PURDUE

ECE 63700

Final Exam, May 7, Spring 2025

NAME PUID

Exam instructions:
o A fact sheet is included at the end of this exam for your use.
¢ You have 120 minutes to work the exam.
e This is a closed-book and closed-note exam. You may not use or have access to your book, notes, any
supplementary reference, a calculator, or any communication device including a cell-phone or computer.
¢ You may not communicate with any person other than the official proctor during the exam.

To ensure Gradescope can read your exam:
e Write your full name and PUID above and on the top of every page.
o Answer all questions in the area designated for each problem.
o Write only on the front of the exam pages.
e DO NOT run over to the next question.




Name/PUID: Key
Problem 1. (35pt) Linear Time Invariant Systems

Let T : RY — RM be a function.
Linear function: We say that T is linear if Yo € R, VB € R, Vo € RV, and Vy € RV,

Tlax + By] = T[] + FTy] -

Infinite dimensional functions: When N = M = oo, then the arguments of T" are discrete
time functions. In other words, z € R*, so then z,, € R where n € {...,—1,0,1,...}.1

Shifting function: Define the shifting function Si[z] = z where z,z € R* and z, = x,, 4.
So in other words, S delays its input by k samples.

Time-invariant functions: Then we say that T is time invariant if for all x, z € R*> and
for all k, we have that
S[Tx]] = T[Sk[«]] -

Problem 1a) Assume N, M < oo and T is linear, then what is the most general form of
the function T'[x]?

Solution:
T[z] = Ax

for some matrix A is the most general form of a finite dimensional linear function.

Problem 1b) Assume N, M < oo and T is linear, then is T'[z] time invariant?

Solution: No, 7' cannot be time invariant because S[z| requires that z € R*>. Intuitively,
you can only shift a function x,, if it goes to infinity.

Problem 1c) Assume N, M < oo, then give an example of a nonlinear function 7.

2

-~ is a nonlinear function.

Solution: Let y = T'[z|, then let y, = x

IFor this case, we also assume that T is closed, that is to say that for any sequence of inputs, =, — z,
then lim, o0 T'(zy) = T(x).



Problem 1d) Assume N, M = oo and T is linear, then what is the most general form of
the function T'[x]?

Solution: Let y = T'[x], then the most general form is

0o
Yn = Z hn,mxma

m=—0Q

for some function hy, ,,.

Problem 1le) Assume N, M = oo and T is linear and time-invariant, then what is the most
general form of the function T'[x]?

Solution: Let y = T'[z], then the most general form is

Yn = i hn—mxma

m=—00

for some function h,,.

Problem 1f) Assume N, M = oo and T time-invariant, and that the input is given by
T, = /*", then what is the most general form of the output?

Solution: Let y = T[z] where z,, = ¢/*™, then the most general form is
g = CE

where C is a complex number, and in general C' = H(e’*) the DTFT of the impulse response
h,.

Problem 1g)

Assume N, M = oo and T time-invariant, then give an example of a nonlinear function 7'.

Solution: Let y = T'[z], then let y,, = 22 is a nonlinear function that is time-invariant.




Name/PUID:
Problem 2. (40pt) Image Sharpening

Consider an LSI system H with an impulse response of

R RPN ITHY
h(m,n):ZZZ(E) d(m—kn—=1),

k=—11l=-1

and a second LSI system G with an impulse response of
g<m7 TL) = 5<m7 n) + A [5(m7 TL) - h<m7 n)] )

for some scalar parameter \ € R.

Problem 2a) Is h(m,n) a separable function? Justify your answer.

Solution: Yes, h(m,n) = hi(m)hy(n) is a separable function with

=23 (2) oo n

k=-1

Problem 2b) What is the DC gain of the filter H? Justify your answer.

Solution: The DC gain is given by H(e/#,e/) =3 h(m,n) = 1.

Problem 2c) Calculate, H(e’*, /"), the CSFT of h(m,n).

Solution: Let h(m,n) = hy(m)h;(n) where

Then the CTFT of h; is given by
) 1 . .
H, (') = 3 {14 (1/2)(e/ +e77%)}

_ %(1 +cos(w)) -



So we have that

H(e'" €)= — (14 cos(p)) (1 + cos(v)) .

RS-

Problem 2d) Calculate, G(e’*, ¢7"), the CSFT of g(m,n).

