EE 637 Final
May 4, Spring 2010

Name:

Instructions:

o This is a 120 minute exam containing five problems.
e Each problem is worth 20 points for a total score of 100 points
s You may only use your brain and a pencil (or pen) to complete this exam.

¢ You may not use your book, notes, or a calculator, or any other electronic or physical device

for communicating or accessing stored information.

Good Luck.
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Name:

Problem 1.(20pt)
Consider the standard chromaticity diagram below, and assume that you are using a display
device with standard 709 7, 9,0 color primaries.
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a) Draw a triangle corresponding to all colors with positive values of X, Y, and Z. Label the
three primaries for this triangle as “X-primary”, “Y-primary”, and “Z-primary”.
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b) Label the region of the chromaticity diagram corresponding to imaginary colors. (Use 45 deg
diagonal hash marks to indicate this region of the diagram.)

¢) Label ALL real colors with r < 0 on the chromaticity diagram. (Use -45 deg diagonal hash
marks to indicate this region of the diagram.)

d) Place a point on the diagram corresponding to a highly saturated color that is NOT formed
by a single wavelength of light. Label this point with the letter “P”

e) Draw a line on the plot corresponding to all color that can be formed with a combination of
the D65 white and R709.
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Problem 2.(20pt)

The approximate Lab color space transform is given by
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a) Qualitatively specify the colors corresponding to the following values of L, a, b: 1) L = 100,
a=0,b=0;2) L =100, a = large positive, b = 0; 3) L = 100, a = 0, b = large positive; 4)
L =100, a = large negative, b = 0; and 5) L = 100, a = 0, b = large negative;

b) Which component of the L, a,b coordinate system requires the greatest spatial frequency to
accurately represent? Why?

¢) Is the L, a, b coordinate system suitable for representing images that will be JPEG compressed?
Why or why not?

d) Imagine that an image with large energy in high frequencies is viewed from a great distance,
and you would like to know the average color that the viewer sces.

Should you low pass filter the L, a,b image to determine the average color? Either justify that
this approach is correct, or explain a better approach.
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Answer 2a)

For (L,a,b) = (100, a, 0) then it must be that Y=Y and Z=Zo. So the color’s (X,Y,Z)
components must be given by (X,Y,Z) = (Xo, Yo, Zo) + (X, 0, 0) for some value of X.
This means that the chromaticity of the color (X,Y,Z) must fall on a line connecting
W = (Xo, Yo, Zo) and X = (X, 0, 0) where W is the white point of the L,a,b transform
and X is the imaginary primary for the X component of the (X,Y,Z) coordinate
system.

This line between W and X is illustrated in the figure below. The resulting color is
can then be expressed as Color = W + ou X where o is a constant. When a=0, then
Color = W, and it must be that o=0. When a>0, then Color = W+ aX, where o>0; and
when a<0, then Color = W+ a X, where a<0. The largest value of a that results in a
real color is indicated by the point R on the diagram, and the smallest value of a that
results in a real color is indicated by the point G on the diagram.
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Figure 1 - Line corresponding to L=100, b=0.

For (L,a,b) = (100, 0, b) the situation is similar, as illustrated in Figure 3. In this case,
the chromaticity of the color (X,Y,Z) must fall on a line connecting W = (Xo, Yo, Zo)
and Z = (0, 0, Z) where W is the white point of the L,a,b transform and Z is the
imaginary primary for the Z component of the (X,Y,Z) coordinate system.

This line between W and Z is illustrated in the Figure 3. The resulting color can then
be expressed as Color =W + B Z where B is a constant. When b=0, then Color =W,
and it must be that f=0. When b<0, then Color = W+ BZ, where >0; and when b>0,
then Color = W+ BZ, where B<0. The largest value of b that results in a real color is



indicated by the point Y on the diagram, and the smallest value of b that results in a
real color is indicated by the point B on the diagram.
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Figure 2 - Line corresponding to L=100, a=0.

Referring to Figure 2, we can see that R, G, B, and Y correspond to the actual colors of red,
green, blue, and yellow.
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Figure 2 - Colors of chromaticity diagram.
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Name:
Problem 3.(20pt)

Assume that for achromatic images, you use the following fidelity metric for the human visual
system,
D= Z (h(m,n) * b(m,n) — h(m, n) * g(m,n))?

m,n

where D is a measure of distortion between the linear gray scale image g(m,n) and the binary
image b(m,n), and * indicates 21 convolution.

