. 2. Log-likelihood function Lj (λj |pj ) for different noise models (with
additive Poisson noise γj and electronic noise σj of Section II.B) at
λj = 20, and λT = 2 × 105.

B. Electronic Noise

Solid state detectors utilize scintillating material to convert
X-ray photons to light, followed by photodiodes transforming
light into electrical current. The data acquisition system (DAS)
converts these analog signals into signals intended to be pro-
portional to photon accumulations, before mathematical opera-
tions to form projection estimates. Photodiodes and electronic
components of the DAS add corruption to the signal in addi-
tion to Poisson characteristics of photon counting. We refer to
this corruption as electronic noise due to its appearing in the
analog signal of the DAS. It is modeled as additive and zero-
mean Gaussian, independent of the information-laden Poisson
variates, similarly to previous work in photon-limited optical
imaging [31]. In well-designed systems, the electronic noise
variance is sufficiently low compared to the Poisson mean
of counts to allow it to be neglected in computing variance
of projection measurements. With very limited dosage and
penetration of X-rays, photon numbers may fall to the level of
electronic noise variance and both noise sources are essential
in modeling the statistics of the received λ j .

We map the electronic noise into the photon domain,
including it as the Gaussian component of the combined
Poisson-Gaussian model,

� j = K j + N j , (10)

where

K j ∼Poisson{λT e−p j + γ j }
N j ∼N (0, σ 2

e ),

and σ 2
e is the electronic noise variance, here assumed homo-

geneous for all detectors. Define θ j := λT e−p j +γ j , the mean
count at the j th ray. The probability density function (PDF)
of � j is formed by the convolution of PDFs of K j and N j , as

f� j (λ j |x) = ( fK j ∗ fN j )(λ j |x)

=
∞∑

k=0

(2πσ 2
e )−

1
2 exp

{
− (λ j − k)2

2σ 2
e

}
θ k

j e−θ j

k! .

(11)
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The joint PDF of all received count measurements � is

f�(λ|x) =
M∏

j=1

f� j (λ j |x). (12)

Fig. 2 shows the effect of this second noise source on
the log-likelihood, which again fails to be concave. The
nature of the PDF of (11) presents complex computation for
derivatives of the log-likelihood. Closed-form evaluation of the
ML projection value is therefore not practical; we employ a
lookup table indexed by λ j to record maxima from (11) in the
variable p j . Given the same measurement λ j , the ML integral
density estimates with different electronic noise models are
practically unchanged, with a shift of 0.005 and 0.014 for
σe = 2 and σe = 4 respectively.

The primary effect of electronic noise is increasing variance
of photon counts and projection estimates. For the weights
in (5), we use an approximation of variance,

Var[Y j ] ≈
∣∣∣∣
dy j

dλ j

∣∣∣∣
2

Var[� j ] ≈ λ j + σ 2
j

(λ j − γ j )2 . (13)

So the statistical weight of y j is given by

w j = (λ j − γ j )
2

λ j + σ 2
j

. (14)

This shows a further decrease in weighting due to this second
noise source. For reconstruction, we pursue a MAP estimation
for image x with an a priori model U(x). Thus, the total
objective function is defined as

	(x |λ) = 1

2
(y − Ax)T W (y − Ax) + U(x). (15)

III. PROCESSING OF PHOTON-STARVED SINOGRAMS

We consider cases of extremely low photon counts, in which
the Poisson mean is comparable to the standard deviation
of electronic noise in terms of counts. Negative data out-
puts are then common occurrences due to Gaussian error,
provided the system allows direct access to raw measure-
ments without truncation such that underlying information
may be recovered. The key counts-projection conversion of
(8) then is invalid since the log() does not admit nega-
tive arguments. In standard pre-processing, this means no
valid measurement exists for these points, and for ultra-low-
dose cases, a significant number of data may be missing.
However, these raw data hold information, and finding a
valid way to extract it may be important in extending the
range of statistical methods to unprecedentedly low exposure
rates.