Solution:

Gle ) =147 |1 — % (1+ cos(u)) (1 + cos(v))

Problem 2e) What is the DC gain of the filter G? Justify your answer.

Solution: The DC gain is given by

G(e, %) = 1+)\{ 411 1+ cos( O))(1+cos(0))}
—1+/\{ 411 1+1)}
=1+A[1-1]
=1.

Problem 2f) Sketch the function G(e?#,e/”), for v = 0 and A = 1.0.

Solution:

—_

G, ) =14+ A {1 — — (14 cos(p)) (1 + cos(()))]

=14\ [1 — 1+ COS(M))]



G(elt, el®)=2— %(1 + cos(w))

N

Problem 2g) What does G do for A > 07

Solution: For A\ > 0, GG is a sharpening filter.

Problem 2h) What does G do for A < 07

Solution: For A\ < 0, G is a blurring filter.
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Problem 3. (40pt) Up Sampling

Let s(t) be a continuous time function that is band limited to a maximum frequency of f..
Then let z(n) = s(nT") be a sampled version of s where T = 1/ f; is the sampling period, and
fs is the sampling frequency in Hz. Define T},quest as the maximum value of 7" that ensures
that z(n) contains all the information in s(¢).

Also, let y(n) = s(nT'/L) be a version that is sampled at L times the sampling rate for an
integer L > 2.

Problem 3a) What is the value of T}, 4uest”

Solution: .

Tnyquest = g .

c

Problem 3b) If T' < T, quest, then can f(t) also be reconstructed from y(n)? Justify your
answer.

Solution: Yes, because we know that z(n) = y(Ln), and we know that we can reconstruction
f(t) from z(n).

Problem 3c) Calculate an expression for X (/) in terms of S(f).

Solution:
o0

x@)-3 3 s (%5r)

k=—o00

Problem 3d) Sketch the spectra of S(f) and X (e/).




|
. f
—fs ~f. 0 fo ks
2 X(el®) 2
1 —
<7=F
w
—m —2nf, 0 2nfe m 2m
Solution: % fs

Problem 3e) Calculate an expression for Y (¢*) in terms of S(f).

Solution:

Problem 3f) Sketch the spectra of S(f) and Y (e/*) for L = 2.

S(f)
1
L=2

£ . 0 ik
2 X(e/®) 2

2

_F =fs
T _T —nf 0 Tf, E
. F F 2
Solution: z ,

Problem 3g) Calculate an expression for Y (e/*) in terms of X (e/*).

8



Solution: ' . .
Y(e™) = H(e™) X ()

where H(e’*) = rect(wL) for |w| < 7.

Problem 3h) Describe the steps required to compute y(n) from z(n). Provide a detailed
specification of each step.

Solution: First you should up sample z(n) to from z(n).

[ xz(n/L) forn mod L=0
#n) = 0 for n mod L # 0

Then filter the signal with the filter h(n) = Lsinc(n/L) to yield
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Problem 4. (35pt) Computed Tomography

Consider the X-ray transmission imaging system pictured below with a mono-energetic
source.

X-ray

detector
source

YT,0
= J‘:’i
yr

> O

x=0 x=T

We know that the photon flux, y(x), as a function of depth, z, (units of cm) obeys the
following equation

iy L COUICOR
where p(z) (units of cm™!) is the X-ray density of the material at location x along the path.
Define, yr = y(7T') and yo = y(0) where y(x) is the photon flux with the object present.

Furthermore, assume that you are imaging a solid objected made from polyethylene. Then
let I(x) be an indicator function so that I(x) = 1 indicates that the polyethylene is present
at location z, and I(z) = 0 indicates that it is absent. In this case, we have that

p(x) = pel(z)
where

~ [ 02lem™  at 40 keV
FE=9 017cm™' at 80 keV

Also define .
L= / I(x)dx
0

where L is the path length in cm through the polyethylene material.

Problem 4a) Find a solution to the differential equation, y(x), which meets the boundary
condition that y(0) = yp.

Solution:

y(x) = yoexp {— /Ox u(t)dt}

10



Problem 4b) Show that if the object is removed (i.e., u(x) = 0), then the measurement is
given by yro = Yo

Solution:

y(x) = yoexp {— /Ow u(t)dt}
= ?JOeXP{—/Oa:Odt}

=yoexp{—0}
=Y -

Problem 4c) Write an expression for the measurement yr in terms of g and L.

