Notes on Fourier Optics

"How does light propagate through free space?
=What do lenses do?
"How does a directional antenna work?

"Four important 1deas:
— Wave equation
— Optical plane wave and direction of transmission/arrival
— Fresnel approximation: Assumes light is traveling through an aperture
— Fraunhofer approximation: Assumes light is far from the aperture



Electro-Magnetic Waves

A

sEM waves are vector fields
- E and B are traveling vector fields

- E is perpendicular to B
- p = EXB where p is the direction of travel

*Plane linearly polarized wave
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Reproduced from: https://commons.wikimedia.org/wiki/File:EM-Wave.qif



https://commons.wikimedia.org/wiki/File:EM-Wave.gif

The Wave Equation

"From Maxwell’s equations:
— We can show that

92%E

—_
Vz E — UE — = () | This is the wave equation in 3 dimensions.

d0t2

— For simplicity, we consider a single component of the electric field vector:
V2E O°E 0
— E— =
FTe

— where u is the permittivity; and € is the dielectric constant; and ¢ = \/%_g where

c 1s the speed of light in the medium.



Solution to the Wave Equation in Time

*The wave equation is given by
1 0%E

V’E =

c? Ot?
=Separation of variables gives solutions of the form
Ei(x,y,2,t) = Egexp|j2n(vex + vyy + v,z )| exp[—j2nf,t]
= Eyexp|j2n(vyx + vyy + v,z — fot )]

—  where

1
\/v,§+v§+vz =vo=/—1=%

Velocity (m/sec)
Wavelength (m) ——  ;, _ 1 _c —

v fo
spatial frequency (m!) — S ————Frequency (Hz)

*We will assume that f,, v,, and c are all fixed.



Plane Waves

=Plane waves have the form

Ei(x,y,2,t) = Eoexp[j2n(vxx + vy + v,z )] exp|—j2mf,t]
= E,exp[j2n(v, (P - 7) — fot )]

E

— where 7 = [x,y,z], Vv = [vx, vy, vz], v, = ||Y|]| and p = B

— ﬁ:direction of travel
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Reproduced from https://www.acs.psu.edu/drussell/demos/evanescentwaves/evanescentwaves.html



https://www.acs.psu.edu/drussell/demos/evanescentwaves/evanescentwaves.html

Plane Wave Interpretation

=Solution has the form:

Ei(x,v,2,t) = Ejexp|j2n(vx + v,y + v,z )| exp[—j2nf,t]
\ J

|

=Electric field is the real component: carrier wave

Electric Field = Re{E;(x,y,z,t)}

*So, we can always recover the space-time solution from:
E(x,y,z) = Eyexplj2n(v,x + vy + v,z )]

— where

1
\/v,§+v§+vzz=v()=;L



1D Plane Wave Interpretation

=Solution has the form:
Ei(x,t) = Epexplj2n(vyox )] exp|—j2nf,t]

— Byexp[j2mv, (x t)]

. . . \ .
« Then the electric field is given by Velocity (m/sec)
Electric Field = Re{E;(x,y, z,t)}
= Re {Eoexp j2mv, (x — —t)n [Eo = Aoejg]
fo
= A, Re {exp j2mnv, (x — —t) +j9n
fo
v,
= A,cos {vao (x — —t) + 9}
fo

* So the plane wave is completely specified by
E(x,t) = E,explj2n(vyx )]



2D Solutions
=In 3D, we have that

E(x,y,z) = E, exp[jZn(vxx + v,y + vzz)]

— where

2 4 )2 1
vi Uyt V7 =0 =7

*So, if v,, = 0, we have that
E(y,z) = E, exp|j2n(v,y + v,2)]
— where
vy =V, Sin6

v, = v, cosf



Direction of Propagation for 2D Solution

"[fv, =0,

E(y,z) = E,explj2n(y v, sinf8 + z v, cos §)]

\

\
E(y, Z)/ \\

T

p = [sin 0, cos 0]



Intuition from 2D Solution

"The E field on the image plane (z = 0) is given by:
ug(y) = E, explj2n(y v, sin6 + 0 v, cos 6)]

= E, exp[j2n(y v, sin 0)]
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Uy = V, Sin 6

A

Ay = sin 6

y




Direction of Transmission in 2D

" A plane wave arriving at angle 8 creates an electric field on the
image plane given by
u = E, explj2n(y v,sinf
0(y) = E, exp[j2m(y v, sin 6)]
Vy
y1
p

* Angle of departure:

s\\\\\\\/\\_\i\ ' 8 = sin-! (?)

!