Non-positive measurements are commonly replaced by
somewhat arbitrary, small positive numbers or simply dis-
carded, which is equivalent to setting the corresponding w j

to zero. Alternatively, values may be interpolated from neigh-
boring detectors with positive values [10]. When negative and
zero measurements are common, these replacement methods
bias overall local count values positively and local projection
values negatively. The result may be low-spatial-frequency
shading reminiscent of beam-hardening effects.

Error diffusion methods offer an attractive option for pre-
serving local means while correcting individual channels’
negative values. Floyd and Steinberg proposed a recursive filter
that minimizes quantization errors [32], and that has a coun-
terpart for processing of low-count regions of sinograms [33].
The filter’s output is a strictly positive set of sinogram counts,
with error from negative-valued channels spatially dithered.
However, a positive value, ε, for the output floor must be
chosen, and we have found local bias to be relatively sensitive
to ε in the presence of large numbers of negatives.

A. Denoising in Counts

Integral projections A j∗x are exponentiated to form the
mean of the Poisson photon counts. Thus accurate estimation
of the mean will yield accurate estimates of the projections
through the log() transformation. Any averaging is best done
among photon counts rather than projection values, since per
Jensen’s inequality, averaging values after the convex − log()
operation will bias measurements upward. This averaging is
primarily intended for correcting estimates of means, but there
may also be merit in smoothed maps of data weights [27]
in these cases. A simple approach would be repeated linear
filtering that is terminated at the point all negative count
measurements have disappeared. Such filtering could well
establish local count means, but will be costly in terms of
resolution [15], [20], [21].

Our goal is to adapt continuously and locally to the sta-
tistics of low-quality count data, similarly to the adaptive
filters that have found success in FBP preprocessing for
noise suppression [13], and suffering minimal resolution loss.
Somewhat similarly to recursive, least-squares linear filtering,
we model the counts data as a non-stationary process, with
low-frequency variation in local means for larger structure,
and higher-frequency variation representing edges and texture.
The adaptation of the filter will depend on local estimates of
statistics for both signal and noise,. The local linear minimum
mean-squared error (LLMMSE) filter [23] of Kuan, et. al.,
appears to capture the characteristics appropriate to our denois-
ing problem. A continuously varying convex combination of
original signal values and local averages, directed by local
statistics, has shown itself quite efficient in removal of signal-
dependent noise [34], [35].

Operation of the LLMMSE filter is summarized by

λ̂ j = λ̄ j + σ 2
s, j

σ 2
s, j + σ 2

n, j

(λ j − λ̄ j ), (16)

where λ̄ j is the local average count value, intended to provide
the mean of the Poisson-Gaussian variates. Each raw mea-
surement λ j is decomposed into the local mean component
and the residual prediction error component (λ j − λ̄ j ). The
parameters σ 2

s, j and σ 2
n, j are signal and electronic noise vari-

ances, respectively. The former is estimated directly from the
counts, yielding the approximation σ 2

s, j ≈ λ̄ j . The principal
supplemental noise σ 2

n, j will be the electronics component,
modeled as Gaussian, typically at the level of a handful
of photons. The weighting of the residual in (16) is the
approximate ratio of signal variance to observation variance.
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Fig. 3. Low-signal processing of photon-starved measurements (λj )
using the LLMMSE filter (λ̂j ) and pointwise Bayesian recovery (PBR)
(θ̂j ) of Section III.B. (λj are realizations of a Poisson-Gaussian process
with θj = 2 and σe = 4, and λ̂j and θ̂j are computed using a 9-point
sliding window.)

The defining equation (16) may be rewritten as

λ̂ j = η j λ j + (1 − η j )λ̄ j , (17)

where η j ∈ [0, 1] is

η j = σ 2
s, j

σ 2
s, j + σ 2

n, j

≈ λ̄ j

λ̄ j + σ 2
e

1 − η j = σ 2
n, j

σ 2
s, j + σ 2

n, j

≈ σ 2
e

λ̄ j + σ 2
e

.

