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Sequential Linear Interpolation
of Multidimensional Functions

James Z. Changviember, IEEE Jan P. AllebachFellow, IEEE,and Charles A. Boumamember, IEEE

~ Abstract—We introduce a new approach that we callsequential Many authors have studied the problem of efficient approx-
linear interpolation (SLI) for approximating multidimensional  jmation of a nonlinear function in the context of finding the

nonlinear functions. The SLI is a partially separable grid struc- i1 hositions of the interpolation grid points. In the area
ture that allows us to allocate more grid points to the regions

where the function to be interpolated is more nonlinear. This Of curve fitting with piecewise linear functions, Cantoni [11]

approach reduces the mean squared error (MSE) between the presented a method for obtaining the optimal grid points using
original and approximated function while retaining much of an iterative random search algorithm. Pavlidis [12], [13] used
the computational advantage of the conventional uniform grid - Newton’s method and functional iteration techniques to locate

interpolation. To obtain the optimal grid point placement for the . . . .
SLI structure, we appeal to an asymptotic analysis similar to the the optimal grid points. These algorithms are further extended

asymptotic vector quantization (VQ) theory. In the asymptotic PY Abdelmalek [14] to improve the computational efficiency.
analysis, we assume that the number of interpolation grid points In [2], Hamann and Chen developed a parameter called
is large and the function to be interpolated is smooth. Closed- curvature measur@nd used it to allocate more interpolation

form expressions for the MSE of the interpolation are obtained o4 haints to the more nonlinear regions of the curve. Lu and
from the asymptotic analysis. These expressions are used to

guide us in designing the optimal SLI structure. For cases Milios [3], [4] and Sato [5] developed techniques for obtaining
where the assumptions underlying the asymptotic theory are not the optimal piecewise linear approximation of planar curves
satisfied, we develop a postprocessing technique to improve thein the field of pattern recognition. In the area of higher order
MSE performance of the SLI structure. The SLI technique is spline fitting, Kitson [6] and Qamar [7] presented iterative

applied to the problem of color printer characterization where . . . .
a highly nonlinear multidimensional function must be efficiently techniques to reduce the approximation errors in the problem

approximated. Our experimental results show that the appro- Of curve and surface fitting using B-splines and cubic splines,
priately designed SLI structure can greatly improve the MSE respectively. Carey and Dinh [15] took an equidistribution

performance over the conventional uniform grid. approach to the one-dimensional (1-D) problem of determining
Index Terms—Color transformation, multidimensional inter- ~ @n optimal grid point distribution for use in solving two point
polation, sequential structure, splines. boundary value problems via finite differences. Baines [16]

developed iterative methods for optimal grid point placement
in 1-D and two-dimensional (2-D) for discontinuous piecewise
linear approximation of functions. He also cited additional
M ANY important problems in image and signal processnethods based on the equidistribution approach.

I ing require the accurate approximation of nonlinear |, this paper, we present the sequential linear interpolation
multidimensional functions. For example, the interpolation Q&) |y structure for the efficient interpolation of multidimen-
the velocity fields of turbulent fluid flow [1] requires that Wegjgna| nonlinear functions. The approximating functions that
approximate nonlinear f“”Ct'P“S Ina ml_JIt|d|mgnS|onaI SPal{e use are multidimensional linear splines with a partially
In the areas of computer-aided graphic design and patt%"ébarable structure. As shown in Fig. 1(a), the conventional

recognition, nonlinear functional approximqtion techniqu id for interpolation is a uniform grid. Intuitively, for linear
[2]-[7] are used to render or represent complicated curves rpolation we want to place more grid points in regions

surfaces. In the problem of color device calibration [8]{10 here the function is more nonlinear and fewer grid points in

we ‘f"'so need to develop gfﬂuent sche_mgs to approxm%egions where it is linear. Obviously, with the uniform grid
nonlinear color transformations. The objective of this pap

. . . L %Jructure, we cannot do this. However, interpolation with a
is to present a theory of optimal functional approximation an

to apply it to the problem of color device characterization al %Piform grid structure is very efficient to implement compared
calil?rgt}i/on P % interpolation with unstructured grid points in the 2-D space,

which would require a search for neighboring grid points to be
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. Interpolation Grid Point - Partition Grid Point under the constraints of the SLI structure. It is interesting
A *h to compare our results with those obtained previously by
t Carey and Dinh [15]. They used a Fourier series approach
I(‘ N 1 N | to obtain an unweightedd™-seminorm error estimate in
\ Iﬂ’ )\ ! «:. terms of the grid point distribution for 1-D functions with
{ a continuous, piecewise polynomial of degrge A Euler
4 ! variational argument is then applied to minimize this error
J estimate. We use a completely different approach based on
: » Holder's inequality to find the grid point distribution that
X " x” - x®*  minimizes the weighted MSE in continuous, piecewise linear
@) (b) interpolation of ak-D function. With no weighting of the error
and K = 1, our results match theirs withh = 0 andk = 1.

The asymptotic design theory gives us closed-form relation-
ships between the number and positions of the grid points
Xz‘ 1 and the interpolation error. We can use these relationships
to directly design the optimal SLI structure. In Section I,
we will see that implementation of the SLI structure in
X X Fig. 1(b) requires the same number of multiplications as
. the conventional interpolation structure in Fig. 1(a), which
¢ | I is based on a uniform grid. Furthermore, as in the case of

the conventional interpolation structure, the SLI structure also
guarantees that the approximated function is continuous, which
K - is important in many applications. The advantage of the SLI
x® 7 x structure is that it can interpolate the function more accurately
_ o . _ given a fixed number of interpolation grid points.
Fig. 2. Sequential linear interpolation (SLI) scheme. In the next section, we present the SLI structure and its
implementation. In Section Ill, we present the asymptotic de-

To obtain the optimal SLI grid structure, we appeal t6ign theory. This theory is for scalar-valued multidimensional
an asymptotic analysis that yields a closed-form relationsHignctions. In [24], we extend the theory to the case of vector-
between the interpolation error and the number and positiovgjued functions. In Section IV, we present a postprocessing
of the grid points. The theory we develop is in many waytchnique to account for the practical situation where the
analogous to the theory of asymptotic vector quantization (V@psumptions for the asymptotic analysis are not well satisfied.
[17]-[19]. In VQ, anN level K-dimensional £-D) quantizer The application of the SLI technique to the problem of color
is defined as a mapping that maps each input vectere IR*  printer characterization and calibration is presented in Section
to a reproduction vectok = Q(x) drawn from a seC of V.
N vectors, which is called aodebook To optimally design
a vector quantizer, we need to find the codebgo&nd the
mapping rule? so that the expected error between the original
and mapped vectors are minimized under a certain distortionin this section, we present the SLI structure and its im-
measure. In interpolation, we consider thatkaD function plementation. We begin with a 2-D SLI structure and then
f(x) is represented by a set of paits, f(x)), x € IR, and generalize the structure to higher dimensional functions. For
to design an interpolation grid withy points, we find a sef  simplicity, here we present the SLI structure for scalar-valued
of NV grid points that minimizes the expected error between tfignctions. In [24], we expand the structure to vector-valued
original and interpolated functions under a certain distortidunctions. In the vector-valued case, we can either indepen-
measure and the method of interpolation. dently design an SLI structure for each component function,