Imaging planez = 0



Beam Forming: One transmitted signal

"Excite a signal at z = 0 of the form:

=This “forms a beam” in the direction 8; = sin™! (
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Beam Forming: Two transmitted signals

=Excite a signal at z = 0 of the form:

uo(y) = Uy exp[j2n(y v,)] + U, exp[j2n(y v,)]

=This “forms a beam” in the directions ; = sin™! (Z ) and 0, = sin~1 (
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Beam Forming: Arbitrary transmitted signals

"Excite a signal at z = 0 of the form:

w0 = | Up() explizn(y v)] dv
R
— where U, = F[u,] is the Fourier transform of u,,.

*This “forms a beam™ in all directions given by
y N A

Yo 0& 6 =sin! (1)




Propagation

=For a wave of the form:

between Planes

E(x,y,z) = exp|j2n(vyx + v,y + v,2)]
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Phase Modulation between Planes

*For a wave of the form: E(x,y,z) = exp[jZn(vxx +vyy + vzz)]
*Wave on the z = 0 plane of: uo(x,y) = explj2n(vex + vyy)]
=Wave on the z = d plane of: uq(x,y) = explj2r(vyx + v,y)] explj2n(v,d)]

= exp[j2m(v,d)] uy(x,y) = Hy uy(x,y)

Phase modulation is
H; = exp|j2n(v,d)]
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Deriving the Fresnel Phase Modulation Function

G seful Facts: \

=So then we have that V2 = vZ + V2 + V2 B
1 For |B] « 1, 1-p~1-=
expljzmv,d] = exp 12m(v3 — [12 + v3])7l ‘
[ 1

Assumes that:

b 2 2
= exp |j2ndv, (1 — v vﬁ)zl v":zvy «1
2 0
! 17 .
i sin“(0) « 1
. 17,% + v§ \ /
~ exp |j2rdv, | 1 — S
! 17

. [ v+ )
= explj2ndv,] exp |—j2ndv, >
: )

. [ Vi + vy
= exp[j2ndv,] exp |—j2nd
i 2v,



Interpretation of Fresnel Phase Modulation

*The transfer function is given by

vy + vy
H(v,, vy) = exp[j2ndv,] exp |—j2ndv, S
(0]

—  Pure phase shift; no amplitude; = conserves energy
/v§+v32,
(%

A }
y 1 phase

T
AR

z =20 z =d

—  Phase shift depends on angle sin? 6 where = sin 8 = sin(tile angle) in 3D.




3D Interpretation of Fresnel Phase Modulation
*We can visualize the plane wave on the two planes.

ug(x,y) = H(vx, vy) exp[jZn(vxx + vyy)]

2 402 y uo(x,y) = exp|j2m(vyx + vyy)]
4 z=0

Fresnel
NN -[ Transfer }
X Function

This is a linear space invariant function!




Fresnel Propagation: An LS| System

uo(x,y) g ud(ny)
Sz=0 Fresnel Propagation N\ z2=d
. Frequency Domain: H(v,, vy)
N Space Domain: h(x,y) \
"Frequency domain transfer function:
, , Vi + v
H(vx, vy) = exp|j2ndv,]| exp |—j2ndv, 7
o
"Space domain point-spread function (psf):
2 2 from a table
h(x,y) = h, exp [jn (x ):I;ly )] (of transform pairs)
ho = —exp [j2r ] A=
0 = i2d PP v,



Fresnel Transfer Function / Assumes that

*In the frequency domain:

2 2
ve + v
X Y «1

v

sin?(0) « 1

-

Ud(vx, vy) = H(vx, Uy ) Uo(vx, vy)

— where

. . Vi + v)
H(vy, vy) = explj2rdv,] exp |—j2rdv, 2

Uo(vxr vy) = Flu,] = r

Ul(vx» vy) = Fluy] = J

Vo

Jr uy(x,y) exp{—jZn(vxx + vyy)} dx dy

J uy (x,y) exp{—j2m(vex + vyy)} dx dy



Fresnel Convolution e

Assumes that:
x% + y?
"In the space domain: a2

sin?(0) « 1
uqg(x,y) = h(x,y ) * ug(x,y)

<1

ug(x,y) = j j o (', y) h(x — %',y — y' Ydx' dy’

— 00 —O00

— where

o d [(x% + y?
h(X;Y):hOEXp[J”I< 72 )]

_exp ljZn%]
ho = jad




Fresnel Convolution/PSF Example

"In the space domain:

Fresnel diffraction of circular
aperture"

ud(x,y) — h(x,y) * UO(X,y)

— where
d (x? + y?
= oo (2

" d
. exp []2717]
°7  jid h(x,y ) * circ(x,y)

Reproduced from: https://commons.wikimedia.org/wiki/File:Circular_Aperture_Fresnel_Diffraction_high_res.jpg



https://commons.wikimedia.org/wiki/File:Circular_Aperture_Fresnel_Diffraction_high_res.jpg