When LLMMSE is applied as pre-processing for MBIR
reconstruction in the formulation in (15), regularization
strength in the log a priori U(x) may need adjustment to pre-
serve resolution. Alternatively, the operation of the filter can
be restricted to very low SNR regions by thresholding η j with

η̂ j =
{

max{η j , 0} λ̄ j ≤ λth

1 λ̄ j > λth
(18)

This adaptation allows MBIR to be applied without change to
overall regularization levels. Should we reach the case η j ≤ 0,
then λ̂ j is fixed by λ̄ j . The LLMMSE filter does not guarantee
positivity in its output, but in practice, the small number
of remaining negatives may be effectively zero-weighted in
reconstruction. After filtering, the counts {λ̂ j } are fed into the
processes in computing integral projections and corresponding
weights described in Section II.

Here the estimate of λ̄ j is computed as an average over
a small neighborhood, which is sufficient to provide a good
approximation of local mean for the LLMMSE filter without
excessively degrading spatial resolution. To our knowledge,
this type of filter has not previously been applied in CT,
and may be desirable only in conjunction with statistical
reconstruction, where the data weighting term W in (14)
helps control the residual noise not removed by the filter.
Fig. 3 shows an example of an LLMMSE denoised signal,

with significantly reduced noise level and well-preserved
local means. Compared to raw signal λ j , few counts remain
negative.

B. Bayesian Inference for Means of Counts

LLMMSE sinogram preprocessing implicitly places a prior
distribution on sinogram data that introduces correlation
among neighboring channels. Most MAP formulations of the
reconstruction problem rely on the independence of sinogram
data (when conditioned on the image x) and applies prior
beliefs for noise suppression only in the image domain.
A preprocessing that could more effectively preserve the
independence of sinogram data would better fit existing MAP
reconstruction methods. To that end, we introduce an alterna-
tive approach that allows use of negative-valued measurements
without sinogram filtering. This technique may also better
prevent positive bias in photon counts than does the LLMMSE.
The process results from a Bayesian view of sinograms, but
its principal effects are administered pointwise to the data; we
therefore entitle it pointwise Bayesian restoration (PBR).

The basis for our MBIR formulation has been to use the
best quadratic approximation of the log-likelihood we can
produce, such that it can be inserted into the many available
optimization routines suited to that form. We may generate,
perhaps numerically, a log likelihood from (11), and would
normally choose the ML value of the projection for our
expansion point, but for negative counts the ML value is
unbounded, as the log-likelihood has no finite maximum point.
We therefore augment this procedure with the application of
an a priori density to the mean of the Poisson process. It is
hoped that a weak prior model may stabilize the log-likelihood
in ultra-low-dose cases sufficiently to utilize a much greater
fraction of low SNR data by using the scalar MAP value as
input to the remainder of the data preparation.

1) Conjugate Prior: The conjugate prior approach [36],
in which the posterior is of the same family as the prior
distribution, is natural for our problem, providing a relatively
simple parameterization. The prior and posterior are called
“conjugate” distributions in this case. If a conditionally Pois-
son distribution has rate θ > 0,

fK (k|θ) = θ ke−θ

k! , (19)

its conjugate is the gamma distribution, characterized by the
shape parameter α > 0 and the rate parameter β > 0,

f�(θ; α, β) = βα

�(α)
θα−1e−βθ , θ > 0. (20)

If the measurement is K = k from the Poisson counts, θ will
have the a posteriori PDF

f�(θ |k) = fK (k|θ) f�(θ)

fK (k)

= (1 + β)k+α

�(k + α)
θ k+α−1e−(1+β)θ . (21)

The posterior for the Poisson rate has the form of the
gamma PDF, with shape parameter of k + α and rate parameter
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of 1+β. ML estimation from observation of the Poisson variate
provides the unbiased

θ̂MLE = k (22)

for a single realization. The PBR approach gives

θ̂MAP = E[�|K = k] = k + α

1 + β
. (23)