In this paper, we choose linear interpolation since it @r jointly design a single SLI structure for all the component
efficient to implement; and we choose weighted mean-squafegctions.
error (MSE) as our distortion measure. Together, these choiceset y = f(x) be a 2-D scalar-valued function, where
allow us to obtain mathematically tractable results. In some = (z1,22) is a vector inIR*. We further assume that
applications, a minimax distortion measure may be motee domain off(x) is bounded. To sequentially allocate grid
appropriate. With such a measure, it is possible to obtgdints to the domain off(x), we first placen; partition
results that are analogous to, but substantially different frogrid points,azgl),a:?), ‘e ,xﬁ"l), onto thex; axis as shown
those derived here [20]. Our development closely paralléls Fig. 1(b) for ny = 5. These grid points can be placed
the theory previously presented for optimal sequential scalwnuniformly according to the characteristics of the function
guantization (SSQ) of vectors [21]-[23]. However, our anabeing interpolated. The partition grid points on the axis
ysis extends these previous results since it accounts for twrespond te; grid lines in the 2-D domain. As also shown
approximation error of linear splines; and it asymptoticallin Fig. 1(b), we further placeV;(i¢) 1-D interpolation grid
achieves the optimal performance in terms of the error criteripoints on theith grid line fori = 1,2,---,n, according to

Fig. 1. Grid structures for (a) regular and (b) sequential interpolation.

Il. SEQUENTIAL LINEAR INTERPOLATION
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Fig. 3. LUT implementation of (a) 2-D and (b) 3-D sequential linear interpolation.
the characteristics of the function. We note from the figure ] Interpolation Grid Point
that some of the grid points are placed outside the domain of - Partition Grid Point
the function to ensure that all the points in the domain are x
properly interpolated by the SLI implementation. The method 3* X
for finding the functional values for these grid points will 2

depend on the specific application. Suppose tNatis the
total number of 2-D interpolation grid points, then tNe(i)'s
must satisfy the constraint

ni
Ny =" Ni(i). @)
=1
The outputy’s at these interpolation grid points are stored for
piecewise linear interpolation on the grid lines parallel to the A=xPxPxOx® B=x" x
o axXIs. N
To find the approximatiory = f(x) at an arbitrary point Fig. 4. lllustration of a 3-D SLI grid structure.

x = (z1,x2), x is first projected onto the two adjacent grid

lines atazgl) and g;g”, respectively, as depicted in Fig. 2. The SLI discussed above may be generalized to 3-D func-
These projection points arg and x,.. Linear interpolations tions. For a scalar-valued 3-D functiop = f(x), where

are performed along the grid lines af” and z{" to ob- x = (z,22,23) is in a bounded domain ifR?, we first

tain approximate function outputg and 7, at x; and x,,, placen; partition grid points onto the;; axis. These grid
respectively. The valueg; and 7, are then used to linearly points will generaten; grid planes in thers-x3 space. On
interpolate the valuey at x. The implementation of the each of these grid planes, we construct a 2-D SLI structure as
sequential linear interpolation process is depicted in Fig. 3(@yeviously described. This process is illustrated in Fig. 4 for
The linear interpolations on the grid lines can be implemented = 7 with two of the seven 2-D SLI grid planes shown.
by a pair of interpolative look-up tables (ILUT). The projectionTo obtain the output value for a certain poirt we first
step can be implemented by passing the first comparngeinto project it onto the two adjacent grid planes. The projection
a LUT to obtain the indice$ andr which identify the grid process is implemented by a LUT, as depicted in Fig. 3(b).
lines atajgl) and a;g”)_ These indices and, are the inputs to The function values at the projected points on those grid planes
the ILUT’s which compute the interpolated valugsand,.. can be obtained by the 2-D SLI modules implemented on those

These outputs are then linearly combined to obfaifhat is grid planes. These values are then linearly combined to obtain
the desired output using the weights generated by the first

Y = wigt + wir () LuT. An optional index input: is also shown for use in a
where the coefficients higher dimensional SLI structure. From the discussion here,
z; —zP we see that this method can be readily generalized to higher
_ 1 1 3
Wr =5 0) (3) dimensional functions.
Ty — 2
and
Ill. A symMPTOTIC DESIGN THEORY
wy=1-—w, (4)

In this section, we present the asymptotic theory for ob-
are also obtained from the first LUT. If the 2-D SLI structuréaining the optimal placement of the grid points for the SLI
is used as a module in a larger structure—e.g., a threstructure to minimize the error between the original and the
dimensional (3-D) SLI structure—then an optional index inpunterpolated function. The error criterion is a special form
¢ is also required. of MSE developed for the SLI structure. We begin with an
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introduction to the asymptotic analysis, and present the ermwe define the error function as
criterion that we want to minimize. Then we present a detailed

asymptotic analysis for 1-D SLI, and generalize it to the Af(x) = f(x) - f(x) ()
multidimensional case. and the weighted MSE as

| | e = [ Wellare|F dx ©)
A. Asymptotic Analysis Q

From the discussion in the last section, we see that to desijfiere €2 is the domain off(x) and W (x) is a nonnegative
a 1-D SLI, we only need to obtain the optimal placement dyeighting funct!on._ If a stra_|ghtforward MSE is desired, we
the grid points. For a 2-D SLI, we first need to obtain th€a&n Set the weighting functiol’(x) to one. In general, the
number and positions of the partition grid points to be placé&dicice of W(x) depends on the application. For some appli-
on the first axis. Then we need to allocate the number &Rtions, we may want to lé¥(x) be the probability density
grid points to each grid line parallel to the second axis whidknction ofx so thatf is the true MSE in a probabilistic sense.
corresponds to a partition grid point on the first axis. After this NOw we consider the 2-D case. From (2) in Section II,
allocation, the optimal placement of grid points on a grid lin&€ observe that the approximated 2-D functipr= f(x) is
parallel to the second axis is itself a 1-D SLI design problerfibtained by linearly combining; and,. As shown in Figs.
In general, to design @&-D (K-dimensional) SLI, we need 2 and 3(a)g; andy, are approximations t¢(x;) and f(x;),
to find the number and positions of the partition grid point€spectively; and they are obtained by 1-D piecewise linear
to be placed on the first axis. Then we need to allocate théerpolation along ther; coordinate.
number of interpolation grid points to ea¢l& — 1)-D SLI Our objective is to decompose the overall eref(x)
that corresponds to a partition grid point on the first axi§lto two parts corresponding to the errors introduced by the
Finally, we must optimally design each of the§k — 1)-D  interpolation along ther; and z; coordinates, respectively.
SLI structures. We should note that the performance of t@ accomplish this, we need to resort to the conditions for
SLI structure does depend on the order in which the axes @&ymptotic analysis, which assume that the distribution of
partitioned. For simplicity, in this paper, we assume that tHBe grid lines and grid points is dense enough difg) is
axes are partitioned in increasing order, framto zx. In  Smooth in the sense that all of its second partial derivatives are
practice, it may be necessary to evaluate the performancecentinuous so that the errors from the 1-D linear interpolation
SLI structures designed by partitioning the axes in all possibd@ adjacent grid lines are approximately the same. With this
orderings, and then picking the best one, as was doneagsumption, we define the 1-D interpolation error along the
[21] and [22] for SSQ. The asymptotic theory can be useth coordinate ofx by
to estimate the error that results with a particular ordering. - L .

