EE 637 Final
May 3, Spring 2017

Name:

Instructions:

e This is a 120 minute exam containing five problems.
e Each problem is worth 20 points for a total score of 100 points
e You may only use your brain and a pencil (or pen) to complete this exam.

e You may not use your book, notes, or a calculator, or any other electronic or physical device

for communicating or accessing stored information.

Good Luck.
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Problem 1.(20pt)

Let s(z,y) = sinc(az, By) where z and y have units of inches and « and f are positive constants
with units of inch™!. Furthermore, let g(m,n) = s(mA,nB) be a discrete-space function where A
and B are the sampling intervals in the = and y directions, respectively, in inches.

a) Calculate S(u,v), the CSFT of s(z,y).
b) Give the cuttoff frequencies of s(z,y) in both = and y directions in units of cycles per inch.

c¢) Specify the Nyquist sampling rates in units of cycles per inch along the x and y directions that
are required to ensure perfect reconstruction. Also, specify constraints on the associated values of
A and B in terms of « and .

d) Calculate G(e/#,e7”), the DSFT of g(m,n).
e) Sketch the function G(e/*,e/”) on the region (u,v) € (—m,7) X (—7,7) when A = B =1 and
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Problem 2.(20pt)

Consider a focal plane array with detector cell sizes T' x T', where T has units of inches. Let g(z,y)
be the incoming light signal, and let s(m,n) be the measurement from the (m,n)*" detector cell.
The measurements s(m,n) are related to the input light signal as

S(m7n) = /2 h(IL‘ - Tm7y - Tn)g(x’y) dl’dy )
R
where h(z,y) = rect (%, ). Furthermore, define

§(z,y) = h(z,y) * *9(z,y) ,
where *x represents 2-D convolution.

a) Show that s(m,n) = g(T'm,Tn), and use this result to draw a block-diagram of a signal-
processing model of the focal-plane array.

b) Calculate an expression for G(u,v) the CSFT of §(z,y) in terms of G(u,v).
c) Calculate an expression for S(e/*, ) the DSFT of s(m,n) in terms G (u,v).

d) What is the maximum spatial frequency that the sampling system can reconstruct based on
Nyquist theory?

e) Calculate the frequency response of a linear space-invariant digital filter, P(e#,e/”) that can
compensate for the effect of the detector cell.
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Problem 3.(20pt)

Let Y € RY be a vector containing the pixels in an image window. We can model Y as
Y=pX+W

where ;1 € RY is a deterministic column vector of length N, X € R is scalar valued Gaussian
random variable with mean 0 and variance 02, and W € RV is a Gaussian random vector of i.i.d.
noise components, each with distribution N (0, oy,).

Intuitively, Y is composed of a signal p modulated by an amplitude X obscured by additive noise
W. Our objective is to estimate the value of X from the observations Y. To do this, we will form
a MMSE linear estimator for S given by

X =Y

where 0 € RY is a vector of coefficients.

Furthermore, define the covariance matrix of W given by
Ry =B [WW!]
the covariance matrix of Y given by
R,=E [YYf] :
and the cross-covariance column vector of ¥ and X given by

b=E[YX] .

a) Give a simplified expression for R, in terms of oy,.
b) Give a simplified expression for Ry in terms of oy, o and p.

¢) Give a simplified expression for b in terms of oy, o and p.
d) Calculate an expression for the MSE given by E [||X —X ||2] in terms of 02, 02, §, and .

e) Use the above results to calculate a closed form expression for X.
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Problem 4.(20pt)

Consider an image f(z,y) with a CSFT given by F(u,v) and a forward projection

po(r) = FP{f(z,v)}

= / f(rcos(0) — zsin(f), rsin(6) + zcos(d)) dz .
—0o0
a) Calculate the projections pp(r) of the function f(z,y) = d(z,y).
b) Calculate the projections pg(r) of the function f(z,y) = §(z — 1,y).
c) Calculate the projections py(r) of the function f(z,y) = circ(z,y).
d) Calculate the projections py(r) of the function f(z,y) = circ(z — 1,y).
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Problem 5.(20pt)

Let z(t) be a continuous-time signal, and y(n) = z(Tn) be the associated discrete-time sampled
signal.

a) Give an expression for the discrete approximation to

dx(t)

dt

t=Tn
the derivative of z(t) at time ¢ = T'n in terms of the sampled signal y(n).

b) Give an expression for the discrete approximation to

d?z(t)

dt?

t=Tn
the second derivative of z(t) at time ¢ = T'n in terms of the sampled signal y(n).
c) Give a general condition for detecting an edge in the signal based on the first discrete derivative.

d) Give a general condition for detecting an edge in the signal based on a combination of the first
and second discrete derivatives.

e) What is the advantage of using both the first and second derivatives?
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