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ABSTRACT

Many important imaging problems in material science involve reconstruction of images containing repetitive
non-local structures. Model-based iterative reconstruction (MBIR) could in principle exploit such redundancies
through the selection of a log prior probability term. However, in practice, determining such a log prior term
that accounts for the similarity between distant structures in the image is quite challenging. Much progress has
been made in the development of denoising algorithms like non-local means and BM3D, and these are known
to successfully capture non-local redundancies in images. But the fact that these denoising operations are not
explicitly formulated as cost functions makes it unclear as to how to incorporate them in the MBIR framework.

In this paper, we formulate a solution to bright field electron tomography by augmenting the existing bright
field MBIR method to incorporate any non-local denoising operator as a prior model. We accomplish this using
a framework we call plug-and-play priors that decouples the log likelihood and the log prior probability terms in
the MBIR cost function. We specifically use 3D non-local means (NLM) as the prior model in the plug-and-play
framework, and showcase high quality tomographic reconstructions of a simulated aluminum spheres dataset,
and two real datasets of aluminum spheres and ferritin structures. We observe that streak and smear artifacts
are visibly suppressed, and that edges are preserved. Also, we report lower RMSE values compared to the
conventional MBIR reconstruction using qGGMRF as the prior model.
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1. INTRODUCTION

Structural biology1,2 and material science3 are examples of research areas that require the reconstruction of
images containing many similar or identical particles. The considerable data redundancy in such images points
toward under-exploited potential of prior modeling in image reconstruction of these particles. As an important
example, cryo electron microscopy (EM) tomography involves single particle reconstructions using several views of
the same particle.1 However, in the more general area of 3D transmission electron microscopy (TEM) tomography,
no solution currently exists to fully exploit the redundancy in images constituted by many similar or identical
particles.

Model-based iterative reconstruction (MBIR) is a general framework for solving inverse imaging problems by
computing the maximum a posteriori (MAP) estimate of the unknown.4–9 Traditionally, MBIR solves a single
optimization problem that tightly couples the log likelihood term (based on the data) and the log of the prior
probability. This constrains the choice of prior models we can use – making it challenging to model non-local
dependencies in biological and materials images.

Non-local means (NLM) is among the most promising and reliable methods for denoising images due to its
ability to capture non-local redundancies.10–14 There have been several efforts to weave in non-local regularizers
within the Bayesian setting. Chen et al. proposed an MRF-style prior, albeit with non-local spatial dependencies,
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to perform Bayesian tomographic reconstruction.15 The authors adopt a two-step optimization involving non-
local weight update, followed by the image update. However, the cost function related to the prior model is
a function of time, and there is no single fixed cost function that is minimized. Chun et al. proposed non-
local regularizers for emission tomography16 based on alternating direction method of multipliers (ADMM),17–20

using Fair potential21 as the non-local regularizer, instead of non-local means. This model is restricted to convex
potential functions, which in practice is a very strong constraint, and severely limits how expressive the model
can be. Yang et al. proposed a unifying energy minimization framework for non-local regularization,22 resulting
in a model that captures the intrinsically non-convex behavior required for modeling distant particles with similar
structure. However, there is no single fixed cost function that is minimized.

In this paper, we present a formulation to incorporate 3D non-local means as a prior model in 3D bright field
electron tomographic reconstruction. We encapsulate 3D non-local means in what we call plug-and-play priors
framework,23 which is based on ADMM. Plug-and-play decouples the log likelihood and the log prior probability
terms in the optimization procedure, thereby allowing us to use independent software modules for implementing
the forward and prior models. Though NLM is not explicitly formulated as the solution to an optimization
problem, in Sec 4 we empirically demonstrate convergence of the ADMM iterations.

Another important consideration is the computational tractability of the denoising algorithm. Any 3D patch-
based denoising is a computationally daunting endeavor. Fortunately, in our application, the samples abound
with similar or identical structures. This allows us to restrict the NLM patch weighting to voxels within a smaller
search window, thereby speeding up our 3D NLM implementation, while not compromising on the availability
of good patches.

Due to the generality of the plug-and-play technique, this work results in an MBIR framework that is
compatible with any denoising algorithm as a prior model, and thus opens up a huge opportunity to adopt any
spatial constraint in the reconstructions. This enhancement is presented as an augmentation of the existing
MBIR framework for bright field electron tomography,24 which features Bragg scatter modeling and anomaly
detection.