In general, the minimization of MSE for the SLI structure 5 Afa(x) & ) = e~ f(xr) = - 0
is a nonlinear iterative problem, which cannot be written ithen f(x) can be written as
closed form in terms of the design parameters and placement Fron
of grid points. However, if the number of grid points is J(x) = wif(x0) w0, f(xr) = Afa(x). ®)
allowed to become asymptotically large, then we can exteliée further define the error resulting from interpolation along
the asymptotic theory in [17]-[19] to obtain an approximatthe z; coordinate as
closed-form solution. The idea behind the asymptotic theory .
is that the number of grid points is assumed to be large Afix) = [(x) = [wnf (1) + wr f (x)] ©)
enough so that the function to be interpolated is smoogm‘us’ we have
within each linear interpolation interval. Then the MSE’s f(x) = f(x) = [Af1(X) + Afa(x)] (10)
within each interpolation interval can be obtained in closed
form and appropriately summed to yield an approximation &
the overall MSE. The asymptotic analysis not only provides Af(x) = Afi(x) + Afa(x). (11)
intuition abouF the; behawor_ of the SLI, but glso can Serve as, .. . decomposition, the weighted MSE in (6) may be
a valuable guide in the design of the SLI grid structures even
if the number of grid points is small. Upper bounded as

In the remainder of this section, we assume that the function _ 2
is scalar valued. The asymptotic analysis for vector-valued &= /QW(X)[Afl(X) + ALK dx

d the total erroAf(x) is decomposed into

functions is presented in [24]. In the next subsection, we 2 )

present the error criterion used for designing the SLI structure. = Z/ W(x)[Afi(x)]" dx

Then we present the asymptotic analysis to minimize this error =174

criterion. +2 / W (x)Af1(X)Afo(x) dx (12)

Q

2

B. Error Criterion for SLI Design < 22/ W (x)[Afi(x)]? dx. (13)
i=1 7%

Suppose that the scalar-valued multidimensional function
f(x) is approximated by the SLI implementatigiix). Now Since the integrand of the cross-multiplication error term
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of (12) may be negative, it is very difficult to minimize.x axis such thatd = z; < 2 < --- < z,,, = B. By applying

Therefore, we choose to minimize the error criterion a result from numerical analysis [25], the interpolation error
2 Af(x) in each intervalz;,z;41], fori = 1,2,---,ny — 1,
Dy = Z/ W(x)[Afi(x)]? dx (14) can be expressed as
" Q
= f7(&)
since it upper bound§ /2. This choice is further justified by Af(x) = (z = i)(2 = zit1) 2 (19)

the fact that if the interpolation errorA f;(x) and Af>(x) V\ﬁleregz [:,3541] and in general depends an Then the
are assumed to be independent random variables, then t
error criterion in (15) forK = 1 can be written as

expected value of their product will be zero. Then neglecting

the approximation made in (7), the MSE will be exaciy. 1Tl pmen i )
From our experimental results in Section V, we shall see th&h = Z / W (2)[(x — z:)(x — wp)P[f ()] da.
we can significantly reduce the MSE due to the interpolation
by minimizing Ds. (20)
Generalizing the discussion aboveA6D SLI designs, we | % = (wi + zip1)/2, for i = 1,2, .0y — 1. As ny
minimize becomes large and the lengths of the interpolation intervals
K H
approach zero, we can approximdde by
Dk = Z D; (15)
i=1 17t )
where 4 Z < (2i)]
D, = / W(x)[ASf;(x)]* dx (16) o
o < / (2 — 25)(x — 2441)]? da:)

fori=1,2,---, K. Here, Af;(x) denotes the error resulting n .
from the linear interpolation along the; axis assuming - £ .
. ; ‘ 2 2|7 [Ax;]° 21

that the values used for interpolation are accurate. In some ~ 120 Z W)l (=) (A (21)
applications, it may be desirable to modify (15) by adding a
weighting factor to each of th& dimensions. where Az; = zi41 — i

In the following subsections, we present the asymptotic Now let the interpolation interval density function defined
analysis to minimize the error criterion in (15), and thereb§n thez axis bei,(z). By its definition, we have
obtain the optimal SLI design parameters and functions. We 1
will start with a 1-D asymptotic analysis, and then develop Ai(zi) = 7(711 —1)Az; (22)

the K-D asymptotic analysis. )
for i = 1,2,---,ny — 1. Then,D; in (21) can be further

C. 1-D SLI Design approximated by

In the 1-D asymptotic analysis, the placement of the grid ml . Ax;
points on a certain grid line is specified by the 1-D interpo- D1 & 120 Z Wzl (2)] ( n1 — 14 (z)]*
lation interval density function. Assume that grid points
are allocated to the finite intervald, B] on thez axis. Let ~ / W (@)[f" ()] i (23)
ns(z)dz be the number of interpolation intervals that lie in 120(n1 -1 )\1(3:)]4 )

the interval[z, z + dz]. Sincen; grid points divide the interval
[A,B] into n; — 1 interpolation intervals with grid points
at both ends of the interval, we define the 1-D interpolation (5 /v (4)[f(2)]? 5 .
interval density function on the axis forz € [A, B] as M ()]t

ny(x) B > \3/ ;B
M) = tim an W@ o
Ll S(/A ()] d) </A Ml ”) - @

Thus, for sufficiently large:;, the quantity(n; — 1)A;(x) dz
is approximately the number of interpolation intervals ifrrom (18), we have
[z, + dx]. Therefore, we have

Applying Holder’s inequality [18], [26], we have

2N

Bw f//(x)]Q /B 1 2y % ’
B RASA S VN N/ I > 5

[ nwde =1 Lo r 2|, veuren* e

A (25)
The objective of 1-D SLI design is to find the optimalnd the equality holds if
Ai(x). The derivation which follows will form the basis for W ()" ()2
the derivation of the generak-D results presented in the 3 = CAi(x) (26)
Appendix. Au(2)]

