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A Multiscale Random Field Model
for Bayesian Image Segmentation

Charles A. Bouman, Member, IEEE, and Michael Shapiro

Abstract—Many approaches to Bayesian image segmentation
have used maximum a posteriori (MAP) estimation in conjunction
with Markov random fields (MRF). Although this approach per-
forms well, it has a number of disadvantages. In particular, exact
MAP estimates cannot be computed, approximate MAP estimates
are computationally expensive to compute, and unsupervised
parameter estimation of the MRF is difficult.

In this paper, we propose a new approach to Bayesian image
segmentation that directly addresses these problems. The new
method replaces the MRF model with a novel multiscale random
field (MSRF) and replaces the MAP estimator with a sequential
MAP (SMAP) estimator derived from a novel estimation criteria.
Together, the proposed estimator and model result in a segmen-
tation algorithm that is not iterative and can be computed in time
proportional to MN where M is the number of classes and N is
the number of pixels. We also develop a computationally efficient
method for unsupervised estimation of model parameters.

Simulations on synthetic images indicate that the new algo-
rithm performs better and requires much less computation than
MAP estimation using simulated annealing. The algorithm is
also found to improve classification accuracy when applied to
the segmentation of multispectral remotely sensed images with
ground truth data.

I. INTRODUCTION

ARALICK and Shapiro have suggested that a good

segmentation of a image should separate the image into
simple regions with homogeneous behavior [1]. In recent
years, many authors have used Bayesian estimation techniques
as a framework for computing segmentations that best com-
promise between these two opposing objectives [2]-[4]. These
methods model the shape of segmented regions in addition
to the behavior of pixels in each homogeneous region. The
segmentation is then computed by estimating the best label
for each pixel.

A number of estimation techniques and region models have
been used for the Bayesian segmentation problem. Typically,
the labels of image pixels are modeled as a Markov random
field (MRF) or, equivalently, as a Gibbs distributions [5].
These models are used because they only require the spec-
ification of spatially local interactions using a set of local
parameters. This is important since spatially local interac-
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tions result in segmentation algorithms that only require local
computations. Most often, the image is then segmented by
approximately computing the maximum a posteriori (MAP)
estimate of the pixel labels.

These statistical approaches to segmentation provide an
important framework and have improved results in the applica-
tion of segmentation to natural scenes [6], tomographic cross
sections [7], texture images [2], and multispectral remotely
sensed images [8]-[11]. However, the approach has a number
of important disadvantages.

Computing the MAP estimate requires the minimization of
a discrete functional with many local minima. Exact mini-
mization is intractable; therefore, methods for approximately
minimizing the true MAP estimate must be used. These meth-
ods include simulated annealing [12], greedy minimization [3],
dynamic programming [4], and multiresolution minimization
(13]-[16]. However, all of these approaches require approx-
imations in the 2-D case and are either iterative or very
computationally expensive.

The MRF model has a limited ability to describe large scale
behaviors. For example, we may know that segmented regions
are likely to be at least 50 pixels wide. However, it is difficult
to accurately incorporate this information by specifying the
interactions of adjacent pixels. The model can be improved by
using a larger neighborhood for each pixel, but this rapidly
increases the number of parameters of interaction and the
complexity of the segmentation algorithms. The fundamental
limitation of local models is that they do not allow behavior to
be directly controlled at different spatial scales. This is of criti-
cal importance since scale variation occurs naturally in images
and is important in quantifying image behavior [17], [18].

The MAP estimate does not have desirable properties for
the segmentation problem [19], [20]. The MAP estimate
minimizes the probability that any pixel in the image will
be misclassified. This is an excessively conservative criteria
since any segmentation algorithm is likely to result in some
misclassified pixels. In practice, it has been noted that MAP
estimation has some undesirable global properties that may
actually make an approximate minimization more desirable
[3], [20]. For example, in multiresolution segmentation, MRF
correlations parameters were found to increase at coarser
scales [14], [15]. This is counter to the physical intuition that
coarser sampling should produce less correlation.

The maximizer of the posterior marginals (MPM) esti-
mator has been suggested [19] as an alternative to MAP
estimation since it minimizes the probability of classification
error. However, it may only be approximately computed in
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a computationally expensive procedure similar to simulated
annealing. In addition, the MPM criteria does not consider
the spatial placement of errors when distinguishing among the
quality of segmentations.

Finally, parameter estimation of MRF’s is difficult. When
parameters are above the ‘“critical temperature,” there may
be no consistent estimator as the image size grows to in-
finity [21]. Methods have been developed to estimate MRF
parameters from images being segmented [22], but they are
computationally expensive.

In this paper, we attempt to address these difficulties by
introducing a new approach to Bayesian image segmentation.
This method replaces the MRF model with a novel multiscale
random field (MSRF) and replaces the MAP estimator with
a sequential MAP (SMAP) estimator derived from a new
estimation criteria. Together, the proposed estimator and model
result in a segmentation algorithm that is not iterative and
can be computed in time proportional to M N, where M is
the number of classes and N is the number of pixels. We
also develop a method for estimating the parameters of the
MSRF model directly from the image during the segmentation
process. This allows images with differing region sizes to be
segmented accurately without specific prior knowledge of their
behavior.

The MSRF model we propose is composed of a series of
random fields progressing from coarse to fine scale. Each
field is assumed to only depend on the previous coarser field.
Therefore, the series of fields form a Markov chain in scale
or resolution. Further, we assume that points in each field are
conditionally independent given their coarser scale neighbors.
This leads to a rich model with computationally tractable
properties. In fact, Luettgen et al. have shown in independent
work that models similar to the MSRF actually include MRF’s
as a subclass [23].

In earlier work, Chou, Willsky, Benveniste, Basseville,
Golden, and Nikoukhah [24]-[28] have shown that Markov
chains in scale can be used to model continuously valued
Gaussian processes in one and two dimensions. This work
has resulted in fast algorithms for problems such as optical
flow estimation [29]. Estimation for these models is performed
using a generalizations of Kalman filtering [26]-[28]. This
approach is ideal for Gaussian models since the MAP, condi-
tional mean, and minimum mean squared estimates coincide
and may be computed using only recursively computed first
and second-order statistics. However, since our model requires
discrete values to represent pixel classes, these methods are
not applicable.

The MSRF model has a number of advantages over fixed
scale MRF’s. The Markov chain structure facilitates straight-
forward methods for parameter estimation since it eliminates
difficulties with intractable normalizing constants (partition
functions) found in MRF’s. Yet, the model does not impose
an unnatural spatial ordering to the pixels since the Markov
chain is in scale. In addition, since explicit parameters are
available to control both coarse and fine scale behavior, the
MSRF model can more accurately describe image behavior.

The SMAP estimation method results from minimizing
the expected size of the largest misclassified region. This is
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accomplished by assigning progressively larger cost to errors
at coarser scale. Intuitively, the criteria accounts for the fact
that an error at coarse scale is more grievous since it causes the
misclassification of many pixels. The SMAP criteria results in
a series of optimization steps going from coarse to fine scale.
At each scale, the best segmentation is computed given the
previous coarser segmentation and the observed data. Each
maximization step is computationally simple and noniterative
if the region parameters are known. The complete procedure
is reminiscent of pyramidal pixel linking procedures [30],
[31] but requires local computations much like those used in
Bayesian networks [32].