2. PLUG-AND-PLAY FRAMEWORK

We introduce a methodology for incorporating a general class of denoising operations to function as a prior model
for our reconstruction problem. This approach, which we call plug-and-play priors,23 has the advantage of having
two separate software modules – one to solve the inversion and the other to implement the denoising operator.
Plug-and-play is an application of ADMM,17 wherein we split the state variable to decouple the forward and
prior model terms of MAP estimation. Plug-and-play solves the MAP estimation problem even when the prior
term does not have an explicit cost function.

In the MBIR framework, reconstruction is typically formulated as the maximum a posteriori (MAP) estimate
of the unknowns given the measurements, which is given by,

x̂ = argmin
x≥0

{l(y;x) + βs(x)}, (1)

where y represents the data, x represents the unknown pixels, l(y;x) = − log p(y|x) is the forward model term,
s(x) = − log p(x) is the prior model term, and β controls the regularization applied.

In,23 the authors split the variable x (of Eq. (1)) into two variables x and v, and reformulate Eq. (1) as,

(x̂, v̂) = argmin
x≥0
v=x

{l(y;x) + βs(v)}. (2)

Then, we solve Eq. (2) by applying the ADMM technique on the augmented Lagrangian given by,

Lλ(x, v, u) = l(y;x) + βs(v) +
1

2σ2
λ

‖x− v + u‖22, (3)

where u is a scaled dual variable (initialized to zero) and σλ is the augmented Lagrangian parameter.
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Each iteration of ADMM algorithm consists of the following steps.

x̂ = F(y, x̃;σλ), (4)

v̂ = H(ṽ;σn), (5)

u = u+ (x̂− v̂), (6)

where x̃ = v̂ − u, and ṽ = x̂+ u.

We define the inversion operator, F, used in Eq. (4) as,

F(y, x̃;σλ) = argmin
x≥0

{

l(y;x) +
‖x− x̃‖22

2σ2
λ

}

. (7)

Further, we define the denoising operator, H, used in Eq. (5) as,

H(ṽ;σn) = argmin
v≥0

{‖ṽ − v‖22
2σ2

n

+ s(v)

}

, (8)

where σn =
√
βσλ is the assumed noise standard deviation used in the denoising algorithm.

We use the 3D non-local means as the denoising operator H, though it does not necessarily solve an opti-
mization problem as in Eq. (8). In Sec. 4, however, we show the convergence of x̂ and v̂. In theory, the value of
σλ does not affect the reconstruction in case of convex optimization, but in practice, a well-chosen value of σλ

can speed up the ADMM convergence. Our approach is to choose the value of σλ to be approximately equal to
the amount of variation in the reconstruction, as below.

σ2
λ ≈ var[x|y]. (9)

Since we do not know x, we instead use an initial reconstruction of x using a baseline algorithm. The unitless
parameter β controls the regularization. Increasing the value of β leads to greater regularization, while decreasing
it reduces the regularization.

Algorithm 1 Plug-and-Play Priors

1: procedure x̂← Reconstruct(y, β, σλ)
2: (Inputs: Measurement y, regularization β, augmented Lagrangian parameter σλ.)
3: (Output: Estimate x̂ of the unknown image x)
4: initialize x̂; v̂ ← x̂; u← 0
5: σ2

n ← βσ2
λ // Variance for denoising algorithm

6: Set MAX ITER // Default value: 20
7: for i = 1 to MAX ITER do
8: if stopping criteria are met then
9: return x̂

10: else
11: x̃← v̂ − u

12: x̂← F(y, x̃;σλ) // F: inversion operator
13: ṽ ← x̂+ u

14: v̂ ← H(ṽ;σn) // H: denoising with prior
15: u← u+ (x̂− v̂) // Update of u
16: end if
17: end for
18: return x̂

19: end procedure
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3. BRIGHT FIELD ELECTRON TOMOGRAPHY USING PLUG-AND-PLAY
FRAMEWORK

Let S ⊂ Z
3 be the set of all lattice points, and s = (s1, s2, s3) ∈ S be the s-th voxel. Also, let y be the

tomographic measurement, x be the unknown, and x̂ be the reconstruction. For denoising operations, let ṽ be
the noisy image, and v̂ be the denoised image.