For a 1-D functionf(x) defined on the finite interval, B], for some constant’. Since the integral in the right hand side
suppose that; grid pointsz;, 1 < ¢ < np, are placed on the of (25) does not contain the design function(z), it is a
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lower bound of the integral in (23), and this lower bounérror along thez, _; direction is the second partial derivative
can be achieved by choosiig(x) such that (26) is satisfied. 9% f(x)/0z% _,, and for eachry_;, it is summarized by
Solving (26) forA; (z) and choosing constaut to satisfy the

constraint in (18), we obtain the optimaj (x) as Ai(xr, - Tri) ,
9% f(x)
w " 2y3 :/ Wix < ) dey 41 dry
M(a) = o D7 (27) oriy | Bz, ) AL
JEW @)L @)} de (31)
The resulting minimum MSE for large; is approximated by whereQ(z1, -+ -, zx_;) denotes the restricted domain gffx)
. B, with z1,---,2x_; fixed. The functionB;(z1, -, xx—;) IS
D~ 12012 (28)  the MSE resulting from theé-D SLI with xx_; fixed. From
! the recursive nature of the SLI design procedure, we know
where that the B;(x1,---,2x_;) can be defined recursively. Fol-
B 5 lowing the derivation presented in the Appendix, we define
B = / W@ @) de| . (29) Dilen, - e by
A

Bi(xy,- -, xx—i)

We see that the optimal grid point placement is determined .
by the second derivative of the function being interpolated. In = </ [Aim1(@1y - 1) T
the next subsection, we generalize this derivation to multidi- Q=)

mensional functions. itd

1

i—1
X [Bi—i(@1, .+ Tr—it1)] T2 da?K—i+1> (32)
D. Multidimensional SLI Design

For K-D, K > 2, SLI design, we define the number ofwith the base of the recursion given by
partition grid points allocated to the; axis within the finite
interval [A, B] to be n;. For example, as shown in Fig. 4, 1@y, wK-1) .

ny = 7 partition grid points are allocated to thg axis for 02 f(x) 2\ 3
a 3-D SLI. As also illustrated in the figure, each of these = / <W(x){ } ) dzr| . (33)
Q(J)l,...,l‘}(_l)

grid points corresponds to(@ — 1)-D SLI structure, and we O
use Nig_1(4), ¢ = 1,---,ny, to denote the number of grid . .
points to be allocated to thih (K — 1)-D SLI structure. The [N the following, we give the formulas foAx (1), na,
Nr_1(i)’'s should satisfy the constraint and N (i) for ¢ = 1,---,ny, in terms of Ax (1) and
By _1(x1). The detailed derivations are given in the Appendix.
Nk = Z Nr—1(2) (30) [Ap_1(x)]E+3 Sl
i=1 A (1) o <W> (34)
where N is the total number of interpolation grid points.
In our example, we havéV(2) = 18 and N»(6) = 20. For K
the placement of grid points on the, axis, we define the 71 = N¥
K-D interpolation interval density function\ (z;) similar e
to A, (z) defined in (17) for the 1-D case. The objective of ff(AK—l(-Tl)/[)\I((-Tl)]4) day
this subsection is to present closed form expressions for x ) +1
Aic(z1), and Ng_1 (i), i = 1,---,nq, in the design of ak- [ff[Bl(_l(xl)]ﬁié D (21)] 75 d$1:| =
D SLI. With these results, théK — 1)-D SLI grids may be (35)

allocated along the;; coordinate, and each of them can be

designed by recursively applying this same procedure.  \yhere “” denotes “proportional to.”
Before we can present the results, we need to define aUXgyppose that the, partition grid pointsﬁi), 1<i<n,

iliary functions Ai(azl, ERIIN .QZK_Z‘) and Bi(xl, v ,.’IZK_Z‘) for Sy

] ) e ~are optimally positioned on the; axis according to\g (z1)
1 <7< K —1. To motivate the definition of these functions

Such thatd = xg” < a:§2) < < xﬁ"l) = B. The optimal

letus cons@er ;h@(;r%r)'D subtspatce 'I,mli_gé'l_’le) V\gth number of grid points allocated to thigh (K — 1)-D SLI
L1000, T —i—1 TIXed. 10 construc a(”.—i._ )- SLISTUClUre o\ cture can be approximated by

in this subspace, we first place partition grid points on the

T —; axis and then construétD SLI grid structures for the No[Bre ONNONENCGENNE ==
subspace ifzx i1, -+, zx). Intuitively, we know that the Ny_; (i) ~ < [Bre (o )(Zl 4 )] —  (36)
MSE resulting from this(: + 1)-D SLI can be divided into P [Br_1 () (27 — 207 1)y] =7

two parts: one from the interpolation error along thg_; ‘ ‘ ‘
direction and the other from theD SLI's for the subspace in wherez{” = 4, 2™ = B, and 2" = (z{" + 2{'*V)/2 for
(zx—i+1," -+, &K ). The function that affects the interpolationi = 1,2,---,ny — 1.
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Procedure Cet_B;(z1, -, xx_i): Procedure Asymptotic SLI_Design(K, Ng):
/* Obtain B;(zy1, -,z _4). */ /* K-D SLI design by asymptotic theory. */
if K > 1 then if K > 1 then
begin ' begin
for cach x%)ﬂ |1 do approximate Ax-.1(z1) using (31);
begin Cet_Br_1(x1);
. G . .
approximate A; i(xy,---,zy’ using (31); .
i ((]-> ) Koiv1) g (31) obtain Ag (z;) using (34);
CetBii(ay, - o F1); obtain n; using (35);
end ! !
approximate By(w1,- - wx_:) using (32); position 11 grid points on x; according to Ax(z;);
d
en for i « 1 until n, do
clse .
begin begin
. btain Ny _1(z) using (36);
leulate Bi(z,, - -- S ; © KL )
caleulate By(xy, -, zx 1) using (10); Asymptotic SLT_Design(K — 1, Nic_1());
cnd
end
end
Fig. 5. Pidgin ALGOL algorithm for calculatind; (z1, -, 25 —;). clse
1 bl b 2% T begin
position N grid points on x according to Ai(z) in (27);
end

The resulting minimum MSE is given by

KBy
DZ, ~ 75/1( (37) Fig. 6. Pidgin ALGOL algorithm for the asymptotic SLI design procedure.
120N/
where grid points for the objective low-resolution grid per dimension
Ki4 on average, we do not consider the smoothness condition of
B I . . g
_ 1 E—1 the asymptotic theory to be well satisfied. Here we present the
Bic = </A [Ax—1 (@) By (2)] 7 dxl) * detailed algorithm used for implementing (31)—(36) to design

the SLI in our application. In the next section, we present

a postprocessing technique that can improve on this design
Equations (34)—(36) can guide us in optimally reducing \when the assumptions for the asymptotic analysis are not well

K-D SLI design problem into several independéht—1)-D  satisfied.

