EE 637 Final
May 2, Spring 2012
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Instructions:

e This is a 120 minute exam containing five problems.

Each problem is worth 20 points for a total score of 100 points
¢ You may only use your brain and a pencil (or pen) to complete this exam.

e You may not use your book, notes, or a calculator, or any other electronic or physical device

for communicating or accessing stored information.

Good Luck.




¢ T‘unction definitions

rect(t) £ {

At) 2 {

o CTFT

sinc(t)

I

e CTFT Properties

1
0 otherwise

Fact Sheet

for [t| < 1/2

1—[¢ for|t| <1

0

otherwise

sin(mt)
7t

o0

/ x(t)eI2m gt

| et

(t)eﬂ”fot “ET X~ fo)

o CTFT pairs

Fora>0
1

(n—1
o CSFT

F(u,v)

[z, y)

)

sinc(t)

rect(t) S

tn—-le—atu(t) CTFT

/
/

oo

g g

o

/
/

X(f) =Y (f)

€T x (f)Y(f)

TFT

o<

88

[ee]

¥ rect(f)

sinc(f)

1
(2rf +a)"

f z y e 321r(uz+vy)dxdy

F(u,v) eﬂw(mﬂy)dudv

¢ DTEFT
X&) = Z z(n)e ¥
z(n) = L[ X (e7)eI duw
27 J_
o DTFT pairs
DTFT 1
a”u(n) == m

¢ Rep and Comb relations

o0

reprfa(®] = > alt~kT)
k=—00
combr [z Z 5t —kT)
k=-—o00

combr [z(t)] ~& —;;rep% (X(H)]

repp o(t)] “HT Zeomby [X(f)

e Sampling and Reconstruction

y(n) = a(nT)
. 1 & w— 27k
YY) = = X
Tk:Z—oo ( 2T >
s = Y ykol—kT)
k=—co
SE¥) = Y (&7)



Name:
Problem 1 First Part.(8pt)

Let X ~ N(0,02) and W ~ N(0,1) be independent Gaussian random variables, and let

Y=X+W.
Furthermore, we know that the MMSE estimate of X given Y has a form given by
X =E[X|]Y]=aY,
and we know that the MMSE estimate must have the property that
E[(X-RX)Y]=0.
a) Calculate the E[XY] and E [Y?].
b) Calculate the value of a.

Problem 1 Second Part. gpt ézi@

Let X ~ N(0,R) and W ~ N(0,I) be independent Gaussian random vectors with R = FAE?
where EE' = I and A is diagonal, and let

Y=X4+W.

Use the results of Problem 1) First Part to solve the following problems.

c) Ca}culate the mean and covariance of the three Gaussian random vectors X = EtX W = E'W,
and Y = E'Y.

d) Calculate an expression for the Z = E [X' |}7]

e) Use the expression of part d) to calculate an expression for the F[X|Y].

a) El X “/7 = [EE’E&( (X “)\/ - 7t o
r [:‘ Y ;J ~ F )(k 00) (57 e ;)// w/‘ ey

f’j ] (x-R)y fmo = F [ { x- ot \f} yj

W =plry ] - g Lved

K= £ [
M%«i »f"*j




3
) ~, i ;{7 ‘“”“; —
FX -6 Y)Y .j 0
@ A Kb gt @ Frese
' ¢

L e N %ﬁg ,pf i o f(?
e # 7 o g N/ k?i » / .

©= (A L) A

A ;[
z aﬁzﬁi/’j N o A
R 7 = E(ATL)AETT
- g\: ] o -



Name:
Problem 2.(20pt)

Consider the 2D system given by

9(z,y) = f(z,y) o h(=z,y)
where o represents 2D convolution and

1
hz,y) = Nk

A common problem in image processing is called “deconvolution”. The objective of deconvolution
is to recover the signal f(z,y) from knowledge of g(x,y) and h(z,y).

a) Use the Fourier transform to show that
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b) Use the result of a) to show that
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¢) Show that the Fourier transform of h(z,y) has the form
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d) Use this result to show that
1
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e) Which task is more difficult: Deconvolution with h(z,y) = \/%; or Deconvolution with
22ty

H(u,v) =

h(z,y) = sinc(z,y)? Justify your answer. 20
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Name:
Problem 3.(20pt)

Consider the 1D interpolation system given by

s(n) = _io: z(m)d(n —mL)
and -
y(n) = —Z s(n —m)h(m) .

a) Derive an expression for S(e/¥) in terms of X (e/*).

b) Write an expression for the ideal filter H(e/*).

¢) Derive an expression for the ideal filter impulse response h(n).

d} Is the ideal h(n) practical to use on streaming audio sources? Why or why not?

e) Suggest an alternative impulse response h(n) to use, and explain its advantages.
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Name:
Problem 4.(20pt)

Consider a Gaussian random variable X with mean zero and variance 1.

a) Write an expression for the rate and distortion functions R(6) and D{(8).
b) Sketch the distortion-rate function for X.
¢) Explain the meaning of the distortion-rate function.

d) Let {X,}); be a set of independent Gaussian random variables each with zero mean and

variance o2 where o2_; > o2. Write an expression for the rate and distortion.

e) How can one calculate the distortion-rate function for a Gaussian vector X with mean zero and
covariance R = FAE? where EE* = I and A is diagonal?
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Name:
Problem 5.(20pt)

Let X (m,n) be an achromatic image that is collected by a linear CCD with subtraction of dark
current so that X(m,n) = 0 corresponds to zero light photons. Furthermore, assume there is a
gamma-corrected display devise with inputs R(m,n), G(m,n), and B(m,n) taking integer values
ranging from 0 to 255.

a) Specify the (approximate) transforms of the image X (m, n) that are necessary in order to display
the image properly assuming that the display takes standard RGB input.

b) If you were to display the image X (m,n) directly so that R(m,n) = G(m,n) = B(m,n) =
X(m,n), then what distortion would you observe in the displayed image? Again, assume the
display takes standard RGB input.

¢) If the display were modified so that its v = 1, and you were to display the image X (m,n) directly
so that R(m,n) = G(m,n) = B(m,n) = X(m,n), then what distortion would you observe in the
displayed image?

d) Imagine that X (m,n) is collected from a half-toned print, and you would like to remove the
halftone noise. Is it better to filter X (m,n) directly, or to first gamma correct X (m,n) and then
filter it7 Justify your answer.

e} What is your favorite color?
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