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1 Notation

The following is notation used this the document

A - wavelength of light

[V, vy, V] - spatial frequency in (cycles/unit length)

kg, by, k2] = 27r[vm, Uy, UZ] - spatial frequency in (radians/unit length)
k = ||[ks, ky, k.]|| = 5F - spatial frequency in (radians/unit length)

[V, vy, va] || = % - spatlal frequency in (cycles/unit length)

Define the Fourier transform and its inverse as

Glogivy) = / / 92, y) exp{—j2m(vez + vyy)}dady
gley) = / / G(va, vy) expli2m(vs + vyy) }dugdu,

2 Derivation of Fresnel Transfer Function

Consider an optical plane wave at a single wavelength A, then its electric field has the form
E(z,y,z) = exp{j2n(vpx + vyy + v.2)} .

Further consider two parallel planes one at position z = 0 and another at position z = d. Then in
the presence of a plane waves the electric filed on the two planes is given by

uw(z,y) = E(x,y,0) =exp{j2m(vyx + vyy)}
Ud(ZE, y) = E(:E? Y, d) = H(Uwa Uy) exp{j27r(vx:1: + Uyy)} )

where H is a complex phase of the wave on the second plane given by H(vs,vy) = exp {j2mv.d}.
Using the Fresnel approximation, the complex phase H (v, v,) is given by

H(vg,vy) = exp{j2mrv.d}

1 1/2
= exp {j27r <A2—v§—vz> d}

d
= exp j271’>\(1—)\21) —1—1)])1/2}

|
i)
&

}exp{ JrAd(v? 4+ v )} .

Q
@
»
o

1



Now we now know that when wuy and ug4 are plane waves with 2D frequency (vg, vy), then

ug(@,y) = H(vg, vy)uo(z,y) -

So therefore, H(v,,vy) represents the 2D transfer function from the first plane to the second.
More generally, if we let Ug(vy, vy) and Up (v, vy) be the 2D Fourier transforms of the more general
functions ug(z,y) and up(x, y), then we can use the Fresnel approximate to represent the relationship
between the complex signals on the two planes.

Using the Fresnel approximation, the relationship between the complex signals on the two
planes is given by

Ud(”:ﬁ Uy) = H(UI7 Uy)UO(UI7 Uy)

where

d
H(vg,vy) = exp {j27r)\} exp { —jmAd(v: + ”5)} ,

when ||[vz, v, << 3.

3 Derivation of Fresnel Convolution

If we take the inverse 2D Fourier transform of H (v, vy), then we get the impulse response associated
with the Fresnel approximation given by

1 o d ot 4P
h(m,y)*ﬁexp {j?ﬂ)\}exp {j7r /\dy } . (1)

(See Section 5 below for details.)

Using this relationship, we can represent the relationship between the signals on the two planes
with a convolution.

Using the Fresnel approximation in the space domain, we have that

ug(x,y) = uo(x,y)*h(z,y)

2 2 \2
= ho/ / ug (', y' exp{] (2 JU)):;(Z/ v) }dx'dy'.
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4 The Fraunhofer approximation

In the case that 2/% + y 2 s sufficiently small, then the Fraunhofer approximation holds.

00 00 2 YAV
ug(x,y) = ho/ / uO(x’,y’)GXp{jTr(x T+ —y) }dx’dy’

Ad
= hgexp {ijQ)—;yQ} /_O; /_O; up(x’,y') exp {jﬂx’i—\i—dy/z} exp {—jQWW} dx'dy
ho exp {jwaﬂ;—dyQ} /_Z /_O; up(z',y') exp {—jZWW} dx'dy'
= hgexp {jwm2)—;y2 } F (%, %)

where F' is the Fourier transform given by

F(vz,vy):}"{uo(x,y)}

Q

So relationship resulting from the Fraunhofer approximation is

T T
ufz(fﬁ,y)=hoexp{17r y }F< y)

A\ A \d

where

F(vx,vy):}“{u()(x,y)} .

5 Fourier Transform Pairs

Define the 1D Fourier transform as
o
F(v) = / f(z)exp {—j2mrav}dx .
—00

Then the following are a Fourier transform pair is available from a standard table such as Campbell
& Foster (1948).

f@) = exp{—jas?}

Flo) = \/zexp{j((ﬁi)z‘;i)}‘ﬂe’(p{jCﬂs)Q)}

So then taking a = —<7, we have the new 1D Fourier transform pair given by

1 z?
hi(z) = WeXp{jFM}

1 . .
Hy(v) = Jind jAdexp {—jmAdv?}

= exp {—jﬂ')\dUQ} .
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Notice that the Fresnel kernel is a separable function given by (1) can be expressed as

o d
pa9) = exp {205 | n()a ()
So we have that
o d
H(vg,vy) = exp {]QW)\} Hi(vy)Hi(vy)

= exp {jQﬂg\l} exp {—j’]‘[‘)\d (Ug + vj)}