If the region parameters are unknown, they may be esti-
mated using an iterative procedure at each scale. This iterative
procedure, based on the expectation maximization (EM) al-
gorithm [33], is implemented by subsampling the image.
Therefore, parameter estimation only increases the required
computation by approximately a factor of two.

Finally, we note the multispectral SMAP segmentation
algorithm is available in the geographical resources analysis
support system (GRASS) Version 4.1 [34]. GRASS is a public
domain geographic information system (GIS).

Section II describes the general structure of our segmenta-
tion approach, whereas Section III develops the detailed seg-
mentation formulas. Finally, Section IV applies the algorithm
to both synthetic images and remotely sensed multispectral
images with corresponding ground truth data.

II. MULTISCALE SEGMENTATION APPROACH

The random field YV is the image that must be segmented
into regions of distinct statistical behavior. (We use upper
case letters to denote random quantities, while lower case
letters denote the corresponding deterministic realizations.)
Individual pixels in Y are denoted by Y, where s is a member
of a 2-D lattice of points S.

The basis of our segmentation approach is a hierarchical
or doubly stochastic model as shown in Fig. 1. This model
assumes that the behavior of each observed pixel is dependent
on a corresponding unobserved label pixel in X. Each label
specifies one of M possible classes, each with it own statistical
behavior. The dependence of observed pixels on their labels is
specified through py.(ylx) the conditional distribution of ¥’
given X. Prior knowledge about the size and shapes of regions
will be modeled by the prior distribution p(z).

Since a variety of features can be used with this approach,
it is a general framework for the segmentation problem.
For the texture segmentation problem, a stochastic texture
model can be used for p,.(y|z) [4], [35), [15), or texture
feature vectors can be extracted at each pixel [36]-[38] and
modeled with a multivariate distribution. However, we will
use segmentation of multispectral remotely sensed images as
the target application for our examples. In this case, each pixel,
Y,, will be a vector of D spectral components.

In the following sections, we first describe the general
structure of a MSRF model for p(z), and we develop a
sequential MAP estimation approach for computing the best




Y - Observed image containing
four distinct textures

X - Unobserved field containing
the class of each pixel

Fig. 1. Structure of a doubly stochastic random field used in segmentation.
The behavior of the image (e.g., texture, gray scale, color, or multispectral
values) given the class labels is defined by the conditional distribution
Py {9lx). Priorinformationis contained -in-the distritution - of - the - elass
labels p(x).

Fig. 2. Pyramid structure of the MSRF. The random field at each scale is
causally dependent on the coarser scale field above it.

segmentation. The detailed models and recursion formulas
resulting from this framework are then derived in Section III.

A. Multiscale Random Field Model

In this section, we develop a multiscale random field
(MSRF) model composed of a series of random fields at
varying scales or resolutions. Fig. 2 depicts the pyramid
structure of the MSRF. At each scale, n, the segmentation
or labeling is denoted by the random field X (™, and the set
of lattice points is denoted by S(*). In particular, X(© is
assumed to be the finest scale random field with each point
corresponding to a single image pixel. Each label at the next
coarser scale X (1) then corresponds to a group of four points
in the original image. Therefore, the number of points in S(1)
is 1/4 the number of points in S,

The fundamental assumption of the MSRF model is that
the sequence of random fields from coarse to fine scale form
a Markov chain. Therefore, the distribution of X (™) given all
coarser scale fields is only dependent on XtV This is a
reasonable assumption since X ("*1) should contain all the
relevant information from previous coarser scales. Formally,
this Markov chain relation may be state as

P(X(") =z X0 =075 n)
_ P(_X(n) — m(")lX(n+1) — :L'("+1))
= Patofatesn (2|2 HD), M

Correspondingly, the exclusive dependence of ¥ on X (@
implies that

P(Y € dy|X™ n > 0) = P(Y € dy|X©®)
= Pyl (y]2'?). 2
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The joint distribution of X and Y may then be expressed as
the product of these distributions

P(Y edy,X = 1)

L-1
= py[m(o)(y"r(m){ H Pz(n)|g(ntn) (l(n)|x(n+1))}

n=0

ot (z2)

where L is the coarsest scale in X. This Markov structure
in scale has the isotropic behavior associated with MRF’s,
but in -addition, the causal dependence in .scale results in a
noniterative segmentation algorithm and direct methods of
parameter estimation.

B. Sequential MAP Estimation

In order to segment the image Y, we must accurately esti-
mate the pixel labels in X. Bayesian estimation techniques are
the natural approach since we have assumed the existence of a
prior distribution p(z). Generally, Bayesian estimators attempt
to minimize the average cost of an erroneous segmentation.
This is done by solving the optimization problem

& = argmin E[C(X. )Y = 1] )

where C(X, z) is the cost of estimating the true segmentation
X by the approximate segmentation z. Notice that X is
a random quantity, whereas z is a deterministic argument.
Of course, the choice of the functional C(-,-) is of critical
importance since it determines the relative importance of
errors.

In order to understand the deficiencies of the MAP estimate,
we will first look at the assumptions of its derivation. The
MAP estimate is the solution to (3) when the cost functional
is given by

Cyvap(X,z) =1~ 6(X —z)

where §(X — z) is 1 when X = z and 0 otherwise. Since
Cvap(X,z) = 1 whenever any pixel is incorrectly labeled,
the MAP estimate maximizes the probability that all pixels
will be correctly labeled. Of course, a segmentation need
not be completely accurate at all pixels to be useful. Even
good segmentations will normally have erroneously classified
pixels along region boundaries. This is particularly true in
high-resolution images where the misclassification of a single
pixel is not significant. Therefore, the MAP estimate can be
excessively conservative [19]-{20].

The implications of the MAP criteria appear even more
inappropriate for the estimation of the MSRF introduced in the
previous sections. The cost function used for MAP estimation
of a MSRF-is

CVMAP(AX7 1') =1- 6(X — (II)

L
1- [ s(x™ —2™).

n=0

This cost function is 1 if a labeling error occurs at any scale n
of the segmentation. Consequently, this function assigns equal
cost to a single mislabeled pixel at n = 0 or the mislabeling
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of approximately 256 pixels at n = 4. This cost assignment
is clearly undesirable.

Ideally, a desirable cost function should assign progressively
greater cost to segmentations with larger regions of misclas-
sified pixels. To achieve this goal, we propose the following
alternative cost function:

L
CSMAP(X,.T) = l + Z 2"’1Cn(X,x)
2 n=0

where

L

Co(X,z) =1- J] 6(XD — 2®).

1=n
The behavior of Cgyap is solely a function of the coarsest
scale K that contains a misclassified pixel. More precisely, let
K be the unique scale such that X (%) £ £(K) put X® = z(®
for all ¢ > K. Then, the functions C,, are given by

_ 1 ifn<K
C”(X’:”)‘{o ifn>K

and the total cost is given by Csyap(X, z) = 2K This error at
scale K will generally lead to the misclassification of a group
of pixels at the finest scale. The width of this misclassified
group of pixels will be approximately 2% = Cspyap(X, ).
Therefore, the SMAP cost function has the following intuitive
interpretation:

Csmap(X, z) = width of the largest grouping
of misclassified pixels.

We can determine the estimator which minimizes this pro-
posed cost by evaluating (3).