2) Parameter Selection:: For non-positive measure-
ments, θ̂MLE,j = λ j poses a problem for the log() operation in
converting counts to line-integral densities. Thus, informative
prior knowledge is applied to provide a positivity constraint.
The true scalar a priori distribution of θ j may be derived from
a model of the random image X . For the present purpose,
though, such a distribution for all possible X would likely be
far less useful than one that adapts to some partial knowledge
of the local characteristics of the projections. Similarly to the
LLMMSE method in this regard, we use local statistics to
select parameters for the density of a single detector count.
Assuming an a priori distribution for θ j in (11) is given
to follow Gamma(α j , β j ) as in (20), we choose a priori
expectation and variance based on the local data statistics
so that

E[� j ] = α j

β j
:= θ̄ j

Var[� j ] = α j

β2
j

:= θ̄ j + σ 2
e

where θ̄ j is an approximation of the mean of � j using its
local average, similar to λ̄ j in (16), but with a required positive
minimum εθ > 0,

θ̄ j = max{λ̄ j , εθ }. (24)

Then, the parameters of the conjugate prior are calculated as

α j = θ̄2
j

θ̄ j + σ 2
e

(25)

β j = θ̄ j

θ̄ j + σ 2
e

(26)

Inserting α j and β j into (20) and evaluating the a posteriori
mean of combined Poisson-Gaussian model of PDF in (11),
the PBR estimation of Poisson mean is given by

θ̂MAP,j =
∫

θ j f� j (λ j |θ j ) f� j (θ j ) d θ j∫
f� j (λ j |θ j ) f� j (θ j ) d θ j

=
∑∞

k=0 h(k; α j + 1, β j , λ j )∑∞
k=0 h(k; α j , β j , λ j )

> 0, (27)

where

h(k; α j , β j , λ j ) = exp

{
− (λ j − k)2

2σ 2
e

}
�−1(k + 1)

�(k + α j )(1 + β j )
−(k+α j ).

(See derivations in Appendix A.)
Compared to the LLMMSE denoising method, PBR has

potential advantages in retaining greater channel independence
and enforcing positivity, as suggested by Fig. 3. Fig. 4 shows
that relatively high-count measurements associated with small
local means (λ̄ j ) are less suppressed with PBR than with
LLMMSE denoising, illustrating the potential of the Bayesian

Fig. 4. Mapping of photon-starved measurements ranging [−5σe, 5σe ]
using LLMMSE filter (λ̂j ) and PBR estimation (θ̂j ) respectively, with
parameter σe = 4 and two different values of parameter λ̄j .

method to preserve resolution better than LLMMSE by retain-
ing more of these local deviations. Also, the Bayesian method
appears more robust to inaccurate parameter selection in
the design of the local sinogram transformation. As shown
in Fig. 4, with the same perturbation on the model para-
meter λ̄ j , the resultant PBR estimates vary less than do the
LLMMSE estimates. For cases in which the observed photon
count value λ j is close to the chosen parameter λ̄ j (λ j ≈ 2.5
in Fig. 4), the respective shifts in the two methods’ curves
due to changing λ̄ j are approximately equivalent. However, for
λ j ≈ 15, for example, the two curves for the LLMSE method
have a greater distance between them, while the PBR curves
show significantly less difference. To fix the regularization
strength outside photon-starved regions, we apply PBR only
to low-count regions when λ̄ j ≤ λth, similar to the treatment
used in LLMMSE denoising.

IV. RESULTS

We applied the proposed methods to helical CT scan data
acquired on a Discovery CT750 HD scanner (GE Healthcare,
Waukesha, WI). All data were composed of 984 views per
rotation, with a detector array made up of 888 × 64 sub-
detectors, having maximum collimation of 40 mm at isocenter.
A large bowtie filter was used. The electronic noise level was
pre-calibrated from a scan with no tube current, yielding a
standard deviation of σe = 3.9 photon counts, assumed con-
stant across channels. All data were water-corrected for beam
hardening, but not otherwise treated for polychromatic effects.
Subsequently, model-based iterative reconstruction (MBIR)
results were achieved by applying the algorithm in [3], [37]
with the q-GGMRF as a priori image model and non-
homogeneous iterative coordinated descent [38] for optimiza-
tion. The reconstruction field of view was 50 cm. Resolution of
reconstructed images was 512×512 pixels, with slice thickness
of 0.625 mm.