3.1 The denoising operator, H: 3D non-local means

In this section, we present 3D non-local means which we use as our denoising operator, H(ṽ;σn), in Eq. (8).
Non-local means is a denoising algorithm that filters each voxel by a weighted mean of all pixels in the image.
Non-local means leads to greater sharpness in the filtered image, as compared to local smoothing-based denoising
methods.25

Let us define the cubic window, W , to window out cubic patches as we pass through the image.

W = {s ∈ Z
3 : ‖s‖∞ ≤ R}, (10)

where R ∈ N defines the size of the cubic patches. The gray-level of the j-th voxel of the cubic patch Ps around
voxel s is then given by,

Ps,j = ṽs+j , (11)

where j ∈ W . To maintain computational tractability, we make use of a search window – to which we restrict
the weighting of candidate voxels. The search window of voxel s is given by,

Ωs = {r ∈ S : ‖r − s‖∞ ≤ n} ⊂ S, (12)

where n ∈ N defines the size of the search window.

We define the weight exerted by voxel r on voxel s as,

ws,r = exp

{−‖Pr − Ps‖22
σ2
n

}

. (13)

For every voxel s, we then normalize {ws,r}r∈Ωs
as below.

w̃s,r =
ws,r

∑

r∈Ωs

ws,r

. (14)

The denoised image is then computed as,

v̂s =
∑

r∈Ωs

w̃s,rṽs. (15)

3.2 Computing the inversion operator, F

The likelihood function that models the bright field TEM data is given by,24

p(y|x, d, σ) = 1

Z
exp

{

−1

2

K
∑

k=1

M
∑

i=1

βT,δ

(

(yk,i −Ak,i,∗x− dk)

√

Λk,ii

σ

)}

,

(16)

where K is the number of tilts, λk,i is the electron counts corresponding to the i-th measurement at the k-th tilt,
yk,i = − log λk,i, λD,k is the blank scan value at the k-th tilt, dk = − log λD,k, Ak is the M × N tomographic
forward projection matrix associated with the k-th tilt, Ak,i,∗ is the i-th row of Ak, σ2 is a proportionality
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constant, Λk is a diagonal matrix whose entries are set such that σ2

Λk,ii
is the variance of yk,i, d = [d1, ..., dK ] is

the offset parameter vector, and Z is the partition function, and βT,δ(·) is the generalized Huber function defined
as,

βT,δ(x) =







x2 if |x| < T

2δT |x|+ T 2(1− 2δ) if |x| ≥ T
(17)

and the surrogate function to the generalized Huber function defined as,

QT,δ(x;x
′) =











x2 if |x′| < T

δT

|x′|x
2 + δT |x′|+ T 2(1− 2δ) if |x′| ≥ T

(18)

We use the generalized Huber function to account for outliers in the measurement due to Bragg scatter.

To perform the inversion based on the plug-and-play inversion operator (given in Eq. (7)), we must minimize
the cost function below.

c(x, d, σ; x̃, σλ) =
1

2

K
∑

k=1

M
∑

i=1

βT,δ

(

(yk,i −Ak,i,∗x− dk)

√

Λk,ii

σ

)

+MK log (σ) +
‖x− x̃‖22

2σ2
λ

. (19)

Next we implement the inversion operator, F(y, x̃;σλ), by minimizing the cost function given in Eq. (19).

(x̂, d̂, σ̂)← argmin
x≥0,d,σ

c(x, d, σ; x̃, σλ). (20)

We use the majorization-minimization technique along with a coordinate descent strategy to solve the joint-
optimization of the non-convex cost function in Eq. (19). The surrogate function we use for the majorization-
minimization algorithm is given by,

Q(x, d, σ;x′, d′, σ′; x̃, σλ) =
1

2

K
∑

k=1

M
∑

i=1

QT,δ (hk,i(x, d, σ);hk,i(x
′, d′, σ′)) +MK log (σ) +

1

2σ2
λ

‖x− x̃‖22, (21)

where hk,i(x, d, σ) is defined as,

hk,i(x, d, σ) = (yk,i −Ak,i,∗x− dk)

√

Λk,ii

σ
. (22)

We now repeatedly construct and minimize Q one voxel at a time. We can write the surrogate cost function
with respect to a single voxel, j, as below.