& = arg min E[Csmap (X, 2)[Y = y]

L
= argmrin Z 2”“1{1 ~P(X®D =204 >qly = y)}
n=0

L
= arg maxz 2"P(XD =2 i > ny =y).
n=0

Since the random fields X (™ form a Markov Chain, we will
compute this estimate recursively in the scale parameter n.
This is done by assuming that Z(*) has been computed for
i > n and using this result to compute Z(™. In Appendix
A, we show that this recursive approach yields the following
expression for the solution:

#™ = arg max
z(n)

{108 pacorjacoen (@D ) + ()}
where £ is a second order term which may be bounded by
0< &) < max Patr-1jatm (2D y) < 1.
x(n—
Table I gives computed upper bounds for £ as a function
of scale. (Details of the computation are given in the Section

IV). For our problem, the approximation that £ < 1 is very
good. To see this, notice that z(*~1) is an interpolation of the
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TABLE I
UPPER BOUND OF ERROR TERM & AS A FUNCTION OF SCALE FOR
THREE 512 x 512 IMAGES. AT MODERATE AND FINE RESOLUTIONS, THE
CORRECT SEGMENTATION IS UNCERTAIN AND £ VERY SMALL.

Scale  Pixel Size : Bound on & :

image | image 2 image 3
0 1x1 0 0 0
1 2%x2 10—1114.22 10—1642.87 10—1073.88
2 4%x4 10—272.98 10—501.67 10—283.79
3 8 x8 10—61.82 10—136.86 10— 7561
4 16 x 16 10-7-96 10-19.13 10—12.04
5 32 x 32 10—1-16 10—3-13 10253
6 64 x 64 10—1-72 10—0-55 10—1-11
7 128 x 128 10—0.0L 10—-0.0L 10—0.01
8 256 x 256 10—0-.00 10—0-00 10-0-00

coarser segmentation (™), given the image y. Normally, there
will be many pixels in the interpolation z("=1) for which the
correct labeling is uncertain. This is particularly true around
the boundaries of objects. Since the number of unique labeling
combinations for these pixels is enormous, the probability
of any particular combination will be small. In fact, for the
models we will use, this probability goes to 0 as the number
of pixels N increases. Therefore
lim £(z) =0.
N—ooo
At very coarse scales, the number of labels becomes small,
and often, only one reasonable interpolation will exist (i.e.,
& ~ 1). However, in this case, the correct labeling of pixels
at the coarser scale n must also be unambiguous, and any
reasonable estimator should have good performance.
Ignoring the contribution of £ results in the following
recursive equations:

A(L) _ (L)

# = arg maxlog pacuyyy (2]y)

2™ = arg max 10g Prinygintn) y (f(")lﬁ(nﬂ)» y)‘
oim

The recursion is initialized by determining the MAP estimate
of the coarsest scale field given the observed data. The
segmentation at each finer scale is then found by computing
the MAP estimate of X, given 2("*1) and the image y.
Due to this structure, we refer to this estimator as a sequential
MAP (SMAP) estimator.

By using Bayes rule, the Markov properties of X, and
assuming that X ) is uniformly distributed, the SMAP re-
cursion may be rewritten in a form which is more easily
computed.

50 = argmaxlog py o (y/27) “@
ma
™ = arg max {10g py a0 (y]2(™)
z(n) !
108 P, ot (D) ] (5)

The two terms in (5) play roles analogous to those of the likeli-
hood function and prior distribution in conventional Bayesian
estimation. The first term of the maximization gives the
likelihood of the observed data y, given the labeling at scale
n. The second term of the maximization embodies the a priori
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information about the behavior of X. Therefore, this term
biases the solution to favor segmentations with large regions
and smooth boundaries.

The SMAP estimator has a number of additional advantages.
In the next section, we will introduce specific models so
that each optimization step of (5) may be computed with a
single noniterative pass. This is in contrast to the MAP and
MPM estimators, which require computationally expensive
iterative optimization methods [12], [3], [19). Further, the
SMAP estimator has a subtle advantage over MPM. The
MPM method chooses each pixel individually to minimize
the probability of error. However, it does not consider the
spatial placement of errors. Since the SMAP method attempts
to minimize the spatial size of errors, it will tend to generate
a subjectively more desirable segmentation.

III. SEGMENTATION ALGORITHM

In this section, we define the specific models we will use
for Y and X. This will be done by specifying the condi-
tional density py |, (y|z®), together with the coarse to fine
scale transition densities px(n)|z<n+1)(a:(")lm("“)). We then
develop an adaptive segmentation algorithm that estimates the
parameters of the MSRF during the segmentation process.

For the multispectral segmentation problem, we restrict
ourselves to models with observed pixels that are conditionally
independent given their class labels. This implies that the
spatial texture of regions will not be used as a discriminating
feature. Instead, we shall rely on the multispectral characteris-
tics of classes to discriminate distinct regions. This approach is
supported by the fact that spatial correlation has been found to
be weak within regions of multispectral images corresponding
to a single ground cover [39], [40]. Using this assumption, the
conditional density function for the image has the form

Py (¥lz®) = ] »
s€5(0)

o0 Wsl2Y)

where pys\m(so)('lk) is the conditional density function for an
individual pixel given the class label k. Since each pixel
is composed of D multispectral components, P, (o)( [k) is
a multivariate density function. We will use a multlvanate
Gaussian mixture density in numerical experiments, but other
distributions can just as well be applied.

More generally, the methods used throughout this paper are
applicable to any model that can be expressed in the form

> L(ylal) + c(y).

s€S(0)

lOg py\w(o) yI‘II;(O)

where the functions /; depend on all of ¥, and c is an arbitrary
function of y. This type of model has been used extensively
in texture segmentation applications [4], [41], [35], [15].

We will restrict our choice of models for X to have two
important properties. First, the pixels in X(") will be condi-
tionally independent, given the pixels in X 1), Second, each
pixel X §") will only be dependent on a local neighborhood
of pixels at the next coarser scale. This set of neighboring
locations to s will be denoted by Js. Based on these properties,

1EEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 3, NO. 2, MARCH 1994

(@) (b)

Fig. 3. (a) Quadtree structure used for MSRF model; (b) 1-D analog to
quadtree structure.

the transition distribution from coarse to fine scale must have

the form
+1
Do) |zn41) (T ™|z D) = H D (")lw("+l) ’lzg; )
s€S(n)
where p 2 () o) is the probability density for ™ given its

neighbors at the coarser scale z("H)

These two assumptions assure that the pixels in (™ will
be conditionally independent, given the pixels in z(™+1),
However, we note that nearby pixels in z(™) may still be highly
dependent since they will share coarser scale neighbors.

The choice of neighborhood Js for the pixel s is im-
portant since it will define the structure of our multiscale
pyramid. We will employ two types of neighborhoods. The
first corresponds to a quadtree structure and allows simple
and exact calculation of the SMAP segmentation. The second
neighborhood corresponds to a more general graph structure
and can account for more complex interactions that occur
across blocks of the quadtree. Therefore, this model pro-
duces smoother, less blocky segmentations. Unfortunately, the
graph structured pyramid does not allow exact calculation
of the SMAP estimator. Therefore, a hybrid model, which
incorporates both the quadtree and graph structure is used to
approximate the exact SMAP estimate.