SLI design problems. In the next subsection, we will discussAssume that the original functiorfi(x) is represented by

(38)

how to use these formulas in practical applications. a high-resolution uniform grid with the distance between
adjacent grid points being. To estimate the second partial
E. Implementation Considerations derivatives 8° f(x)/dx7 on each grid point, we apply the

%tandard numerical differentiation procedure, (39), shown at

Since this paper deals with a design theory based on fhe ; ) " i
asymptotic behavior of an interpolation structure as the numkgtgfa bottom of the page. The integrals in (31)~(36) can be ap

N of interpolation grid points approaches infinity, the functioﬁroggnated bby summa_'uons.ngr examply (z1, -+, 7x-1)
F(x), x € R®, must be completely known for eashin the (33) can be approximated by

domain of the function; and'(x) should be smooth in the

sense that all of its second partial derivatives are continuous. B; (xq,---,zx_1) & Z W (a1, .. _733[(_1733%))

However, in practical applications, these conditions are usually 29

not satisfied. For example, in some cases the function and/or K —

its_partial derivatives may only be known at a set of discrete 82f(a:1,. -7371(—1737?;)) 2\ ¢

points. X 5 t h (40)
In the application we present in Section V, the function Iy

to be interpolated is represented by a high-resolution uniform '

grid (65 x 65 x 65) and our objective is to design relativelywhere (z, - - -,a:K_l,a:gf,)) denotes the set of grid points

low resolution (with number of grid points ranging fromwith z1,---,zx_; fixed. SinceB;(x1,---,2x_;) is obtained

9% to 17%) SLI grid structures to approximate the originatecursively, we present the procedure for obtaining it in Fig. 5
representation. Since our original function is itself representad a Pidgin ALGOL algorithm. The completé-D asymptotic
by a discrete grid with only four to eight times the number dbLI design procedure is given in Fig. 6.

an(X) ~ f(xl,---,xi—h,"',.’ll'[()—2f(X)+f(.’IZ'1,"',-Ti+h,"',-’1§'K)
ox2 n2

T

(39)
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IV. POSTPROCESSING move
The asymptotic analysis assumes that the number of inter- +
polation grid points is large and the function to be interpolated _ . _
is smooth. However, in practical applications, the numbery _ % x M . M B = Xy
m o m+. ] 1

of interpolation grid points may not be very large and/or
the function to be interpolated may not be very smooth. Fig. 7. lllustration of grid point rearrangement for postprocessing.
In this section, we develop a postprocessing technique to
rearrange the grid points to further reduce the MSE. Trh%
postprocessing has two components: rearrangement of aH

points on their respective axes and reallocation of grid poin{s. .o\ oved Among the,, — 2 new SLI structures resulting
Here, we assume that the original function is known at poingg, . movinc:m» =2, n1—1, we find the one which has
VAl — &y b 3

on a uniform grid with much higher resolution than thaf,g peg; e performance. If the MSE resulting from this SLI

of the .SLI .g”d ?tructutr)e. Ylve éﬁln evaluate theherror r:n rt]kﬁructure is not less than that from the original, we keep the
approx_lmatlo_n 0 :f(x) y the st_rug:ture at_t ese nig “original SLI structure and stop the grid point rearrangement
resolution grid points and then use this information to estim Cocess. Otherwise. we choose the new SLI structure and

tth overall MSE. We. first d|scu§s the. rearrangement of g &%ntinue the grid point rearrangement process until no MSE
points and then their reallocation. Finally, we present tl]ﬁ,]

I . q Similar id ! cﬁrovement can be obtained.
overall postprocessing procedure. Similar ideas were applied\;,; e generalize the procedure to handle partition grid

to improve the design of SSQ resulting from the asymptotb“oims_ Let us consider the rearrangement of grid points placed
theory [22]. on the x; axis for a K-D SLI where K > 2. The main

) ) difficulty is that a partition grid point does not map to a
A. Rearrangement of Grid Points functional output. However, we note from the discussions in

In the generalk-D SLI structure, there are two kinds ofSection 1lI-B that the purpose of optimal placement of grid
grid points: the partition grid points that are placed on thgoints on ther; axis is to minimize the MSE resulting from
z1,--,xx—1 axes and the interpolation grid points that ar@terpolation along the:; axis, assuming that the values used
placed on thery axis. There is no specific functional outpufor interpolation are accurate. Singgz) is used to denote
mapped to a partition grid point since it actually specifies the interpolated function based on the SLI structure where
subset in the domain of the function. Only the interpolatiothe interpolation in th&xs, - - -, zx) subspace withe; fixed
grid points are mapped to the functional outputs. For interpolig- not accurate, we need to define an intermediate function
tion grid points on therx axis, sincery, - -,z are fixed, fr(x) to denote the interpolation along the axis with
we can treat them the same as 1-D functions defined omjhe the assumption that the values used for the interpolation are
axis. In this subsection, we use a 1-D function to present thecurate. Suppose that partition grid pointSq:Y) are placed
procedure for rearrangement of interpolation grid points argich that:{") < =(? < ... < 2{"", then f;(x) is given by
then generalize the procedure to handle the rearrangement of ‘ ‘
partition grid points. The grid point rearrangement procedure » f(a:?*l),xa, - -a-TK) - f(a:?),xa, X -7371()
presented here is a greedy algorithm. Its purpose is to reducefl(X - 2D _ @
the error step by step until a local minimum is reached. @) ! @) !

Suppose that the 1-D functiofi(x) on [A, B] is approx- x (21— 21") + f(217 22, 7K) (42)
imated by then; point SLI implementationf(x) initially D (i41)y .
designed according to the asymptotic theor(y.)Assume {8f #1 € [xg?’$_§+ . i :(i)l’%;jri)"m — 1. Therefore, the
the n; grid pointsz;, 1 < i < ny, are placed such that MSE for theith interval [z;”, z; " /] can be written as
A=1x <22 < -+ <z, = B. We define the MSE on Ex(i) =
the ¢th interpolation intervall < i < n; — 1, as (i1

acl . 2
Tit1 . X X)— fr(x)| dxo---drg | dzy.
at = [ W - fore. @ Lp ( ey I G) = Jrt)] e f‘) 1
o (43)

To try to reduce the MSE resulting fropf{(z), we first iden-
tify the interval [z,,, £,,,41] such that&; (m) is the maximum
among the (¢)’s fori = 1,2,---,n; — 1. Then as illustrated
in Fig. 7, we move one of the nonboundary grid points
wherej # 1,11, t0 2, € (T, Zmy1), and optimally place it
so that the overall MSE resulting from this new grid structure ) . i
is minimized. Since the original function is represented by & Reallocation of Grid Points
high-resolution uniform grid, we can search the high-resolution In K-D SLI designs wherd{ > 2, we need to obtain,, the
grid points in(z,,, zm+1) to find the optimal position fot,. number of partition grid points to be placed on theaxis, and
We note that the optimal position is the samefgé m,m+1 Ng_1(i), the number of grid points allocated for th& —1)-
and can be predetermined. However, joe m or m+ 1, we D SLI structure corresponding to théh partition grid point

d to redetermine the optimal position foy because in
se situations one of the original boundarie$agf, ,,,+1]

~—

The objective of the partition grid rearrangement is to reduce
Ex (i) in the equation above; and the procedure described
earlier for rearrangement of interpolation grid points can
readily be used for this purpose by replacing (41) by (43).
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on thez, axis fori = 1,2,---,ny. These parameters can be p,, ..qure Postproc SLI Design(, M)

obtained from the asymptotic design theory. However, if the
d* K-D SL1i design by asymptotic theory with post-processing. */

assumptions for the asymptotic analysis are not well satisfie

we need to recompute these parameters using the actual MSE'S > 1 then

resulting from the initial SLI structure designed according to

the asymptotic theory.

We note from (36) of Section IlI-D that thé&Vx_1(¢)’s
depend on the error constanﬁ»_l(a:gz)). We see from (56)
of the Appendix that theBK_l(a:Y))’s are related to the MSE
Dj, resulting from theith (X — 1)-D SLI. Rearranging (56),
we have

Bie s (a9) o LWV O] DDR (037)
L K—1

(44)

where N _4(¢) is the number of grid points initially allocated
to the ith (K — 1)-D SLI. Applying this newly estimated
BK_l(a:Y)) to (36), we can obtain a new set & _;(¢) from

for pass «+ 1 until 2 do
begin

if pass = 1 then
begin
approximate Ax..1{z1) using (31);
Get_By 1(z1);

obtain Ay (x;) using (34);
obtain n; using (35); /* asymptotic theory */
end
else
begin
recompute n; using (46); /* based on current SLI */
end

position n; grid points on x; according to Ax(z1);
rearrange grid points (Sec. 4.1);

for i — 1 until n, do
begin

obtain Ng_1(i) using (36); /* asymptotic theory */
Postproc SLI_Design(K — 1, Np_(i));

Nic_1(6) = end
i . - ; i—1)\] = for i — 1 until n; d
N [Df(—l(xl(LZ))[NK—l('L)]ZL/(B 1)(75:@ - Z:(LZ ))] o 7 beginun hee
P . . L K—1" recompute Ny 1(1) using (45); /* based t SLI */
E;L;l [D;(_l (37?)) [NI(—l(j)]AL/(B_l) (251) — 251 1))] K3 Postproc_SL’I(J;esign(lgf ],NK,le(f)e); on e
d
(45) end -
else
. . . besi
Equation (45) tells us that after E-D SLI grid structure is 8 pesition Ny grid points on according to As(z) in (27):
obtained by the asymptotic theory, we can reduce the overall rearrange grid points (Sec. 4.1);

MSE by computing the actual MSE's for tii& — 1)-D SLI's end
corresponding to the, partition grid points placed on the,
axis, and using them to change number of grid points allocate. 8. Pidgin ALGOL algorithm for the overall postprocessing procedure.
to these(X — 1)-D SLI’s.

From (53) and (63) in the Appendix, we see that the integr
in (35) for the asymptotically optimat, are related toD%) _ o
andD'?, which correspond to the MSE’s resulting from linear_ T1€ overall postprocessing procedure for designing-&

interpolation along the:; coordinate and théx — 1)-D SLI SLI structure is given in Fig. 8 as a Pidgin ALGOL algorithm.

structures in théz,, - -, ) space, respectively. Therefore,Th'S procedure is recursive. The design df'eD SLI structure

by expressing the integrals in (35) in terms of the actual MSEPNtains two passes. The first pass desighis@ SLI structure

components estimated from the initial SLI structure design®dth 71 grid points allocated to the first axis wherg is
according to the asymptotic theory, we can obtain a mgw obtained by the asymptotic theory. The second pass uses (46)

aésl Overall Procedure

to obtain a newn; and designs the finak-D SLI structure.

from Within each pass, we first use the asymptotic theory to position
/ (K — 1)1#) e the ny grid .points on the first axis and then use the procedure
ny = <T‘> (n1—-1)+1 (46) described in Section IV-A to rearrange them. Next we use
Dy the asymptotic theory to allocat¥x_;(¢)’s to the (K — 1)-

D SLI's. In order to obtain a more accurate estimation of
where N _1(i)'s, we recursively apply the two-pass procedure to

ni—1 design thesé K — 1)-D SLI's. Then we use (45) to obtain the

P ~ > Exli) (47) new Nk _i(4)’s and redesign théK — 1)-D SLI's.
=1

V. APPLICATION TO COLOR PRINTER

and Dﬁ?) is given by (55) in the Appendix. Here we see that
CHARACTERIZATION AND CALIBRATION

after aK-D SLI grid structure is obtained by the asymptotic
theory, we can reduce the overall MSE by computing actualln this section, we apply the SLI technique to the problem
MSE'’s resulting from the interpolation along the direction of color printer characterization and calibration, where highly
assuming the values used for interpolation are accurate, arahlinear multidimensional functions have to be efficiently
computing the actual combined MSE from tf¥ — 1) SLI's. approximated. We first briefly introduce the printer char-
These MSE's are then used to modify the numbegr of acterization and calibration process and then present our
partition grid points allocated to the; axis. experimental results.
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printer model. In this data set, the printer input (CMY) space is

sampled on a 6% 65 x 65 uniform grid; and for each sample

point the simulated printer output vector in the CIEa*b*

space is calculated from the model. The domain of this printer

Fig. 9. Model for color printer characterization and calibration.  transfer function is a cube where ti¢ A/, and Y values

range from zero to 255. At the printer outpiit; ranges from

9 to 96,a* ranges from—62 to 80, and* ranges from—65

to 100. In this experiment, we show that if a smaller number
The basic problem of printel’ characterization and CalibratiQﬂ gnd points are used to approximate the Origina| data Set,

is illustrated in Fig. 9. Modern color management systemie appropriately designed SLI structure can greatly reduce the

require that color printers be calibrated to some standaftban squared approximation error. We present results for 1-D,
colorimetric space such as the CIEa*b* space [27]. To 2.p, and 3-D cases based on this data set.

do this, we must first determine the printer transfer function For 1-D interpolation, we letC’ = 20, M = 64, and

