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Random Variables

e [ et X be a random variable on IR, then

— X 1s usually denoted by an upper case letter.

— The cummulative distribution function is given by
P{X <z} = Fx(x)

— If the probability density function exists, it 1s given by

B dFX<ZC)
- dx

px(x)
so that
P{xl < X < LUQ} = Fx<$2) — FX(£U1>

79
— / px(7)dT
T

— The expectation of X is given by

E|X]| = /_OO Tpx (T)dT

o0

or more precisely by the Riemann-Stieltjes integral

EIX] = / " rdFy(r)

©9)

if 1t exists.



C. A. Bouman: Digital Image Processing - January 12, 2015 2

Deterministic versus Random

e Let X and Z be random variables, and let f(-) be a func-
tion from IR to IR

—Is Y = f(X) arandom variable?
— Is 4 = F[X] a random variable?

—Is X = F[X|Z] a random variable?
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Properties of Expectation

e Expectation 1s linear

FEIX +Y]=FEX]|+ E|Y]
e What is F|E| X |Y]] equal to?

EEX]Y] = EX]
e What is F/| X | X, Y] equal to?
EX|X,Y]|=X

e When X, Y, and Z are (jointly) Gaussian

EX|Y,Z]=aY +bZ + ¢

for some scalar values a, b, and c.
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2-D Discrete Space Random Processes

e Notation

— X, is a pixel at position s = (s, 59) € Z?
— S denotes the set of 2-D Lattice points where S C Z?

e Definitions
— Mean p; = E[X]
— Autocorrelation Ry = F| XX,
— Autocovariance Cy. = F[( X — ) (X, — )]

— A process is said to be second order if £|X,| and
FE|X,X,]existforall s € Sand r € S.

— A second order random process is said to be wide sense
stationary if for all s € Z?

Hs = H(0,0)

Cr,r+s — C'(O,O),s
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2-D Power Spectral Density

Let X, be a zero mean wide sense stationary random pro-
cess.

Define

Xn( 63“ 6]” S 5 an e~ d (mutny)
Nn——

e Then the power spectrum (i.e. energy spectrum per unit
sample) 1s

: 2
(2Nl+ 1 [Ale )
The following limit does not converge!!
1 2
i e )

Intuition - The spectral estimate remains noisy as the win-
dow size increases.
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Definition of Power Spectral Density

e Definition of Power Spectral Density

i ey £ 1 E‘X I eI
Sale,e”) = lim onrel ||[Xveer)

1

Expectation removes the noise.
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Weiner-Khintchine Theorem

e For a wide sense stationary random process, the power
spectral density equals the Fourier transform of the auto-
correlation

S, 6]# 6]7/ Y Y Rm n —j(mu+nu)

m=—o0 N=—0oo

where
R<m7 n) — E[X(O,O)X(m,n)]
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Estimating Power Spectral Density

2]

How do we compute the required expectation?

e For simplicity, consider 1-D case

S, () = lim %E[ (v ()

N—o0

— Answer: The law of large numbers (averaging)

Bz i&lﬂ%@zzk

where Z; are independent and 1dentlcally distributed (1.1.d.).
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Computing Power Spectrum from Block Average

e et X, besignal with0 <n < NK.
e Break X, into K parts, each of length V.

V¥ = Xiwin

where 0 < k< Kand 0 <n < N.
e Compute DTFT of Yn(k)

Y ) (el = y (F) gjwn

n

S, () = ~F [

I 2
I (k)¢ jw
- N KZ Y e™) ]
k=0
e So we have that
K—1
. 1 . 2
jwy X y (k) (eiw
Sele”™) = 7 (e”)
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Block Averaging in 2-D

e Break image into K regions each with NV pixels

YO(ei, e?) V3(edn, e?)

YlQ(ej,u’ eiv) }715(€ju’ )

e For each block, compute Y(k')(ej“, e’V

e Average blocks to form power spectrum estimate

1 K-1

S, ju) vy =2
(e’H, e?") NKk:




