EE 641 Final Exam
December 9, Fall 2019

Name: KeV

A >4

Instructions

This exam contains 4 problems worth a total of 100 points.

You may have up to 120 minutes to take the exam.

You may not use any notes, textbooks, or calculators.

e Answer questions precisely and completely. Credit will be subtracted for vague answers.

Good luck.



Problem 1. (25pt)
Let f(z) and ¢(x; 2’) both be continuously differentiable and convex function of z, such that
Vo', x € RV,

f@) = q@’s2) (1)
f@) < qa;2) . (2)
Then using the initial state *), we can compute an updated state, z**1) using the following
iteration.
25 = arg Igﬂi% {q T :E(k))} (3)
where Vz,

q(x(kﬂ);x(k)) < q(l,;x(k)) )
a) Prove that f(z*D) < f(2®).
b) Draw a figure illustrating why a) is true.

c¢) Prove that if 21 = 2% then Va, f(z*+D) < f(z).

Solution:
Part a):
We know that q(z®;2®) = f(z®) and ¢(x**+V;2*)) > f(x*+D). Since 2**+Y is chosen
such that
(k+1) _ : ()
x arg;gﬂlgglv{q(as,x )}

we also have q(z#+1); 2() < ¢(x®); 2®). Combining these 2 steps, we get:
FEF) < q(a® ;™) < g(a®;2®) = f(a®)

Part b):

function, surrogate function
A to be minimized ;
q(x; ')

Plots illustrating the relationship between the true function to be minimized in a line
search, f(x), and the surrogate function, ¢(z;2"). Equation ([l requires that the functions
be equal at = = 2/, and equation (2)) requires that the surrogate function upper bounds the

true function everywhere.
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Part ¢): We first prove that V f(z') = Vq(2'; 2") by contradiction. So assume that
d=V[f(z) —q(a";2)] # 0

Then there must exist and € > 0, so that f(2' 4+ ed) — ¢(2’ +ed;2’) > 0. But this contradicts
our assumption that ¢ is an upper bound on f. So this proves the V f(z') = Vq(2'; 2').

Next, if 21 = 2®) | then 2 is a global minimum of ¢(x;2*®)). This means that

Vq(x;x(k))‘ ,=0.

r=x(k

Using the previous result implies that

Vf(x)b:x(k) = VQWQQC(IC))L:IU«) =0.

Since f is continuously differentiable and convex, this means that z*) must be a global

minimum of f, which proves the result.




Problem 2. (25pt)

Consider the general problem of convex optimization with a positivity constraint given by
& =argmin{f(z) + h(z)} ,

where f:RY — R and h:RY — R are both convex functions on R".
a) Use variable splitting to derive a constrained optimization problem that is equivalent to

this problem.

b) Formulate the augmented Lagrangian for the constrained optimization problem of a) and

give the iterative algorithm for solving the augmented Lagrangian problem.

c) Write out an expression for the two proximal map functions F'(x) and H(z) corresponding
the the function f(z) and h(z).

d) Write out the ADMM algorithm for solving this problem in terms of the proximal maps
F(z) and H(z).

Solution:
Part a):
This is equivalent to the constrained optimization problem given by

)=arg min {f(x)+h()} ,

z,0ERN ;z=v

>

(,

Part b):

The augmented Lagrangian function is given by
Liz,viw) = f(x) + h(v) + Slle =y +uf?
The iterative algorithm is given by
initialize u=0
Repeat {

(2,0) < argmin, yegy L(z, v;u)

u—u+(T—0)

Part ¢):



The two proximal functions are

F(v) = arg min {f(z) + Sllo - ol*}

zERN 2
a
H(v) = argwrgglv {h(x) + §||x — v||2} :

Part d):
The ADMM algorithm for this problem is given by

initialize u=0
initialize v=0
Repeat {

<+ F(v—u)
v H(x +u)

u—u+ (T —0)




Problem 3. (25pt)

Let {X,}"_; be i.i.d. random variables with distribution

P{X, =m}=m, ,

where Zi\::_ol mm = 1. Also, let Y,, be conditionally independent random variables given X,

with Poisson conditional distribution
A\Yn €—>\m
p(Ynlzn =m) = my—l
!
a) Write out the density function for the vector Y.
b) What are the natural sufficient statistics for the complete data (X,Y")?

c¢) Give an expression for the ML estimate of the parameter
0 = (mo, Aoy, T—1, Am—-1)

given the complete data (X,Y).
d) Give the EM update equations for computing the ML estimate of the parameter § =

(70, Aoy ** +, Tar—1, Aar—1) given the incomplete data Y.