A. Quadtree Model

The first pyramid structure that we consider is based on a
conventional quadtree. The structure of the quadtree is shown
in Fig. 3(a), and the 1-D analog is shown in Fig. 3(b). Since
this is a tree structure, each point in the pyramid is only
dependent on a single point at the coarser scale. This coarser
scale neighbor of a point s is called the parent of s and will
be denoted by the function d(s). In a similar vein, the nth
successive parent of a point will be denoted d"(s), and d~"(s)
will be the set of all points which occur n levels down from
s in the tree structure.

We choose the following transition function to model the
probability that X s(") has class m, given that its parent is of
class k.

)
M

where 0, i is the unit sample function, and M is the number of
possible classes. The parameter 8, ¢ € [0,1] is the probability
that the labeling will remain the same from scale n+1 to n. If
a class change does occur, it is equally likely to be any one of

Px(sm\z(amn(mlk) =0n,00m 1 + (6)
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the remaining class types. At fine resolutions, the neighboring
pixels are more likely to have the same class. Therefore,
fn,0 will generally be an increasing function of resolution
(decreasing function of n). Notice that this distribution only
depends on the the scale n through 6, o but does not depend
on the particular pixel s.

An important property of the quadtree structure is that the
conditional distribution of Y, given X (™ has a product form
that may be computed using a simple fine-to-coarse recursion.
Let yi”) be the set of leaves of the quadtree that are on the
branch starting at s € (™). Specifically, ys ={y, : d"(r) =
s}. In Appendix B, we show that the conditional density for
Y given X has the product form

Pylecn (ylzt™) = 11 Py e M) )
ses(n)

Furthermore, the density functions Py () May be computed
using the following recursion, where M is the number of class
labels.

Py gm0 (B [R)

M

H Z p <n)‘m<n>(.% )Im) P n>|z<n+1)(m|k) ®)

red—1(s) m=1

In practice, dynamic range considerations mandate that the log-
arithm of these functions be computed and stored. Therefore,
we define the log likelihood function

(k) 2 log p oy o0 (457 )

where the dependence on y is suppressed for clarity. Substi-
tuting the transition distribution of (6) into (8) and converting
to log likelihood functions yields the new recursion

10(k) =logp, | o (ys|k)
> log {9 exp{l™ (k)}
red-1 (s)

]-_anO M

-0 (n)
+ i exp{l; (m)}} )

K40 (k) =

m=1

To perform the SMAP segmentation, we must compute these
log likelihood functions at every point in the quadtree. The
number of points in the pyramid is approximately given by
43 , where N is the number of pixels at the finest scale. Since
each of the log likelihood functions may be stored in the form
of M numbers, the total required storage is approximately
(4MN)/3. Because the second sum of (9) is not a function
of k, each log likelihood function can be computed in time
proportional to M. Therefore, the total computation time for
evaluating the log likelihood functions is O(M N).

We note that in the limiting case of 6,0(k) =
recursion reduces to simple averaging.

(k)= 3 1Mk

red=—1(s)

1, the

This is equ1valcnt to assuming that all the pixels in the block of
pixels yg *1) must have the same label. Of course, this is often
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not the case since some of pixel blocks are likely to fall on
region boundaries. These blocks then have a mixture of pixels
from the two regions. Therefore, simple averaging can cause
pixels on region boundaries to be misclassified. This is particu-
larly true if the statistical average of the two regions appears to
have characteristics of a third class. Another advantage of the
more accurate recursion (9) is that a small group of anomalous
pixels will not adversely effect the classification of a large
region. Simple linear averaging of the log likelihood function
tends to be easily biased by a few pixels that are statistical
outliers, whereas the more accurate recursion is robust to such
eITOrS.

Once the likelihood functions are computed, the SMAP
segmentation may be efficiently computed using (5).

#m —argmax Z {lg")(xg"))
s€S(n)

+ log CRGINCERS (z(™ ‘j(argﬂ))}

This expression is easily evaluated by minimizing with respect
to each pixel individually

¢ {1 (k) + log p, g s oen (KlEG ) ).
10)

This coarse-to-fine segmentation operation requires order
O(MN) computation time. Therefore, the complete segmen-
tation process consists of a fine-to-coarse and a coarse-to-fine
operation, each of which require O(M N) computation.

Although the quadtree model results in an exact expression
for computing the SMAP segmentation, it does not completely
capture some aspects of image behavior. In the following
section, we introduce an augmented model which improves
on the quadtree.

B. Pyramidal Graph Model

An important disadvantage of the quadtree model is that
pixels that are spatially adjacent may not have common
neighbors at the next coarser scale. Therefore, the model does
not enforce continuity of region boundaries when they pass
across branches of the quadtree. For example, if the image is
broken into four quadrants at the second level of the quadtree,
then a region boundary will not be constrained to be smooth
as it passes from one of these quadrants to the next.

This weakness may be corrected by increasing the number
of coarse scale neighbors for each pixel. Such a pyramidal
graph structure is shown in Fig. 4(a), and an analogous one
dimensional graph is shown in Fig. 4(b). Notice that each point
has three neighbors at the next coarser scale.

In order to express the positions of these neighbors, we
explicitly denote a pixel at scale n as s = (i,j), where
¢ and j are the row and column indices starting at 0 and
ranging through the width minus one and the height minus
one, respectively. The three neighbors at scale n + 1 may then
be computed using the function odd(z) = 1 if 7 is odd and —1
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(a) (b)

Fig. 4. (a) Augmented pyramidal graph structure used for MSRF model; (b)
1-D analog of pyramidal graph structure.

if ¢ is even and the greatest smaller integer function |-|.

sv=(li/2], l5/2])
s2 = (1i/2], [5/2]) + (odd(3),0)
s3 = (1i/2], 1i/2]) + (0, 0dd(5)).

The transition function that we choose for this pyramid
graph is a natural extension of the transition function used
for the quadtree-based model.

ﬁz(&")]:rgfrl) (m|z, Js k)

= P(X( = m|X{D = 6, X+ = j, X (4D = )

= 6"7'1(35,,1,1- + 26m 5 + 26m k) + 1—]\3"1 (11)
Notice that we use the notation § to distinguish from the
transition distribution used for the quadtree model. As with
the quadtree model, the parameter 6, ; € [0, 1] determines the
probability that the label of the fine scale point will be the
same as one of the coarser scale points. Conversely, 1 — 6, 1
is the probability that a new label will be randomly chosen
from the available labels.

The disadvantage of the pyramid graph structure is that the
likelihood function for the labels does not have a product form
as was the case for the quadtree in (7). Therefore, there is
no simple fine-to-coarse recursion with the form of (8) for
computing the likelihood of the image y, given the labels z(™),

For computations at a single scale n, this problem may be
circumvented by assuming that the pyramid has a quadtree
structure for scales finer than n and a graph structure for
coarser scales. A 1-D analog to this hybrid pyramid structure is
shown in Fig. 5 for n = 2. Notice that for levels above n, the
pyramid is a graph, but below n, the pyramid has a simple tree
structure. Using this hybrid pyramid, the conditional likelihood
of (5) then has the computable form

lngy,:(ﬂHa:(nﬂ) (v, m(n)ﬂ(n-}-l)) = Z lg")(mgn))
seS(n)
108 2o o 7 1257)
which results in the following formula for the SMAP estimate
of X(™):

#(L) — (L)
Zy arglél}%les (k) 12)
~ ~ Py 1
:Egn) = arg 1;1}‘355‘4{1‘2“)()%) -+ ].ngzgn)lx'(an‘;&l) (klxg’;‘*' ))}

13)
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pyratxidal
graj
n=2
qu c

Fig. 5. 1-D analog to hybrid graph structure. Scales n > 2 use a pyramidal
graph structure, and scales n < 2 use a quadtree structure.

where p is the transition function of (11), and lgn) (k) are
computed using the recursion of (9).