A. Phantom Study

The “low-signal phantom” (LSP) provides a highly vary-
ing attenuation profile with sufficiently low minimum counts
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Fig. 5. High dosage comparison of FBP standard kernel (a) and MBIR
(b) with LSP phantom. Display window width 400 HU.

Fig. 6. Low-dose LSP reconstructions with different algorithms applied
on photon-starved regions. Input photon count λT at center of bowtie
was approximately 2.4 × 104. (a) FBP with adaptive smoothing;
(b) MBIR with no low-signal processing and zero-weights for negative
measurements; (c) FBP with LLMMSE before adaptive smoothing;
(d) MBIR with LLMMSE and zero-weights for residual negative channels;
(e) FBP with PBR before adaptive smoothing; (f) MBIR with PBR. Display
window width 400 HU.

in some projection paths to test the techniques discussed
in Section III. The phantom is oval-shaped in cross-section
with major axis of 45 cm and minor axis of 25 cm. Two Teflon
rods were inserted parallel to the z-axis in imitation of large
bones. The phantom was scanned at both high (120 kVp,
835 mA) and low (120 kVp, 20 mA) dosage settings, with
speed of 1.0 sec/rotation, 20 mm collimation at normalized
pitch of 31/32. Fig. 5 shows comparison between FBP and
MBIR at high dosage, when low-count measurements are not
encountered. The same pretreatment in converting counts to
line integral projections has been applied for both algorithms.
As shown, MBIR produces higher quality image than FBP
with apparent reduction of noise, homogeneous texture across
the plane and fine details.

The low dosage experiment begins in Fig. 6 (a), where
the FBP with standard kernel, employing an adaptive
low-pass filter to fill negative measurements [13], is affected
by both low SNR and significant bias in the horizontal,

high-attenuation paths. The high dose reference Fig. 5 (b) is
essentially free of beam-hardening type artifacts using
standard water-correction treatment, suggesting that local
biases in low-dosage examples derive from low-signal
photon-counting phenomena, when some detectors reach
photon starvation level and register negative measurements.
General interpolation or smoothing type approaches negatively
bias projection estimates. as observed in the accompanying
low-frequency dark shading artifacts along the horizontal
rays of large attenuation. Statistical iterative methods, on
the other hand, have the convenience of discarding negative
measurements by putting zero weights on them. As shown
in Fig. 6 (b), drastic reduction of noise and artifacts is
achieved, compared to 6 (a), but there are remaining residual
negative biases in horizontal high attenuation paths.

To improve projection estimation in low-count regions, we
first considered the use of the LLMMSE filter as proposed
in (17) to denoise low SNR signals. λ̄ j was computed as
a local 3 × 3 average in order to provide only the mini-
mum amount of necessary local smoothing, and the threshold
λth = 3σe was used across the sinogram. Thus only areas with
local average counts on the order of electronic noise standard
deviation were affected by the adaptive filter. As a low-
signal treatment, the LLMMSE filter can be applied for both
FBP and MBIR preprocessing steps. For FBP, LLMMSE was
applied before adaptive smoothing in counts domain; while
for MBIR, LLMMSE was followed by the log() operation,
and few remaining negative channels were zero-weighted in
reconstruction. As for this low-dose LSP scan, 80% of the
originally registered negative measurements became positive
after denoising. In Figs. 6 (c) and 6 (d), both FBP and
MBIR results show significant improvement in terms of biases.
For the FBP reconstruction approach, all measurements were
equally weighted. Fig. 6 (c) is considerably noisier than 6 (a),
especially in the areas where high density projections passed,
because the adaptive smoothing was less aggressive and
thus those projections have higher variances. However, due
to dynamic statistical weighting in (14) and regularization
model U(x) in [37], MBIR obtained results with further
reduced biases and relatively uniform noise behavior.

With the Bayesian inference method, the same thresh-
old of λth = 3σe was used to apply the MAP estimate
for low-count regions. A minimum value εθ = 0.01 was
assumed for the floor of the a priori means. The result
in Fig. 6 (f) shows the advantage of using all measurements for
reconstruction. Both visual and quantitative assessments favor
Figs. 6 (d) and 6 (f) over Fig. 6 (b). The statistical weights
play an important role in balancing the information and noise
carried by each projection. On the other hand, plugging in
PBR to conventional FBP preprocessing led to an increased
non-homogenous noise pattern, shown in Fig. 6 (e).

The chart in Fig. 7 measures quantitative improvements of
results in Figs. 6 (b), (d) and (f) at selected regions of inter-
est (ROI’s). Both proposed methods consistently outperformed
the conventional zero-weighting model. Reference values were
measured from Fig. 5 (b).

Line integral projection estimations at view angles with
highest attenuations are plotted in Fig. 8. Of the central
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Fig. 7. Low-dose LSP chart of means (HU) and standard deviations
(error bars) at selected ROI’s in the images shown in Fig. 6.

Fig. 8. Low-dose LSP line integral projection estimates with different
algorithms applied on photon-starved regions. (a) Adaptive smoothing;
(b) no low-signal processing and discarding negative measurements;
(c) concatenating LLMMSE and adaptive smoothing; (d) LLMMSE with
residual negative channels discarded; (e) concatenating Bayesian infer-
ence and adaptive smoothing; (f) Bayesian inference.

200 channels of measurements at this angle, 33% of registered
counts are negative, shown as absent data points in Fig. 8 (b).
The adaptive smoothing filter used in FBP pretreatment is very
aggressive and caused negative bias and loss of resolution.
Both LLMMSE and PBR methods, however, better preserved
local means as well as channel-to-channel variations. Com-
bining LLMMSE or PBR with FBP’s adaptive smoothing

Fig. 9. Reconstruction comparison of a low-dose abdomen scan. Input
photon count λT at center of bowtie was approximately 1.1 × 104.
(a) high-dose MBIR as reference; (b) low-dose MBIR with zero-weights
on negatives; (c) low-dose MBIR with LLMMSE filter for low-signal
denoising; (d) low-dose MBIR with Bayesian inference for low-signal
processing. Display window width 400 HU. (Data courtesy of M.K. Kalra
and A. Padole of Massachussetts General Hospital.)

is plausible, but needs further adjustment to control noise
amplification.

B. Low-Dose Clinical Application

We also applied the proposed methods to clinical data,
scanned at 120 kVp, 20 mA, with 40 mm collimation, at
pitch ratio of 63/64. A high dosage scan (120 kVp, 400 mA)
was taken of the same patient for reference in Fig. 9 (a).
In this circumstance, the object was more rounded, and there is
no particular path that has apparently higher attenuation than
others. However, the input flux was low enough that there
was a small portion of measurements falling into negative
territory. In Fig. 9 (b), although there is no localized bias,
the overall image suffers from loss of density. LLMMSE
denoising and PBR inference achieved similar performance
in preserving local means from otherwise corrupted signals.
Results in Figs. 9 (c) and 9 (d) are substantially improved
and closer to their true HU values, compared to the high
dose reference in Fig. 9 (a). Measured means and standard
deviations are shown in Fig. 10. To compute λ̄ j and θ̄ j for
the two methods, a 3 × 3 neighborhood was selected and
processing was applied when λ̄ j ≤ 5σe.

C. Ultra-Low-Dose Clinical Application

We extended the low-signal study with an ultra-low dose
clinical scan, taken at 80 kVp, 10 mA, with 40 mm
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Fig. 10. Low-dose abdomen chart of means (HU) and standard
deviations (error bars) at selected ROI’s in the images shown in Fig. 9.