¥(y), wherey has the typical cyan, magenta, and yellowhtain a 1-D functional relationship between the outptit
(CMY) components of printer colorants. This is the printefajue and inputt” value from the original data set. We use
characterization process. Ongdy) is determined, we im- pine interpolation grid points to approximate the original 65-
plement a look-up table transformation to approximate ifsoint functional data, and implement the interpolation using
inverse¢(x) = ~'(x). In this way, the combined transferthe uniform grid and the SLI grid designed by the asymptotic
function of the printer system is approximately unity, angheory with postprocessing. The grid point placements for the
output printer colors may be an accurate rendering of the inpiliform and the SLI grids are shown in Fig. 10 and the error
valuesx. We note that the transfer function of a typical cologistributions resulting from them in Fig. 11. From Figs. 10(a)
printer is highly nonlinear, due to the interaction of the printegng 11(a), we see that the function is very nonlinear in the
colorants and paper substrate. The details of the color prinjgferval (200, 255) and most of the error for the uniform
characterization and calibration process are described in [§lid interpolation occurs in this interval. From Figs. 10(b) and
and some of the recent approaches to interpolating color datgh), we observe that in the SLI structure, more grid points
are presented in [28] and [29]. are allocated to this interval and the error is smaller and more
The conventional approach [9], [10] to the color printegyenly distributed than that resulting from the uniform grid.
characterization and calibration problem is to first uniformly To obtain a 2-D function ofL* in terms of M and Y,
sample the printer input (CMY) space and, in the W&*b* e let ¢ = 0. An SLI interpolation structure is designed to
space, measure the printer output at these sample poigfsproximate this function using? interpolation grid points.
Trilinear interpolation based on these measured points is thelg. 12 shows the grid structures for the uniform grid and the
used to approximate the printer transfer functigfy). To S| grid obtained by postprocessing. The error distributions
approximate the inverse printer transfer functipfx), we resulting from these structures are shown in Fig. 13. From
uniformly sample the CIEL*a*b* space and obtain the cor-these figures, we see that in the SLI grid, many grid lines are
responding CMY vectors at these sample points by applyipgaced on thels axis in the interval (200, 255). However, there
inverse tetrahedral linear interpolation [9], [10] to the forwargre only two to three grid points allocated to these grid lines.
measurement data. Trilinear interpolation based on this datgis shows that in this region, most of the nonlinearity of the
set is then used to approximatéx). function is oriented along th@/-axis. The error distribution
Instead of using the conventional approach, we can agsulting from the SLI grid is much smaller and more evenly
ply the SLI technique to both the printer characterizatiogistributed than that resulting from the uniform grid.
and calibration processes. When it is applied to the printerginally, we decompose the Xerox data set into three scalar-
characterization process, we can use the same number&fied functions withL*, «*, andb* as output values, respec-
measurement points in the printer input (CMY) space f@ely. The different interpolation schemes are used to approx-
achieve a better approximation @f(y) in terms of MSE jmate these scalar-valued 3-D functions. Here, we present in
than is possible with a uniform grid. Similarly, when appliegtig. 14 the results for the combined root mean squared (RMS)

to the calibration process, we can use the same number, 0f performance for each grid structure whexd is defined
interpolation grid points to achieve a better approximation

¢(x) in terms of the error between the input vectorand
the printed output vectog in the CIE L*a*b* space. We AE = \/(AL*)? + (Aa*)? 4 (Ab*)2. (48)

have applied the SLI technique to approximate the inverse, ., ;s figure, we observe that we can reduce the RMS error
printer transfer functionj(x) and the results are reported iny, o4 |aast three to four times with an SLI structure designed
[301-{32]. .In this section, we present FeS‘%“S for applying thﬁy postprocessing. We see that if the average number of grid
SLI technique to the printer characterization process. points per dimension is greater than nine, the SLI structure
designed by the asymptotic theory provides most of the error
reduction. However, when the number of grid points is small,

We applied the SLI technique to approximate the printéhe SLI structure designed by the asymptotic theory is not
transfer function obtained from a model [33] for a Xerox colovery effective and most of the error reduction is provided by
printer. We used a high-resolution data set generated from fhestprocessing.

Printer Transfer
Function

y(y)

L*a*b*

A. Color Printer Characterization and Calibration

B. Experimental Results
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Fig. 10. One-dimensional grid point placement for (a) nine-point uniform grid and (b) nine-point SLI grid designed by postprocessing. The grid point
are superimposed on the original function which is represented by the solid curve and the approximated function is represented by the dashed line

segments connecting the grid points.
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Fig. 11. One-dimensional error distribution for (a) nine-point uniform grid and (b) nine-point SLI grid designed by the postprocessing technique.
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Fig. 12. Two-dimensional grid point placement for (&)8oint uniform grid and (b) ®-point SLI grid designed by the postprocessing technique.

VI. CONCLUSION

sional nonlinear function using a finite number of interpolatiofierivatives of the function to be interpolated.

where the approximating functions are multidimensional linear

In this paper, we considered the problem of finding th@Plines. In the asymptotic theory, optimal values for the SLI
optimal interpolation scheme to approximate a multidimeflesign parameters are expressed in terms of the second partial

grid points. We developed an asymptotic theory of optimal The asymptotic analysis not only provides intuition about
functional approximation based on the SLI grid structuréae behavior of the SLI, but can also serve as a valuable guide
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iy,
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Fig. 13. Two-dimensional error distribution for (aj-point uniform grid and (b) 9-point SLI grid designed by the postprocessing technique.

25 In order to reduce &-D SLI into (K — 1)-D SLI's, we
] ~B— Uniform Grid divide the MSEDy in (15) into two parts, as follows:
] —@— SLI (Asymptotic)
2—_ —A— SLI (Post-processed) DK = Dg) —+ D&?) (49)
] 53 \ | WhereDg) and Dg) correspond to the MSE'’s introduced by
g ; the linear interpolation along the axis and by thé K —1)-D
% 1 SLI structures in thez,,-- -,z ) space, respectively. They
15 \\ are given by
] 1
0.5 A\\ \N\\ P = Ds 0
] \A\\lb\\. and i
4 \i\: K
% N N SN S A it DY =3" b (51)
53 103 153 203 253 303 353 i=2
Grid Size

where theD,’s are defined in (16).
Fig. 14. RMSAFE performance for 3-D interpolations. We see from (16) thatDﬁ}) is the weighted integral of
Afi(x), which is the error resulting from linear interpolation

in the design of the SLI grid structures even if the number ggong tfgie)azl coqrdlnate. Suppose that thg pa.lrtmon grid
z1’, 1 <4 < nyq, are placed on the; axis such that

grid points is small. To further improve the MSE pen‘ormanc@Olnts (

1 2 n L .
of the SLI structure, we developed a postprocessing techniqe= 1 V<o << af 1(1):(5_-1)5”“”“ to (19) in
to fine-tune the grid point placement when the assumptions fogction IlI-C,Af;(x) for z; € [#;”, ;'] can be expressed
the asymptotic analysis are not well satisfied. as

We applied the SLI technique to approximate a very non-
linear color printer transfer function. Our experimental resulté f1(x) =
showed that by using the appropriately designed SLI structure,
we can significantly improve the MSE performance over the
conventional uniform grid. where ¢ e [2{7, ("] and in general depends on.
Following the procedure for deriving (23) in Section III-C,
we can obtain

APPENDIX 1 B Ap_1(z1)
(1) K—1(Z1
MULTIDIMENSIONAL ASYMPTOTIC ANALYSIS Dy =~ 120(ny — 1)4/A i ()] dy. (53)

SinceDﬁ?) does not depend o f(x), we rewrite it as

an(SjEZ)v T2y, xK)
dx?

