EE 641 Midterm Exam
October 23, Fall 2014

Name: Key

Instructions

The following is an in-class closed-book exam.
e This exam contains 3 problems worth a total of 110 points.
e You may not use any notes, textbooks, or calculators.

e You are allowed up to 75 minutes to complete the exam.

Good luck.



Problem 1. (30pt)
Let X ~ N(0, R) where R is a p X p symmetric positive-definite matrix. Further define the
precision matrix, B = R~ and use the notation
/0% A
B = |: At O :| ’
where A € R™>*®~1 and ¢ € Re-Dx(P-1),
a) Calculate the marginal density of X, the first component of X.

b) Calculate the conditional density of X; given all the remaining components, ¥ = [X, - -+, X, |".

c) What is the conditional mean and covariance of X; given Y7



Name:

Solution:
a) It is given that X is a Gaussian random vector. Therefore the marginal distribution of
X, follows a Gaussian distribution with zero mean and variance equal to the first entry of

the covariance matrix, denoted using, E[X;X;] = Ry ;. Hence,

2

px,(71) = \/%]meXp{ - %(%)}

b) In order to find the conditional density of X; given Y, we use, p(z1]y) = %.
Absorbing the terms that do not depend on z; into the partition function, the conditional

density can be written as

1
) o~ L)
Expanding using the given inverse covariance matrix and simplifying, we get
L o9, o
plarly) x exp { - 5(a3/0% + 201 4y) |

We can now complete the square inside the exponent.

1
p(z1|y) o< exp { — ﬁ(:vl + 02Ay)2}
The previous expression has a Gaussian density form, which enables easy computation of

o . . o . . . 1 o). .
the partition function. So, the partition function is TonsE and the conditional density can

be expressed as

1 1 9 . \9
p(zily) = Wexp{ - 27‘2(961 + 0”Ay) }
c¢) From the conditional density, the conditional mean is given by E[X;|Y] = —0?Ay and the

conditional variance is given by var[X;|Y] = 2.



Problem 2. (40pt)

Let X,, be a 1-D zero-mean stationary Gaussian AR process with MMSE causal prediction
filter given by h,, = pd,,_1 and causal prediction variance o2.

a) Calculate, Sx(w), the power spectral density of the random process.

b) Calculate, Rx(n), the time autocorrelation of the random process.

c) Sketch plots Sx(w) and Rx(n) for p = 0.95.

d) Calculate (6%, gn) the noncausal prediction variance and the noncausal prediction filter

for the equivalent GMREF.



Name:

Solution:

a) Let ¢, denote the prediction error,

€n

the autocovariance of ¢, is

and the power spectrum of ¢ is

= Zp*(0n — hy)

= Tp — PTn-1

R.[n] = 024,

S.(w) = o2,

The model can equivalently be represented in the form of,

Tn = En *(gn

where the Fourier transform of ¢, is given by

Qw) =

and therefore

So, we have that

(I
1 - Hw) 1—peiw’

q[n] = p"uln] .

Sa(w) = S(w)Qw)Q"(w)

b) Continued from a),

2

O¢

1 —2pcosw + p?
2

O¢

14 p?—2pcosw

o? 1
1+p%1 —21fp2 Cosw

ch[n * [_n]

o7 > prulklpuln + K]
k=—0c0

o2l

1 —p?



c) Sketchs
d) For the equivalent GMRF, we have

012VC (0n = hn) % (0 — hop) = G? (6n — gn)

By evaluating the equation for n = 0, we get

2

O¢

14 p?

2
Onc —

Using this relationship,

(6 — hn) % (6, — h_0)

gn = 571_ 1+p2
—p —p
= O0p— | /=01 + 0+ ——=0,
T3 0t o 0
p
= ——— (01 + 6,



Problem 3. (40pt)

Consider the optimization problem
# = arg min {||ly — Az|2 + 2'B
& rgxeﬂlw{Hy x|} + ' Ba}

where A is a nonsingular N x N matrix, B is a positive-definite N x N matrix, and A is a
diagonal and positive-definite matrix..

a) Derive a closed form expression for the solution.

b) Calculate an expression for the gradient descent update using step size p > 0.

c¢) Calculate an expression for the update of gradient descent with line search.

d) Calculate an expression for the coordinate descent update.



Name:

Solution:

a)
Define f(x) = ||y — Az||3 + 2! Ba.

The first derivative of the solution Z need to be 0.
Vf(z)=—-2A'"A(y — A%) +2B2 =0
then,
&= (A"AA+ B) T A'Ay
Since the Hessian of f(x) = 2A'AA + 2B is positive definite, & = (A’AA + B) "' AtAy is the

solution.
b)

For gradient descent update using step size pu,
d® = -V f(2®) = 24'A(y — Az®)) — 2B2®)
the update is
2* D = W 4 pd
= 2™ 4+ 2uAA(y — Az®) — 2uBx®

c)

For gradient descent with line search,
d® = -V f(x®) =24 A(y — Az®)) — 2B
the step size a is

_ [la®P
~ [ld®]]

0
where Q = A'AA + B.
The update is

1™
2
[1d®11G
A [y — As) — Ba|p
|AA(y — Az®)) — Be®|% 445

25 4 o)

= z® 12

(A'A(y — Az®) — Bz®)



The ICD update can be computed by solving the equation

0 = W = [Vf(r+ag,)] s .

For notational simplicity, let e = y — Az, then the gradient term has the form
Vf(r+ag,) = —2A"A(e — aAe,) + 2B(z + as,) .
From this we can evaluate the equation

0 = [Vf(z+ae) e,
= —2(e— ade,)'AAe, + 2(x + as,)Be,

Rearranging terms results in

(e — adey)'AAey, = (x+ ae,)Be,
e'ANAe, — act A'AAe, = 2'Be, + ae’ Be,
etAA*,s - Oél |A*,s||A - :EtB*,s + aBs,s

Then solving for « results in

e'NA, s+ 2'B, ¢
|| Assl|a + Bs.s
(y — Az)'AA, s + ' B, ¢
|| Assl|a + Bs.s

O =

So then the ICD update is given by

T4 T+ agg .