Of course, the application of the above formula at all
scales is an approximation to the true SMAP segmentation
since we may not legitimately change our model during
the segmentation process. However, we believe that this ap-
proximation is reasonable since the likelihood functions are
primarily dependent on the image data and have only a
secondary dependence on the pyramid structure. Intuitively,
if the pixels in ygn) appear to be principally from class k,
then the likelihood function lgn)(k) should be relatively large,
regardless of the pyramid structure used.

All the following analysis and experimentation will assume
the use of this hybrid quadtree-graph structure. As in the case
of the quadtree, segmentation using the hybrid structure is
performed in two steps, each of which only requires order M N
computation. The first step is a fine-to-coarse computation
given by (9). The second step is a coarse-to-fine computation
given by (13). Together, the total computation is of order
O(MN).

C. Parameter Estimation

In typical applications, one does not have prior information
about the exact behavior of the segmentation X . However, it is
possible to determine this information directly from the image
as it is being segmented. To do this, we must estimate the
parameters 6,, = [0, 0,6n,1] during the segmentation process.

The parameters 6, o are required for fine-to-coarse opera-
tions used in computing the log likelihood functions, and the
parameters 6, ; are required for coarse-to-fine operations used
in the SMAP segmentation. However, we will estimate both
of these parameter vectors during the coarse-to-fine operations.
This means that the segmentation process will require two full
passes composed of the following steps:

1. Perform fine-to-coarse operations using initial parameter

values 6,0 = 1.
2. Estimate parameters 6, ¢ and §,, ; during coarse-to-fine

operations.

3. Perform fine-to-coarse operations using estimated pa-
rameters.

4. Reestimate parameters 6, ; during final coarse-to-fine
segmentation.

The estimation procedures of 2 and 4 is performed sequentially
at each scale. Each transition parameter vector §,, is estimated
concurrently with the computation of the segmentation £(™),
The computational overhead of this estimation procedure is
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greatly reduced by subsampling the image at high resolutions.
Since the number of pixels at high resolutions is great, this
subsampling does not substantially impact on the accuracy of
the estimated parameters.

The two-pass process implies that parameter estimation will
increase computation by at least a factor of 2. However,
the additional computation required within each iteration is
minimal due to subsampling. Therefore, the total increase in
computation for parameter estimation is generally close to 2.

We begin by deriving the sequential parameter estimation
procedure. The transition parameter 6,1 is estimated by find-
ing the maximum likelihood value given the image y and
the previous coarse scale segmentation £(®*+1). Formally, we
compute the solution to the optimization criteria

On1 € arg max pyjpcen (42D, 00 1)
n,1

where €1 is the set of valid parameter values. Using the hybrid
pyramid structure of Section III-B, the log likelihood function
L has the specific form

L(Bn,1) = 10g Pyjotnin (92D, 0 1)

Z log (Z exp(I(™ (k

s€S(n)
By (RS, 0, ))

where the dependence of § on n is through the parameter 8, ;.
Notice that p uses the subscript :c((,") |m((9'5+1) to emphasize that
the conditional distribution assumed in (11) does not depend
on s.

This likelihood L(f,,,1) may be maximized as a function of
0.,1 by using the expectation-maximization (EM) algorithm
[33], [42]. From the form of the function p, we know that
L(f,,) is a convex function of 6, . We will use this fact to
show that the EM algorithm is guaranteed to converge to a
value of 6, ;, which maximizes L.

To apply the EM algorithm, we must first compute the
function

Q(0n,1,00,1) = E[log (Py\z<n>(y|X("))
Pt gtnsn (X |3, 9n,1))
=Y = y,X("+1)j(n+1)’ gln’l]

where we remind the reader that X(*) is a random object.
The EM algorithm is then the following iterative procedure
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for finding a sequence of parameters that converge to ényl:
0P+1 € arg Jmax, Q(6n,1,8% 1)

To further simplify this expression, we must formulate a
sufficient statistic for the transition distribution ﬁz(gn)lm(arl;-#l)
(mlé, j, k,0n,1) of (11). This statistic counts the number of
distinct transitions that occur from a particular set of coarse
scale neighbors wé o a point zs ") . Specifically, we may
define the sufficient statistic 7" so that

IOgﬁmg’l)m(a%+1) (mlzvjv k7 871,1)

1 2
=3 Tun(mlisg, k) Vin(8n,1)

- =0 h=0

(14)

where T and V have the functional forms

. 1 ifép;=land 6 +6mp=nh
Tin(mli, . k) = {0 otherwise ’

and
9,[’1 1- an,l
‘/[’h(en,l) = lOg (T(gl + 2h) + —_M )

By substituting (14) into the expression for for (), we obtain
the simpler expression

1 2
9P+1 ea,rg max {ZZ 1,8(0% 1) Vi (On, 1)} (15)

1=0h

where T 5, is defined in (16) at the bottom of this page.
Evaluation of 7} is computationally expensive since it
requires a summation over all the points in S, However, ac-
curate estimation of #,, only requires a representative sampling
of the image data. This is particularly true at high resolutions
where the number of pixels far exceeds the number required to
accurately estimate these parameters. Therefore, we subsample
the points in S at period P(™ in both the horizontal and
vertical directions, and we choose P(™ o v/2 " so that we
will still have an increasing number of samples at finer scales.
Experimental results given in the following section will show
that subsampling substantially reduces computation without
adversely effecting the performance of parameter estimation.
The two steps of each iteration in the EM algorithm are
then as follows:
E—Compute T using the parameter Hn 1» sampling period
P™ | and (16).
M—Compute 0"“ € argmaxg, ,eq Q(0n,1,05 1) using
(15).

ﬂ,h(gn,l)

Il

seS(n)

> E[maxMaG)Y =y, X0 = 5040, 6,4

(16)

2

s€S(n)

Sl Tin(klasetY) exp(iS™ (k) 5 RO (n+1>(k|$as+l) Bn1)
Skly exp(” (K)) B gt (K25 B 1)
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The M step can be efficiently computed since it requires
the maximization of a convex function @) over an interval.
This may be done, for example, with the golden section
search method [43]. The question remains as to whether the
algorithm converges to the global maximum of L. To answer
this question, we adapt the convergence results of Wu [44]
and Redner and Walker [45] to prove the following theorem
in Appendix C.

Theorem 1: If i) 2 is a compact, convex set, ii) L(#) and
Q(0,¢’) are continuous and differentiable on an open set
containing ), and iii) L(#) is convex, then any limit point
6 of the sequence {#”}$° has the property that

0 € arg max L(#).

Notice that assumption ii) does not strictly hold since @
becomes infinite at the points 0 and 1. In practice, this problem
can be resolved by estimating 0, ; over some smaller interval
2 = [0+ €1,1 — ¢1]. In any case, the introduction of ¢; is
required for numerical stability.

