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Discrete Time Fourier Transform (DTFT)
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X(e¥) = Z z(n)e <"
1 /7 o
xr(n) = o X(e!*)e! " dw

e Note: The DTFT is periodic with period 27.
X<€j(w+27r)> _ X(ejw)

e Therefore functions such as rect(w) are not valid DTFT’s.
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Useful Discrete Time Functions
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e psincy(w) and prect,,, (w) are periodic with period 27.

e prect,, (w) has cut-off frequency w,.
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Useful DTFT Transform Pairs
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Discrete Space Fourier Transform (DSFT)

F(ej“,ej”) _ S: S: f(m7n)€—j(um+vn)

[
flm,n) = ﬁ/ / F<€]M7€]V>€](Mm+un)dludy
n —7 J =T

e Note: The DSFT is a 2-D periodic function with period
27 1n 1n both the 4 and v dimensions.

[(elt2m) ol wi2m)y — p(elh o)

e Note: In matrix notation rows and columns are usually
transposed.

fn,m = f(m, n)

row — n; column — m
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DSFT Properties Inherited from DTFT

e Some properties of the DSFT are directly inherited from

the DTFT.
Property Space Domain DSFT
Linearity af(m,n)+bg(m,n) aF(e/*, &)+ bG(e*, e”)
Conjugation  f*(m, n) F*(e 7t e=7)
Shifting f(m —mg,n —ng) e Jmotvo) (et ei?)

Modulation €j27r(u0m+von)f(m’ n) F (ej(u—/m)7 ej(z/—uo))
Convolution  f(m,n) * g(m,n) F (et el")G (et el”)
Multiplication f(m,n)g(m,n) F(et, &) x G(et, &)

e Inner product property

> > flmn)g(m,n)

m=—o0 N=—0oo

1 ™ o o
2] / / F(e' )G (e, &) dudy
T —mJ -7
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Properties Specific to DSFT

e Some properties are distinct to the DSFT.

Property Space Domain DSFT
Separability f(m)g(n) F(e/")G(e)

e Notice that there are no scaling or rotation properties for
the DSFT.
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2-D Z-Transform Transform

e 1-D Z-transform

X(z) = Z x(n)z™"
_1 n—1
r(n) = — X(z)2" dz
2mJ Jeeroc

e 2-D Z-transform

F<217Z2> — Z Z f<m7n>zl_m22_n

mM=—00 N=-—00
1

o m—1_n—1
f(m,n) = 22 /CQEROCF(Zl,zQ)zl 2y tdzidzo
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Relationship Between
Fourier and Z-Transforms

e In 1-D, the DTFT i1s the 1-D Z-transform evaluated on the
unit circle. |
F(e™) = F(z)|

Zzejw

e In 2-D the DSFT is the 2-D Z transform evaluated on the
unit sphere.

F(e*, &) = F(z, )|

leejM,ZQZlEjV