Fresnel Transformation —
o x? +y?
"Derivation 7 <1
14 ! ! !/ 4 4 in’ 9 << 1
ua@) = [ | woG,y) R = x'y =y )’ dy N y
0o 0 B ’2+ N2
= h, j juo(x’,y’)exp jn(x )"+ =y) dx' dy'
Ad
, x2+y2 ([ 1oyt . X’2+y’2 . xx'+yy’ ’ /
—hoexp{]n 1d }J juo(x,y)exp{]nT}exp{—ﬂnT}dx dy
_p C x% 4yt Joojoo~(, 3 5 xx' +yy' Iy’ 4’
= ho expjr—¢ Uo(x',y") exp ) —j2m ——1 x' dy
Xy~ ox Yy
=hoexp{]n d }Uo(ﬁ'ﬁ)




Fresnel Transformation N

ssumes that:
x2 + y?
4z
sin?(0) « 1

<1

=" Derivation

x? + y? \_

tig(x,y) = exp {jn }uo(x y)

Ug (vx: vy) F [uo (x y)]

Quadratic Fouri Quadratic
uy(x,vy) Phase ourier Phase ug(x,y)
Transform :
Modulation Modulation




Fraunhofer Propagation [Assumesthat; 1

2
If uy = 0 for ||[x, y]Il > a, then% K1

= Assume aperture is small, then iy (x,y) = uy(x,y ) and

. x*+y? X y
ud(x;Y) — hO eXp {]T[ /‘{d }UO (/‘l_d,ﬁ)

— where

Uo(vx, vy) = Flu,(x,y)] = j f uy(x,y) exp{—jZn(vxx + vyy)} dx dy

— 00 —CO

Fouri Quadratic
INERD ot Phase ug(x,y)
Lo Modulation




Slit Experiment

20

A=

"Questions:
— How does wave propagate?
— What is uy(x,y) =?




Slit Experiment: Which approximation holds?

/ ug(x,y) = rect (%) | ﬂ——”ﬂﬂ‘?
w “—“MNN—””””H“”
1 26
T
d ]
. B z =d

=Fresnel:
— Holds if sin?(0) « 1
— Ifsin?(8) = 0.05, then |8] < 13°

=Fraunhofer:

— Holds if W*/,, « 1; or equivalently, d > w (K)

A
— IfA=1uymand w = 1mm, thend > 1m
— IfA=1umandw = 1cm, then d > 100m



2D Thin Slit Analysis

*Which approximation:

- d >>W(§) =w = Yes! = Fraunhofer

»Fraunhofer Analysis
— Field atslit: uy(y) = rect (%)
— Field at distance d: ,
a(y) = hy exp {jn f—d} o (35)
= h, exp {jn %} w sinc (%

= wh, exp {jn %} sinc (2)
— Field at distance d:
2
leaI? = || U (35)]

= w?2sinc? (il—])

ug(x,y) = rect (%)

20




Thin Slit Result

Quadratic Phase

Example:
Thin slit
w d
- = 1; 1= 15
A=t = d
. .. _ y
=Field at slit: uy(x,y) = rect (;)
: : y? y
*Field at distance d: uy(x,y) = wh, exp {jn /ﬁ} sinc (E)
=Power at distance d: lug (x, Y)II? = w?sinc? (%)

Reproduced from https://commons.wikimedia.org/wiki/File:Wavelength%3Dslitwidthblue3D.gif



https://commons.wikimedia.org/wiki/File:Wavelength%3Dslitwidthblue3D.gif

2D Wider Slit Analysis

*Which approximation:

- d>» W(%) = 4w = Yes! = Fraunhofer

»Fraunhofer Analysis
— Field at slit: uy(y) = rect (%)
— Field at distance d:

y? y
uq(y) = h, exp {jﬂ ﬁ} Uo (ﬁ)
2
= h, exp {jn %} w sinc (W—y)

d
B ¥ y
= wh, exp {jT[ /ﬁ} sinc (4 E)

A= =

— Field at distance d:

lug I = ||U0 (%)”2
= w?sinc? (;V—Z) = wsinc” (4%)

ug(x,y) = rect (%)

20

wy y
a1 7 g
A
Ynull = d (;)
k enun = sin~ 1! (




Fresnel Propagation: Light through a large slit

Quadratic Phase
Example: I
Thin slit v
w d
i 4. 1= 32 \
Null of sinc at
A=l | d | 6pyy = £sin™? (1%) = +14.47°
. ‘4. = y
=Field at slit: up(x,y) = rect (E)
. . . X yw
=Field at distance d: uq(x,y) = wh, exp {] moa } sinc (Ad)
=Power at distance d: llug (x, )11 = w?sinc? (%)

Reproduced from https://commons.wikimedia.org/wiki/File:Wave Diffraction 4Lambda Slit.png



https://commons.wikimedia.org/wiki/File:Wave_Diffraction_4Lambda_Slit.png

