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Multivariate Gaussian Distribution

e Let x be a zero-mean random variable [&h
1

px) = Gl Rl e %)

whereR is thep x p covariance matrix.

e The matrixR is a positive definite symmetric matrix, then

R = EAFE'
whereE = ey, ..., e,] is an orthonormal matrix of eigen-
vectors, and\ = diag Ay, ..., \,) is a diagonal matrix of

eigenvalues.

e Therefore, we hav&'E = 1.
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Contour for the Energy Function

e Intuitively, the energy function (square of the Mahalarsobi
distance)
f(x)=x'R'x
has contour plots shown here.

] — Contour for the energy function
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Gaussian Random Variable Decorrelation

e Considerx = E'x, then

Elx x'] =E[E'x x'E]
=F'E[x x'|E
=E'RE
—FE'EAE'E
=A
e Therefore, the elements af are uncorrelated with vari-
ancel[z?] = A;.

e The elements ok are independent, since as the linear
transform ofx, is Gaussian distributed.
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Whitening Gaussian Random Variables

X

X —| gt ——s|p-12— 7

E[Z Z] =1

e S0 F' decorrelatex, while A~ E! whitensx.

Elx = : X

L Cp] L

e The eigenvectorg;, called eigen-signals, are basis vec-
tors to represent the signzl

e If x represents an image, then the eigenveatpese also
calledeigenimages.
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Eigenimage Estimation

e Assume we have training vectorsX = [xy, ..., X,], then
R, =E[x; x}]
=E[XX"]/n
~XX'/n
=S

wheresS = %XXL‘ IS the sample correlation matrix
ML
1] — n - k<) gk

e Decompose as

AN AN

S = EAE'

where E is an estimate of the eigenvectors, ahds an
estimate of the eigenvalues.

e I/ could be very large, especially whex represents:
Images.
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Singular Value Decomposition (SVD)

e Forn < pitlooks like

X

pXn

pXn

— The columns ot/ are orthonormal and called left hand

singular vectors.

— The columns ofl/ are orthonormal and called right
hand singular vectors.

— Y Is diagonal matrix of singular values.
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Eigenimage Estimation using SVD

e Notice that
XX'=Uxv'vau'
=Ux*U"
SoU is the set of the desired eigenvectors’ak .

e How to computd/?

— Notice thatX'X = VX?V'is an x n matrix, andV/

contains eigenvectors of a much smaller matrix.
— Algorithm

x Find eigenvector§” of the matrix X' X

x ComputeXV = UX, Then the columns ot/ are
the normalized columns of V', and). are the nor-
malization factors.