c̃(t) = θ1t+
θ2

2

(

t− x′
j

)2
+

(t− x̃j)
2

2σ2
λ

, (23)

where, θ1 and θ2 are defined24 as,

θ1 = −
K
∑

k=1

M
∑

i=1

Ak,i,j

√

Λk,ii

σ′

(

b′k,ie
′
k,i

√

Λk,ii

σ′
+ (1− b′k,i)δT

e′k,i

|e′k,i|

)

,

θ2 =
K
∑

k=1

M
∑

i=1

A2
k,i,j

√

Λk,ii

σ′

(

b′k,i

√

Λk,ii

σ′
+ (1− b′k,i)δT

1

|e′k,i|

)

, (24)
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e′k,i = yk,i −Ak,i,∗x
′ − d′k, and b′k,i is a binary indicator variable to simplify the update equations, defined as,

b′k,i =























1 if

∣

∣

∣

∣

∣

(yk,i −Ak,i,∗x
′ − d′k)

√

Λk,ii

σ′

∣

∣

∣

∣

∣

< T

0 if

∣

∣

∣

∣

∣

(yk,i −Ak,i,∗x
′ − d′k)

√

Λk,ii

σ′

∣

∣

∣

∣

∣

≥ T

(25)

Since Eq. (23) is quadratic in t, we can write a closed form expression for the update of t,

t∗ =
x̃j + θ2x

′
jσ

2
λ − θ1σ

2
λ

1 + θ2σ
2
λ

. (26)

The updated value of the j-th voxel (enforcing positivity constraint on x) is given by,

x′
j ← max {0, t∗}. (27)

By setting the gradient of Q(x′, d, σ′;x′, d′, σ′; x̃, σλ) in Eq. (21) with respect to d to zero, we get the optimal
update for d as,

d′k ← d′k +

M
∑

i=1

√

Λk,ii

[

e′k,ib
′
k,i

√

Λk,ii

σ′
+ δT

e′k,i

|e′k,i|
(1− b′k,i)

]

M
∑

i=1

√

Λk,ii

[

b′k,i

√

Λk,ii

σ′
+

δT

|e′k,i|
(1− b′k,i)

] . (28)

In a similar manner, we can write the update of σ as,

σ′ ←

√

√

√

√

√

√

K
∑

k=1

M
∑

i=1

e′2k,iΛk,iib
′
k,i +

K
∑

k=1

M
∑

i=1

(1− b′k,i)δT |e′k,i|σ′
√

Λk,ii

MK
. (29)

We approximate the minimization in Eq. (7) by one iteration of the above optimization.

4. RESULTS

In this section, we present the results of bright field tomographic reconstruction of (1) a simulated dataset
of aluminum spheres of varying radii, (2) a real dataset of aluminum spheres, and (3) a real dataset of fer-
ritin structures. We compare three reconstruction methods – filtered backprojection, MBIR with qGGMRF
prior,26 and the plug-and-play reconstruction with 3D NLM as the prior model. We used the OpenMBIR
software (www.openmbir.org) for reconstructions using qGGMRF as the prior model, and 3D non-local means
reconstruction was performed using the plug-and-play framework that we incorporated onto the OpenMBIR
codebase. For NLM-based reconstructions, the qGGMRF-reconstructions were used as the initialization. All the
reconstruction results shown below are x− z slices, and have been plotted in the range [0, 19.8× 10−3] nm−1.

Table 1: Plug-and-play algorithm parameters

(Simulated) Al spheres (Real) Al spheres (Real) ferritin

σλ (nm−1) 8.66×10−3 8.66×10−3 8.66×10−3

β 3.68 4.77 4.25

The qGGMRF parameters used for all reconstructions are as follows: q = 1, p = 1.2, and c = 0.001. The
NLM patch size used for all reconstructions was 5× 5× 5.
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For each experiment, we include a convergence plot (see Figs. 3, 6, and 9) that shows the percentage

normalized RMSE between x̂ and v̂. Specifically, the y-axis represents the quantity
‖x̂(k) − v̂(k)‖
‖x̂(∞)‖ , where x̂(k)

and v̂(k) are the values of x̂ and v̂ after the k-th iteration of the plug-and-play algorithm, respectively, and x̂(∞) is
the final value of the reconstruction, x̂. This quantity drops to as low as 0.2% for each of the three experiments,
demonstrating empirical convergence of the plug-and-play algorithm.