Fig. 11. Reconstruction comparison of a ultra-low-dose chest scan.
Input photon count λT at center of bowtie was approximately 1.4 × 103.
(a) high-dose MBIR as reference; (b) low-dose MBIR with zero-weights
on negatives; (c) low-dose MBIR with LLMMSE filter for low-signal
denoising; (d) low-dose MBIR with Bayesian inference for low-signal
processing. Display window width 600 HU. (Data courtesy of M.K. Kalra
and A. Padole of Massachussetts General Hospital.)

collimation, at pitch ratio of 33/64. A high dosage (120 kVp,
310 mA) reference scan of the same patient was taken
in Fig. 11 (a) with the illustrated image nearly co-located
with low-signal reconstructions. Fig. 11 (b) shows a heavily
negatively biased image, suggesting that a significant number
of negative measurements was registered across all view angles
and zero-weighting negatives was no longer feasible to achieve
informative reconstruction. Figs. 11 (c) and 11 (d) used a 5×5
neighborhood to compute λ̄ j and θ̄ j , and the threshold for
low-count region was determined when λ̄ j ≤ 5σe. In spite of

Fig. 12. Ultra-low-dose chest chart of means (HU) and standard
deviations (error bars) at selected ROI’s in the images shown in Fig. 11.

Fig. 13. Zoomed-in comparison of Fig. 11 for ultra-low-dose chest
scan. (a) high-dose MBIR as reference; (b) low-dose MBIR with
zero-weights on negatives; (c) low-dose MBIR with LLMMSE filter for
low-signal denoising; (d) low-dose MBIR with Bayesian inference for low-
signal processing. Display window width 600 HU.

the nearly complete photon starvation in some projections, the
ensemble of measurements still contained significant informa-
tion from the chest anatomy. The PBR result in Fig. 11 (d)
outperformed LLMMSE in 11 (c) marginally, by preserv-
ing higher definition boundaries and less bias. Quantitative
improvements of means and standard deviations at selected
ROI’s are shown in Fig. 12. A zoomed-in visual comparison
is presented in Fig. 13. In practice, such extremely low-count
data may occur primarily in attenuation scans for PET/CT
systems, in which case image quality may be secondary in
importance to appropriate local mean values.
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V. CONCLUSION

The two methods presented in this paper have shown
promise in dealing with very limited-count CT data. From
preliminary results of handling non-positive measurements,
it appears that LLMMSE denoising achieves comparable
image quality to the more sophisticated Bayesian inference at
moderately low-dose scenarios under statistical reconstruction
framework. But in extreme cases of photon starvation, PBR
showed more capability in avoiding biases. As a pretreatment
in projection estimation, both methods have the potential of
being applied for analytical reconstruction algorithms, but will
require further adjustment. Our subsequent work with these
innovations will include more extensive, quantitative phantom
studies and other clinical applications.

This work has proceeded from the point of view that
maintaining the simplicity of a quadratic model is important
for computational savings in evaluation of derivatives of
the log-likelihood. Therefore, single-pass sinogram treatments
were designed, assuming that the log() operation would be
performed on counts-domain data before initiation of recon-
struction. The degree of importance of the quadratic objective
form may vary substantially with the type of optimization
followed in achieving the MBIR reconstruction. We have
oriented these techniques toward sequential update methods,
in which pre-log data operations could be quite costly due
to non-linear operations in computation of the derivative at
each voxel update. For global update methods, such as are
typically used in ordered-subsets, gradient-type algorithms, the
relative cost of using data retaining the pre-log form in place of
least squares is potentially much lower than in the sequential
case. There is likely additional benefit to statistical modeling
in MBIR in exploiting this pre-log formulation. Subsequent
publications will address the comparison between the methods
in this paper and more accurate, more costly pre-log modeling.

APPENDIX A

The Bayesian estimation with conjugate prior in (27) can
be derived as follows:
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