Finally, the parameters §,,  are estimated using the statistics
T resulting from convergence of the EM algorithm:

9 -
b0 = 1Zh:o Tin
n, 5 —.
Zl:o Zh:o ﬂ,h

These values are then used in the second pass of fine-to-coarse
computations.

The complete SMAP segmentation algorithm with parame-
ter estimation is summarized in the following:

an

1. Set the initial parameter values for all 7, én!o =1, and
éL—l,l = 0.5.

2. Compute the likelihood functions using (9) and the
parameters 6, o.

3. Compute (5 using (12).

4. Forscalesn =L —1ton =0

(a) Use the EM algorithm to iteratively compute én,l
and 7. Subsample by P(™) when computing T,
and stop when |€ﬁ:'il — 081 < e2

(b) Compute én,O using (17).

(c) Compute 2 using (13).

(d) Set 6,1, = 0,1(1 — 10e3).

5. Repeat steps 2 through 4.

Since global convergence of the EM algorithm is guaran-
teed, the choice of €; and ez only impacts on the accuracy
of convergence. We have used the values ¢; = 1076 and
€2 = 107 in all our experimentation and have never found
them to be problematic. Generally, smaller values of ez will
lead to better estimates but slower convergence, and we have
found that €3 < ¢2. We also note that Step 4d is used to
accelerate convergence of the EM algorithm by starting the
new parameter values near the previous parameter values.

IV. EXPERIMENTAL RESULTS

In this section, we compare the performance of the SMAP
algorithm with MAP segmentation using a MRF prior model
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TABLE II
MEAN AND STANDARD DEVIATION OF EACH
TEXTURE FOR THREE DIFFERENT IMAGES

Class designation

0 1 2 3 4 5
) & 1270 1450 1016 1630 761 1990
image 1 5 32 32 32 2 32
image2 M 1270 WTL 1127 1472 984 1615
o 32 32 32 32 32 32
mges A1 1w 1271w 127 127
o 800 1055 1393 1837 2425 32

for the pixel classes. This is done using a variety of synthetic
images.

All results of the SMAP algorithm used unsupervised es-
timation of the MSRF parameters. Unless otherwise stated,
subsampling was used in all experiments, and the subsampling
period was always chosen using the formula

P(n) = max{[22-"9/2] 1},

This generally resulted in sufficient sampling to accurately
estimate parameters while keeping the computational overhead
of parameter estimation to a minimum.

For our comparison with MAP estimation, we choose a
conventional 8-pt neighborhood MRF model [15] for the class
labels X. Specifically, the probability distribution has the form

pe(z) = éexp {—/\(\/Q - 1) (tl(z) + tz(z)/‘/i)}

where A = 1.5, ¢; is the number of horizontal and vertical
neighbors of different class, and ¢, is the number of diagonal
neighbors of different class. This appeared to yield the best
overall results.

Since the MAP estimate can not be exactly computed, an
optimization method must also be chosen. We used simulated
annealing (SA) [12], ICM [3], and multiple resolution segmen-
tation (MRS) [15]. The ICM and SA methods were started
with the maximum likelihood estimate of the segmentation.
SA used a temperature schedule of the form

1 1
Tn+1 Tn +a

where Ty = 1, Thpa = -2666, and A was chosen to achieve
the desired number of iterations. We used both 100 and
500 iterations to compare the performance. After the desired
number of iterations, ICM was used (equivalently 7" = 0)
to assure convergence to a local minima. These annealing
parameters were chosen since they seemed to give the best
performance over the range of test images used. In practice,
the choice of annealing parameters must be a compromise
since the optimal parameters depend on the specific image
being process.

The MRS algorithm differs from ICM and SA since it
effectly uses different values of A at each scale. The scale de-
pendent X is used because the MAP estimate would otherwise
have unreasonable behavior at coarse scales [15]. Intuitively,
the MRS algorithm attempts to approximately correct the
undesirable properties of the MAP estimator by varying the
prior model.
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TABLE III
PERCENTAGE OF EACH CLASS LABEL THAT WAS CORRECTLY CLASSIFIED AND CLASS AVERAGES OF CLASSIFICATION ACCURACY

0 1 Czlass label 3 2 3 Class Average
image 1 SMAP (subsampling) 100% 95% 96% 94% 93% 78% 92.6%
SMAP (no subsampling) 100% 95% 96% 94% 93% 78% 92.6%
SA 500 100% 97% 97% 96% 95% 96% 96.8%
SA 100 9% 93% 96% 95% 95% 96% 95.7%
ICM 60% 31% 62% 74% 94% 96% 69.5%
MRS 100% 9%6% 96% 95% 92% 95% 95.7%
image 2 SMAP (subsampling) 99% 94% 93% 86% 53% 70% 82.5%
SMAP (no subsampling) 99% 94% 93% 87% 60% 67% 83.3%
SA 500 100% 81% 44% 59% 69% 74% 71.2%
SA 100 74% 57% 10% 32% 74% 7% 54.0%
ICM 23% 12% 6% 14% 97% 96% 41.3%
MRS 99% 93% 92% 74% 63% 72% 82.2%
image 3 SMAP (subsampling) 100% 95% 95% 92% 61% 58% 83.5%
SMAP (no subsampling) 100% 94% 95% 9% 60% 60% 83.3%
SA 500 100% 0% 94% 2% 18% 75% 63.1%
SA 100 100% 0% 40% 49% 52% 62% 50.5%
ICM 100% 0% 1% 14% 14% 62% 31.8%
MRS 100% 95% 96% 80% 52% 57% 80.0%

Three 512 x 512 synthetic images shown in Fig. 6 were
used to test the SMAP and MAP algorithms. Each contained
six white Gaussian textures with distinct means and variances
as shown in Table IL In each case, the background is class 0,
and the circles are numbered in order starting from the top.
The radius of each subsequent row of circles was chosen to
decrease by a factor of 2.

Figs. 7-9 show the result of segmenting the three test images
using the SMAP and MAP algorithms. The percentage of
misclassified pixels is tabulated for each class in Table III,
and the computational requirements are shown in Table IV. For
comparison, each table also lists the results of SMAP segmen-
tation without pixel subsampling and the results of the MRS
algorithm. For these test images, the performance of SMAP
with and without subsampling was not significantly different.
However, subsampling reduced computation by approximately
a factor of 3. Table V gives the specific values of the estimated
parameters at each scale. It also supports the conclusion that
subsampling does not significantly degrade the accuracy of
the estimates.

Inspection of the segmented test images indicates that the
SMAP segmentation performed comparably to or substantially
better than 500 iterations of SA. The SMAP algorithm appears
to make fewer large misclassification errors. This may be
due to the improved objective of minimizing the largest
misclassification. We also note that the less smooth boundaries
of the SMAP segmentation sometimes resulted in slightly
higher misclassification rates for the smooth shapes in these
synthetic images. However, the less smooth boundaries may
actually be more desirable for segmenting the natural shapes
of real images. Generally, the SMAP segmentation required
less computation than even the worst performing algorithm
ICM and much less computation than SA.

Inspection of Fig. 7 indicates that for the parameter value
of A = 1.5, the MAP segmentations tend to produce smoother
boundaries than the SMAP algorithm. Since the circular re-
gions of this synthetic image have very smooth boundaries,

.
.