Solution:

yr = y(T)

= Yo €Xp {— /OT MEI<t)dt}
= Yo €xp {—ME /OT I(t)dt}

=yoexp {—pupL} .

Problem 4d) Sketch the value of yr as a function of L in cm for £ = 40keV. (Hint:
1/0.21 = 4.76.)

Solution:

11



Problem 4e) Sketch the value of yr as a function of L in cm for £ = 80keV. (Hint:
1/0.17 = 5.88.)

Solution:
N

< Yo

0 5.88

Problem 4f) In this problem, assume that the X-ray source energy is at both 40 and 80 keV
in equal proportion, so that yy = 1 for both cases. Then write an expression the measured
yr as a function of L.

Solution:

yr = exp{—puaoL} + exp {—pzwL}
=exp{—0.21L} +exp{—0.17L} .

Problem 4g) Assuming that the X-ray source energy is at both 40 and 80 keV as in the

previous problem, sketch the value of p = —log {:‘;—g} as a function of L.

12



Solution:

)
p=—logq—¢ =
Yo

4

\

p(L)

—log{

exp{—0.21L} +exp {—0.17L}

4.76

13

|
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Problem 5. (20pt) Color Space Transforms

Consider a color space (r, g,b) with color matching functions given by 7,, go, b, € R3' and a
white point of (z,,¥,) based on physical red, green, and blue primaries.

Furthermore, let ,,v,, 2z, € R3! denote the X,Y, Z color matching functions. And let B be
a 3 X 3 matrix such that

To Zo
g | =B | y
bo 20

Problem 5a) Are r,, g,, b, strictly positive? Justify your answer.

Solution: No, the color matching functions for a color space with real primary colors can
never be strictly positive.

Problem 5b) Explain how to calculate the white point of (x,,y,) from knowledge of B.

Solution: Form a vector of 1’s denoted by 1, then the X,Y, Z values for the white point
are given by

X
Y, | =B7'1.
Z
Then compute the chromaticity values as
P ) =\ Xy Yo + Zo’ Xo + Yo + Zo

Problem 5c) Explain how to calculate the chromaticity of the red primary, (z,,y,) from
knowledge of B.

Solution: Compute

X, 1
Y, | =B 0
Ly 0

Then compute

(o) = (ot 4
U EA\ X, Y 2 X, 1 Y, + 2, )

14



Problem 5d) Explain how to calculate the (approximate) gamma corrected, (7, g,b) values

from the values (r, g, b) for v = 2.4.

Solution:

=
I

ro\1/24
(2%)

g \1/24
(253)

3 1/2.4
- (L
255

N}l
Il

15



Fact Sheet

e Function definitions

A1 for |t <1/2
rect(t) = { 0 otherwise

A [ 1=t fort| <1
Alt) = { 0 otherwise

sine(t) 2 A sin(mt)

it

X(f) = /00 z(t)e It

—00

x(t) = /_OO X (f)er* I tay

e CTFT Properties
CTFT + 4
z(—t) "= XH(=f)

w(t —to) “ET X (f)e IS0

x(at) ET ,1X<f/a>
CTFT

X(t) < z(=f)

() ot CET X (F — fo)
CTFT f)

2(ty(t) BT X(f) « Y (
() = y(t) BT X ()Y ()

2

—00

e CTFT pairs
sinc(t) cuT rect(f)

rect(t) cLr sinc(f)

Fora >0
1 o CTFT 1
o T Gap ey
o CSFT

F(u,v) = / f(z,y)e7?" wz+vy) dody

88
2

flzy) = /

8
8

| sty a5 OoX(f)Y*(f)df

F(u,v) eJ27T (wz+vy) g0 doy

e DTFT

X (e3%)

o0

= Z z(n)e Iwn

n=—00
1 [T o
— Jwyeiwn g
5 X (e?*)e?" dw

o DTFT pairs

(n+1)a"u(n)

n DTFT 1

&

a"u(n) T
DTET 1

(1 — ae—1v)?2

e Rep and Comb relations

o0

tepr [o(t)] = Y alt—kT)

k=—00

e Sampling and Reconstruction

— 2(nT)

-7 ()
=S k- kT
= ];/:i:;%ﬁ)