4.1 Aluminum spheres (simulated) dataset

The aluminum spheres simulated dataset contains 47 equally-spaced tilts about the y-axis, spanning [−70◦,+70◦].
Dosage λD,k = 1865 counts using Beer’s law model. The noise model is Gaussian, with variance set equal to the
mean. The phantom also contains effects that resemble Bragg scatter. The dimensions of the phantom are 256
nm, 512 nm, and 512 nm – along z, x, and y axes, respectively.

Figure 1: 0◦ tilt of the aluminum spheres (simulated) dataset.

(a) Slice 280 of the aluminum spheres phantom (b) Filtered Backprojection

(c) qGGMRF (σx = 2.8489× 10−5; T = 3; δ = 0.5) (d) 3D NLM using plug-and-play

Figure 2: Tomographic reconstruction of slice 280 of the simulated dataset. For visually equivalent regularization, NLM-based reconstruction
is clearer and relatively artifact-free.
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Figure 3: The convergence rate of the plug-and-play algorithm with 3D NLM as the prior model.

Fig. 1 shows a 0◦ tilt image of the simulated TEM data. Since this is a bright-field image, the aluminum
spheres appear dark against a bright background. Fig. 2 shows the ground truth along with three reconstructions
of slice 280 along the x-z plane. The NLM-based reconstruction has no smear artifacts, and also has a lower
RMSE value of 0.2531 × 10−3 nm−1 compared to 0.4581 × 10−3 nm−1 for qGGMRF, and 8.3988 × 10−3 nm−1

for filtered backprojection. The edges are also sharper in the NLM reconstruction.

4.2 Aluminum spheres (real) dataset

The aluminum spheres dataset (see Fig. 4) has 67 equally-spaced tilts about the y-axis, spanning [−70◦,+60◦].

Figure 4: 0◦ tilt of the very noisy aluminum spheres (real) dataset.

(a) Filtered Backprojection (b) qGGMRF (σx = 1.2× 10−4; T = 3; δ = 0.5)

(c) 3D NLM using plug-and-play

Figure 5: Tomographic reconstruction of slice 307 of the aluminum spheres dataset. For equivalent regularization, NLM-based reconstruction
is clearer and has less smear artifacts.
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Figure 6: The convergence rate of the plug-and-play algorithm with 3D NLM as the prior model.

Fig. 4 shows a 0◦ tilt image of the real aluminum spheres TEM data. Fig. 5 shows three reconstructions
of slice 307 along the x-z plane. The NLM-based reconstruction has less smear artifacts than the qGGMRF
reconstruction, and far more clarity than the filtered backprojection reconstruction.

4.3 Ferritin samples (real) dataset

The ferritin spheres dataset (see Fig. 7) has 57 equally-spaced tilts about the y-axis, spanning [−70◦,+70◦].

Figure 7: 0◦ tilt of the contrast-stretched version of the ferritin (real) dataset.

(a) Filtered Backprojection (b) qGGMRF (σx = 3.77× 10−4; T = 3; δ =
0.5)

(c) 3D NLM using plug-and-play

Figure 8: Tomographic reconstruction of a portion of slice 1149 of the ferritin dataset. For equivalent regularization, NLM-based reconstruc-
tion is clearer and has less smear artifacts.
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Figure 9: The convergence rate of the plug-and-play algorithm with 3D NLM as the prior model.

Fig. 7 shows a 0◦ tilt image of the real ferritin structures TEM data. Fig. 8 shows three reconstructions of slice
1149 along the x-z plane. The NLM-based reconstruction has less blur compared the qGGMRF reconstruction,
and is far more clear than the filtered backprojection reconstruction. Also, the core of the ferritin structures are
sharp and distinct in the NLM reconstruction.

5. CONCLUSIONS

In this paper, we augmented the current MBIR solution to bright field electron tomography by incorporating
plug-and-play capabilities, thus enabling the application of a wide variety of spatial constraints as prior models,
including those models that are not necessarily expressed as solutions to optimization problems. We implemented
3D non-local means as a prior model, and achieved high quality tomographic reconstructions in all of the three
experiments involving both real and simulated datasets. NLM resulted in visibly suppressed smear artifacts and
greater clarity (for all three datasets), and lower RMSE values (for the simulated dataset) than the qGGMRF
and filtered backprojection reconstructions.
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