© (@

(a) Image depicting the classes in synthetic test images. Each of the
six classes is indicated by a distinct gray level. Three synthetic test images
are (b) image 1, (c) image 2, and (d) image 3. Each region is distinguished
by its mean and variance.

Fig. 6.

this results in slightly better classification accuracy for the
500 iteration MAP segmentation. However, the 100 iteration
MAP segmentation has still not completely converged. Notice
that along boundaries, groupings of pixels form that are mis-
classified into a third class representing the average behavior
of the two classes. In addition, scattered misclassification of
individual pixels in the MAP segmentations result from the
inability to control small scale behavior independently of large
scale behavior. The ICM algorithm performed very poorly.
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© @

Fig. 7. Segmentations of image 1. Each color denotes a different class: (a)
SMAP; (b) MAP with 500 iterations of SA; (c) MAP with 100 iterations of
SA; (d) MAP with ICM.

(@ (b)

(c) (@)

Fig. 8. Segmentations of image 2. Each color denotes a different class: (a)
SMAP; (b) MAP with 500 iterations of SA; (¢) MAP with 100 iterations of
SA; (d) MAP with ICM.

Fig. 8 shows that for image 2, the overall performance of
the SMAP algorithm is substantially better than 500 iterations
of SA for all classes but 4. As before, false average classes

(©) @

Fig. 9. Segmentations of image 3. Each color denotes a different class: (a)
SMAP; (b) MAP with 500 iterations of SA; (c) MAP with 100 iterations of
SA; (d) MAP with ICM.

TABLE IV
NUMBER OF REPLACEMENT OPERATIONS REQUIRED PER IMAGE
PIXEL FOR THE THREE SYNTHETIC TEST IMAGES. THE SMAP
ALGORITHM IS LISTED WITH AND WITHOUT PARAMETER ESTIMATION.

Replacements per pixel

SMAP
SMAP  (sub- S}E’;QP
(no _esti— san}pled subsam- SA 500 SA 100 ICM MRS
mation) es_tlma— ling)
tion) plng
imagel  1.33 3.13 9.12 504 105 28 10.81
image2 1.33 355 1047 506 108 28 10.81
image3 133 3.14 8.15 505 104 10 8.89

formed at region boundaries for the MAP segmentation. For
this image, both the 100 iterations of SA and ICM failed to
properly segment the image.

Fig. 9 is distinct because the mean of each region is
equal, and classes are only distinguished by their variance or
texture. In this example, the SMAP algorithm produces better
results than the alternative methods. The largest regions are
completely absent in the 500 iterations of SA. This may be due
to the suboptimal solution of SA or the nature of MAP criteria.
In addition, the 100 iterations of SA have not converged.

Table IV shows the number of replacement operations
required per image pixel for each method. For the SMAP algo-
rithm, replacement operations include either of the following
two basic operations: evaluation of a pixel’s class using (13)
or evaluation of the expectation term in (16) at a single pixel.
All of these replacement operations are comparable since they
each require order M operations.
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TABLE V

EFFECT OF SUBSAMPLING ON PARAMETER ESTIMATION

Estimated Parameters 0-3

(60.0,60.1) (61,0,61.1) (682.0,62.1) (63,0,83.1)
image Subsampling (0.9872, 0.9981) (0.9815, 0.9990) (0.9718, 0.9953) __ ( 0.9607, 1.0000)
1 No Subsampling (0.9876, 0.9980) (0.9833, 0.9989) (0.9723, 0.9974) ( 0.9533, 0.9952)
image Subsampling ( 0.9835, 0.9945) (0.9749, 0.9954) (0.9677, 0.9932) ( 0.9523, 1.0000)
2 No Subsampling ( 0.9851, 0.9961) (09784, 0.9971) ( 0.9688, 0.9963) ( 0.9531, 0.9936)
image Subsampling ( 0.9866, 0.9989) ( 0.9769, 0.9998) { 0.9629, 0.9963) { 0.9175, 1.0000)
3 No Subsampling ( 0.9860, 0.9989) (0.9773, 0.9998) (0.9594, 0.9979) ( 0.9197, 0.9947)

Estimated Parameters 4-7

(04.0,64.1) (65.0,65,1) (66.0,66.1) (67.0,07.1)
image Subsampling ( 0.9124, 0.9899) (09132, 0.9714) (10.9444, 0.9326) ( 1.0000, 1.0000)
1 No Subsampling ( 0.9124, 0.9900) (09132, 0.9712) (0.9444, 0.9325) ( 1.0000, 1.0000)
image Subsampling (0.9126, 0.9852) ( 0.9004, 0.9745) ( 0.9444, 0.9328) ( 1.0000, 1.0000)
2 No Subsampling (0.9126, 0.9852) ( 0.9004, 0.9745) (0.9444, 0.9329) ( 1.0000, 1.0000)
image Subsampling ( 0.7728, 0.9823) ( 0.7214, 0.9804) (0.6401, 0.9329) ( 0.2500, 1.0000)
3 No Subsampling ( 0.7728, 0.9823) ( 0.7214, 0.9804) ( 0.6401, 0.9329) ( 0.2500, 1.0000)
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Fig. 10. 430 x 400 subregion of a muitispectral remotely sensed SPOT
image. Ground truth measurements were taken at 90 positions (transects)
located throughout the full image. Each transect is approximately 5 pixels
in size.

For each test image, the SMAP algorithm with parameter
estimation (and subsampling) required considerably less com-
putation than ICM and much less than SA. The addition of
parameter estimation to the SMAP algorithm increased the
computation by approximately a factor of 2. Image 3 is the
worst case with an increase of 2.66. We note that this measure
of computation does not include the calculation of likelihood
functions.

In order to test accuracy with real data, a multispectral
remotely sensed image was segmented, and the results were
compared with measured ground truth to determine classifica-
tion accuracy. Fig. 10 shows a typical 430 x 400 subregion of
a 927 x 1097 three-band SPOT image with a spatial resolution
of 20 m. The SPOT image is displayed in color with the
infrared band as red, the visible red band as green, and the
green band as blue. Ground truth information was collected
along 90 positions (transects) placed randomly throughout the
full image [46] (only a subset of these transects are contained
in the displayed subregion). Each transect is 100 m long
(approximately 5 pixels) with a random orientation. Along
each transect, detailed measurements of ground cover were
made, but for this experiment, we only consider five classes
based on the aggregate measure of percent bare ground for
each transect. Sixty of the transects were randomly chosen to
use for training the class models, and the remaining 30 were
used to test the segmentation algorithms performance.

(@) (b)

© @

Fig. 11. Segmentations of multispectral remotely sensed SPOT image for
subregions of size 430 x 400: (a) SMAP segmentation; (b) MAP with 100
iterations of SA; (c) MAP with ICM; (d) maximum likelihood segmentation.
For each image class 1 — black; class 2 — red; class 3 — green; class 4
— blue; class 5 — white.

Each of the five classes was modeled as a multivariate
Gaussian mixture. The parameters of the mixture model were
estimated using the EM algorithm [45], and the model order
was chosen for each class using the Rissanen criteria [47]. The
mixture model is important because it captures the multimodal
spectral behavior that is typical of most classes.