1 i i
ey ) o1 2
(52)

The objective of this appendix is to show that (34)—(38)
presented in Section IlI-D are valid. From the discussions in
Section l1ll, we see that the SLI design process is recursive. B[ K
Here, we will show that if aK-D, K > 2, SLI structure Dg):/ < W) AS(X) doy -+, doy | dey.
with N grid points is recursively reduced to 1-D SLI's using
the formulas (34)—(36) and the 1-D SLI's are designed usin , G . (54)
(27) in Section IlIl-C, then the MSE resulting from the- ere, we observe that ik, = ;7 ¢ = 1,---,n, then
D SLI is minimum and is given by (37)—(38). From (28) ofthe integrand of the outer integral is the MSIEK_l(a:f))
Section III-C, we see that (37) is valid fdt — 1 whereB, of the (X — 1)-D SLI located at partition grid point:".
is given by (29). We will use mathematical induction to showet 2 = 4, 2™ = B, and 2" = ({? + 2{*)/2 for
that (37)—(38) are valid forg > 2. 1=1,2,---,n1 — 1, as presented in Section IlI-D. Now we
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assume that asymptotically the number of grid points onthe for ¢ = 1,2,...,n1, and a constant’;. Therefore, we have
axis becomes very large and the interpolation intervals become

very small. Therefore, the distance between consecufiVs (2 (K —1)

will become very small, and we can approximate the outer 1205/~

\%

integral in (54) by a summation . Kis
y ny ] ] - X <Z [Blf—l(xgi)) (ZZEZ) — ZY-l)):I K+3>
DY ~ ZDK_l(wY)) (A7 = 27Y). (55) =t o
= _ - i [Bra (21”)]
Suppose thafVx_; (i) is the number of interpolation grid 120N/ E=D | (29 — 2071 <73
points allocated to th¢K — 1)-D SLI located atz(”. Now K43
we assume that thek’ — 1)-D SLI's are optimally designed G (-1
according to the asymptotic theory and the results in Section X (751 -4 ) : (61)
[I-D are valid for (K — 1)-D SLI's. By comparing (32)

for i = K — 1 and (38) in Section IlI-D, we see that the
BK_l(a:Y)) defined in (32) is the error constant for thi
.. @)y ; .
(K —1)-D SLI. Therefore, the minimur® _;(x;") is given @ (-1) 1 62
by 21 21 ~ O ( )
(711 d 1))\]( (a:l )

By the definition of Ak (z1), we have

(K — 1)31(_1(37?)) &) Substituting this into (61), we obtain

D4 (xgz)) ~

~ 120 N]'— 4 4/(K-1)" - n1
[Ni—1(4)] @ 5 H = D(m _ Y- 3 (B (x(i))]g;;
K= 120N/ =D o

Substituting this into (55), we have K43
Pl (40 - 7))

ny — 1 4 B K—1
K /

K13 B (o) (217 = 4477)
120 i=1 [N _1()]¥ -1

DE,?) ~ (57)

~(K-1)
assuming that th¢ X — 1)-D SLI's are optimally designed

according to the asymptotic theory. We apply the discrete (k43)] 7T
version of Hblder’s inequality [26] to obtain 4
X [)\K(a:l)] K+3 da:l (63)
S U ]
=1 [Ng_1 ()]¥/(K-1) K-l Therefore, we have
ny i i i—1 fe= B
< Z Bls’—l(xg)) (Zg) _’ 25 )) i Dy > 1 - / AI(($1)4 dx,
“\Z [Nea@YE-D 120(n1 = 1)* Sy [Ar(21)]
n1 KiS (711 - 1)4 o g_?l,
x [ZNK_l(i)] . (58) =D 0w </A Brealonl
=1
] (K+3)] K-t
Applying (30), we have y [)\K(a?l)]%“ da?l) ] ' (64)

$5 B (o) () — )
[N[(_l(i)]4/(l(_l)

=1

Applying the inequality for weighted means [26] to the right

N x+s  hand side of (64), we can obtain
1 - i (G imy sty
2 E=D <Z [Blf—l(xg )) (ZJE - Z:E 1))] i ) 1
N ‘ B K14
K =1 D[’ > K / A[{(.’L’l) d.’L’l
L -
(59) 120NYE\ | /a4 P(e)]t

and the equality holds if 7

i
w

X

/ [Bre—1(21)] 57 i (1)) ©55 dxll

T4

B o) (49— 671 | \ )
- =C1Ng_1(1 60

[N -1 (4)]4/ (K= 1Nx-1(2) (60) ©5)
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and the equality holds if the constraint 7
1 / AK(.’El) o (711 - 1)4/(1(_1) 8]
1200 — D* Sy D)l T 1208 YD
5 L 2 g
<\ [ Bra @) R D) dn | 69)
A [10]
is satisfied. Applying Blder’s inequality to the right-hand side
of (65), we have (11]
[12]
K
Dk > K
120N/ [13]
B =
1 K—1 14
* / [Ax (21)] =7 [Bi (z1)] <7 dy 1
A
(67) [5]
and the equality holds if the constraint [16]
Ag(71) K—1 4
—— 2 = Cy[Bg_ K¥3 [Ag K43 68
A (z1)]* 2[Br—1(21)] A (z1)] (68) [17]
[18]

is satisfied for some constant,.

We see that the right-hand side of (67) does not contajy;
the K-D SLI design parameters and functions. So it is a
lower bound forDy in (49). In order for this lower bound to (20]
become the minimum dPg, the equalities in (59), (65), and
(67) have to hold simultaneously. Therefore, the constraints in
(60), (66), and (68) must be satisfied simultaneously. Solvir%1
(68), (66), and (60), we obtain the optimAl-D SLI design
criteria (34)—(36) in Section 1lI-D. By comparing (67) with[22]
(37)—(38) in Section IlI-D, we see that (37) is the minimu 3]
of Dk . Therefore, we have recursively shown that (34)—(38)
in Section IlI-D are valid forK > 2.

[24]
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