Solution:

Part a): We first calculate the distribution of each Y,, given by

—_

-1

M M 2
AYne=Am
p<yn) = Z p(yn|xn = m>7rm = Z Tm -

|
=0 =0 Yn:

Since the Y,, are independent, we have that

N oMLy, A,
) =] {Z —%@;, M}
n=1 m=0 n:

Part b): The natural sufficient statistics for € given (X,Y) are

N, =

b =

form={0,---, M — 1}.
Part c¢): Given the complete data, the ML estimate is given by



Part d): To compute the E-step, we first calculate the posterior probability

;\g,?efj‘m A
m
falm) = P{X, = m|Y, = yo} = =
n n n n Zi‘f;ol )\gr/nyen!/\mﬁ_m

Then m = {0,---, M — 1} calculate

N=1
To compute the M-step, calculate

N
Tm —

N

. by,

Am =
Np,

And repeat untiled converged.




Problem 4. (25pt)

Let X,, be a sequence of multivariate random vectors that form a homogeneous Markov
Chain. More specifically, for each n, let X,, = (X,0, Xpn1, -+, Xpm—1) where X,,,,, €
{0,---, K —1}.

Furthermore, let p(z) > 0 be any probability density function defined over the set = €
{0,--+, K — 1} and let p,,(z,|x; for i # m) > 0 be its associated conditional density
functions.

Given these definitions, the rule for generating X,, given X,,_; is given by:
Step 1: Generate a uniformly distributed random variable J on the set {0,---, M —1}.
Step 2: Generate an independent random variable W ~ p;(z ;| X; for i # J).
Step 3: For i # J, set X,,; ¢ X,,—1,; and for i = J, set X,,; « W.

a) Show that the Markov chain has a finite number of states.

b) Show that the Markov chain is irreducible.

c¢) Show that the Markov chain is aperiodic.

d) Prove that Markov chain is ergodic with asymptotic distribution p(z).

e) Intuitively, why does this make sense?

Solution:

Part a):

The total number of states for the Markov chain is KM < oo.
Part b):

Let z and 2’ be any two states, then it is enough to show that

We can do this by having a sequence of states in which only one component of the state

changes with each step. More specifically,

2 ifi <t
Tyi = e -
z ifi>t.

Then

P{Xt = xt’Xt—l = xt—l) = P{J = t}pt(a?tyt

Xy, for i #t)

1
— _1fori#£t
Mpt(l’t,t|$t 1,5 1Or 2 # )

0,

v

V
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which implies that

M
P{Xy =7Xo=2)> [ P{Xi =m|X, =2:10) > 0.
t=1
So the Markov chain is irreducible.
Part ¢):
Notice that for all states z and all 7,

P{X; = 2[Xi1 = 2) = P{J =t}p;(zlz for i # j)

1 . }
= ij(zj]zi for i # j)
> 0.

So therefore, each state is aperiodic. Also, since all states communicate, if any state is
aperiodic, then they must all be aperiodic.

Part d):

Since the Markov chain is aperiodic, and irreducible with a finite number of states then the
Markov chain must be ergodic, and any solution to the FBE must be the unique stationary
distribution of the Markov chain.

So therefore, it is enough to show that p(z) solves the FBE.

If Xy ~ p(zx), then

M

1 ) . .

P{Xi =21} = Z Mpt(xl,t‘xl,i for i # t)p(l’l,i for i # j)
i=0

= pi(xre|ar, for i # t)p(a; for i # j)
= plz1) -

So the FBE hold for P{X; = 1} = p(z1), which is the stationary distribution of the MC.
Part e):

Intuitive, if you replace a randomly selected component of the state vector with a random
variable chosen from the desired conditional distribution given its neighbors, then you would

expect that it should eventually settle down the the distribution p(z).