Subregions of the SMAP, SA, ICM, and maximum likeli-
hood segmentations are shown in Fig. 11. Only 100 iterations
of SA were used due to the excessive computation time re-
quired to process the large image. The percent misclassification
was also computed using the 30 testing transects for each
class. The results are tabulated in Table VI. For each class
and algorithm, the average region size was also computed.
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TABLE VI
TABULATED RESULTS FOR THE SEGMENTATION OF MULTISPECTRAL SPOT DATA WITH GROUND TRUTH. CLASSES
WERE FORMED FROM RANGES OF PERCENTAGE BARE GROUND, AND PERCENT CLASSIFICATION ACCURACY
WAS TABULATED FOR EACH CLASS. THE AVERAGE REGION SIZE FOR EACH CLASS IS ALSO LISTED.

Class 1 Class 2 Class 3 Class 4 Class 5 Class Average
Percent Bare Ground 0% 1-10% 11-21% 21-30% 31-100%
Accuracy SMAP 88.1% 27.8% 17.5% 215% 93.5% 50.88%
SA 100 88.1% 22.5% 17.5% 27.5% 96.0% 50.32%
IcM 87.5% 23.2% 17.5% 27.5% 93.5% 49.84%
ML 78.5% 26.5% 17.5% 20.0% 85.1% 45.52%
Average Region Area SMAP 131.7 18.7 10.7 212 57.7 48.0
SA 100 126.9 16.4 7.5 14.7 499 43.1
ICM 112.2 13.2 7.2 129 442 379
ML 32.1 3.9 3.9 4.7 16.1 12.1

The classification accuracy of the SMAP segmentation was
substantially better than the maximum likelihood algorithm
and slightly better than ICM. The SMAP and SA algorithms
had approximately comparable accuracy with SMAP perform-
ing 5.3% better for class 2 and SA performing 2.5% better for
class 5. Inspection of the segmented images in Fig 11 indicates
that the SA algorithm produced smoother boundaries than the
SMAP result. This extra smoothing of the SA algorithm tends
to remove the smaller regions that are more common in class 2.

It is also interesting that the SMAP segmentation produces
the largest average region sizes. This is because the SMAP
segmentation produces fewer regions containing very few
(e.g., 1 or 2) pixels.

V. CONCLUSION

We have presented a new criteria and model for statistical
image segmentation. The SMAP estimator is proposed because
it minimizes the expected size of the largest misclassified
region, and it results in a segmentation algorithm that is

computationally simple. The MSRF model uses a pyramid
structure to capture the characteristics of image behavior
at various scales. Because the MSRF has a Markov chain
structure, its parameters can be estimated efficiently from the
image during segmentation.

Experiments with synthetic data indicate that the SMAP
algorithm performs comparably to or substantially better than
MAP estimation using a Markov random field model and
simulated annealing. In addition, the SMAP algorithm requires
less computation than ICM and much less then simulated an-
nealing. The SMAP algorithm was also tested on multispectral
SPOT data and found to improve segmentation accuracy over
ML segmentation.

APPENDIX A

Assume that #(*) has been computed for i > n. We will then
compute %™ using the Markov chain structure of the random
fields X(™): (see the bottom of the page.) We next define a

L
#™ = argmax max

(n) () 4
x x z;énkzo

L
= argmax max max
z(m) z(3) j<n z(®) i>nk_0

2°P(Y € dy, X9 = 205 > k)

= argmax max
z(n) z2(8) j<n

L

n

= argmax max
2 () i<n £

D 2P(XO =20 i > kY =)

{szp(y €dy, X =g k<i<n| XD =3O > n)P(XD =2 > n)
k=0

+ Y P(Y edy, XO =50 i > k)}
k=n+1

2kp(y€dy7X(i):m(i) k<i<n |X("+1)=£(“+1))

= arg m(a,gc{P(Y € dy, X™ = m(")[X("+l) - J3(n+1)) + max
z(m

n—1
> 2 mP(Y € dy, X

(i) j<n =0
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residue term R(z(™) so that the following equality holds:

™ = arg max P(Y € dy, X™ = z(™)|

XD = 0y (1 + R(2(™))
= arg m(énliipz(mx(wl),y(z(n)li("ﬂ)’y)(l + R(z™))

Specifically, R(z(™) is given by

R(z™) = max x
z(8) i<n

o2 P(Y €dy, XD =0k <i<n| X () = 3(4))
P(Y € dy, X(") = z(0)| X (n+1) = (n+1))

Since this expression is the ratio of positive quantities, we
know that R > 0. Further, we may bound R from above as
shown in the expression at the bottom of this page. Finally,
we have that

7
= argmax {Ingzm etntn) 5 (™2 )
+ log(1 + R(N)))}

= arg max {logpwux(nm,y(x(") |# D, y) + € (z("’)}

where

0 < £(z™) = log(1 + R(z™))

< Max Ponbgim 5 (2" D]a™,y).

T g(n-1)

APPENDIX B

In this Appendix, we show by induction that for a quadtree-
based pyramid structure the distribution of ¥ given X (0 has
the form of (7) and that the terms in the product may be
computed using the recursion of (8). For n = 0, these relations
are true by assumption. Therefore, assuming the result for scale
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n yields
P(Y € dy|X(+D = gn+D)
=Y P(Y € dy|X™ = 2™)p, ) pinen (& [z0FD)

z(n)
=> 1 II pyeojaen 12
z(n) | res(m)
n41
T 2o i)
resn) "

M
n n +1
IT > 2y @12f)p,m o (o zg )
rest oMy ’

s€S(n+1) red—1(s)

M
> Py (2, o) (@)

z(rn)=1
= H Py§n+1)|1(sn+1)(y§"+l)|$gn+1))
SES("+1)
where
M
pygnﬂ)\z(,”“)(y.gn_‘—l)lk) = H Z

red—1(s) m=1
Py jolm |m)

p:c(rn) |I(5n+1) (m]k)

APPENDIX C

In this Appendix, we prove Theorem 1 by extending basic
results on the convergence of the EM algorithm [44], [45].

By the stated assumptions and Theorem 4.1(v) of [45],
any limit point § of the sequence {#?}$° has the property
that § € argmaxgeq Q(6,6). Since Q is convex and Q is
differentiable, this implies that for all 8 €

DYQ4,6)(0-6) <0

where D'° computes the gradient of @ with respect to the
first argument.

Let €, be an open set containing Q such that @ and
L are continuous, differentiable on Qq. Then, dpﬁne the
continuous, differentiable function H(6,80) = Q(6,6) — L(9)

n—1

R(z(™) = max
z(8) i<n prs
n—1

< max

z(n—1)

2k mp(XD =g k<i<n—-11X™ =z Y =y)

2k—np(X(n—1) — x("_1)|X(") — a:("),Y =1y)

< max p(X(n—l) - w(""l)lX(") =z Y = )

= max) p:c<"‘1)|a:("),y(.’l,'(n_l)|E("), y)'

z(n—1
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on . It has been shown [33] that H has the property
0 € argmaxgeq, H(6,6), which implies that

DL(f) = D*°Q(8,8) + D H(§, )
= DY°Q(4,9).

Therefore, for any 6 € 2, we have

DL(§)(6 — 6) = D°Q(4,6)(6 - 6) < 0.

Since L is a convex function and §? is a convex set, this implies

that 6 is a global maximum of L.
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