Furthermore, assume that
h(m,n) = [6(m,n) + (1/2) (6(m = 1,n) + 8(m + 1,n))]x[6(m,n) + (1/2) (6(m,n — 1) + §(m,n + 1))]
where # represents 2D convolution.

a) Calculate the DSFT, H(e/#, /") of h{m,n), and sketch its shape.

b) What are the values of H(e/, e/%), H(el™, e/9), H(e™I7, €19, H(e°, ™), and H(el®, e7I7),

¢) Assuming your objective is to represent the gray scale image g(m,n) by the binary image
b(m,n), then is it best for d(m,n) = b(m,n) — g(tm,n) to contain mostly high frequencies or low
frequencies? Why?

d) If g(m,n) = 1/2, then determine all binary patterns b(m,n) (i.e. a pattern of 1’s and 0’s) that
best matches g(m,n).

e) How could the distortion measure, D, be improved to better account for contrast?

K@ g(ﬂ) + ;ék ( (5; éf,;’f?? o 5”_} ff’g {’“
@? 7 L

<"/ r"‘“"‘:» 1 17 . i / e ! ) @"
e Y AUENER
/ + oy (e )

(140> Car )) (/4 e3¢
- /‘”’7/f < (if ; Y )

7



C‘} It (s besT f@',{?mf esren 7D »4;/‘/»4

‘5;' if [’/ Doeds ég@%\j /}g &fi@ Py Adet . éﬁg /ﬂ P Z;f ?éﬁ‘;’* et/
resu {lﬂf f}@g Ao / E2ee) j, R .

i E8 i o 4
o &

7 ¢ "
L 7 o o

Pty v

4@ - 2 ( (ﬁ?{fﬁmﬁ%ﬁ {{){@jw;} — (/%i‘ség«w} w

7T he powtst LG G o fs Sor sewsiZyp, U
v ,

Trn Cbed Vo T

/4

¢

/

&

«*3 gZ%

N
v

{



Name:
Problem 4.(20pt)

Consider a sequence of N i.i.d. random variables, X,,, each with density

pleli) = - exp (~p(z — 1)

where p is a parameter of the distribution, and z is a normalizing constant given by
z = / exp (—p(x)) dx .
IR

Then the maximuimn likelihood estimate of p is defined as

po= argmax{p(ey, -, anu)}

i

arg max {logp(x1, -, xn|u)}

where p(x1, -, zn|u) is the joint density for the sequence of random variables (Xi,- -+, Xn).
a) Derive an expressions for the joint density, p(x1, -+, zn|p), and logp(zy, - - -, zn|w).
b) Derive a general expression for the maximum likelihood estimate of p.
¢) Caleulate the maximum likelihood estimate of 4 when p(z) = z*.
d) Calculate the maximum likelihood estimate of ¢ when p(z) = [x.

e) What is the advantage of using p(z) = || rather than p(z) = z*?

Q> :\ i L R ap Q{} -

% EX0y —

~ , =
/éf{ b= A(/u/ it fad 7

) ) ﬁj&& . ' / /



Name:

L ok g{fV

§

2724

10



Name:
Problem 5.(20pt)

Let X = [z1,--,zn] be a P x N matrix formed by P dimensional column vectors, z; € R
where N < P. We will assume that each column vector is an independent multivariate Gaussian
random vector with distribution N (0, R), where R is a positive definite and symmetric matrix.

Furthermore, let X = UXV? be the singular value decomposition of X, where £;; > ;; when
i< 7.

a) Write a simple matrix expression for the sample covariance, R.

~

b) Let R = EAE! be the eigen decomposition of the sample covariance matrix, where E is the
orthonormal transform with eigenvectors as columns and A is the diagonal matrix of eigen values.
(Without loss of generality assume that the eigenvalues are ordered from largest to smallest so that
AM > Aj,j when 7 < 7

How many non-zero eigenvalues does the matrix R contain?

¢) Specify the eigenvectors and eigenvalues of R in terms of the SVD of X.

d) In some application, you can only use two numbers to specify each vector, z,. So each vector

must be approximated by
Tp = aney + bpea

where e; € RF and e; € RY are two orthonormal vectors, and a, and by, are two scalar values used
n i

to specify each vector, xp.

What is the best choice of e; and es?
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