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Name/PUID: Key
Problem 1. (25pt) White Noise Driven Random Process

Let Xn be a zero mean stationary Gaussian random process and assume that

X̂n = E [Xn|Xj for j < n] =

p∑

k=1

Xn→khk ,

and then define the prediction errors, Wn = Xn → X̂n.

Problem 1a) What is the distribution of the prediction errors, Wn?

Solution:
Since the Wn are the prediction errors of a zero-mean Gaussian random process, they must

be i.i.d. Gaussian random variables with some variance, ω
2
w. So we have that they are i.i.d.

with Wn ↑ N(0, ω
2
w).

Problem 1b) Calculate the power spectrum, Sw(e
jω
), of Wn.

Solution:
The autocorrelation of Wn is given by Rw(k) = E [WnWn+k] = ω

2
wε(k). So Sw(e

jω
) =

DTFT{Rw(n)} = ω
2
w.

Problem 1c) Specify a filter using both a flow diagram and a recursive equation that

generates Xn from the prediction errors, Wn.

Solution:
We know that

Wn = Xn → X̂n

= Xn →
p∑

k=1

Xn→khk .
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So we can rewrite that as the IIR recursion

Xn = Wn +

p∑

k=1

Xn→khk .

ℎ!

"! #!+

Problem 1d) Calculate the power spectrum, Sx(e
jω
), of Xn.

Solution:
By taking the Fourier transform of the IIR recursion equation, we get

X(e
jω
) = W (e

jω
) +

p∑

k=1

X(e
jω
)e

jkω
hk

= W (e
jω
) +X(e

jω
)

p∑

k=1

e
jkω

hk

= W (e
jω
) +X(e

jω
)H(e

jω
) .

So we have that

X(e
jω
) =

1

1→H(ejω)
W (e

jω
) .

So therefore, we have that

Sx(e
jω
) = Sw(e

jω
)

1

|1→H(ejω)|2

Sx(e
jω
) =

ω
2
w

|1→H(ejω)|2 .

Problem 1e) You are told that you need to generate a pseudo random process, X̃n, on a

computer that has the same distribution as Xn. Explain how you do it using both words

and equations.
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Solution:
First, you generate a sequence of pseudo random independent Gaussian random variables,

W̃n. Then you should filter the sequence, W̃n, to produce the sequence, X̃n, using the IIR

filter

X̃n = W̃n +

p∑

k=1

X̃n→khk .
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Name/PUID:
Problem 2. (25pt) Multivariate Gaussian

Let X ↑ N(0, R) be a Gaussian random p→dimensional vector, and let R have an eigen

decomposition given by R = E!E
t
, and define B = R

→1
.

Problem 2a) Give a simplified expression for B in terms of E and a diagonal matrix, and

show that, using this expression, BR = I.

Solution:

B = R
→1

=
(
E!E

t
)→1

= (E
t
)
→1
!

→1
E

→1

= E!
→1
E

t

So then we have that

BR = (E!
→1
E

t
)(E!E

t
)

= E!
→1
E

t
E!E

t

= E!
→1
!E

t

= EE
t

= I .

Problem 2b) Let ϑk and ek be the k
th

eigenvalue and eigenvector of R.

• Give a precise specification of ϑk and ek from R and !.

• Show that they solve the eigen value equation Rek = ϑkek.

Solution:
ek is the k

th
column of E, and ϑk is the k

th
diagonal element of the diagonal matrix !. So
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then we have that

Rek = (E!E
t
)ek

= E!





0

...

0

1

0

...0





= ϑkE





0

...

0

1

0

...0





= ϑkek

Problem 2c) Define an transformation that generates a zero mean white random vector

W ↑ N(0, I)) from X.

Solution:

W = !
→1/2

E
t
X

Problem 2d) You are told that you need to generate a pseudo random vector, X̃, on a

computer that has the same distribution as X. Explain how you do it using both words and

equations.

Solution:
We can invert the whitening process to produce the equation

X = E!
1/2

W .

6



So we first generate a pseudo random vector with components that are independent zero

mean variance 1 Gaussian pseudo random numbers. So W̃ ↓ Rp
such that W̃i ↑ N(0, 1) for

each component i. Then compute the following sequence of transformation to generate the

desired pseudo random vector

X̃ = E!
1/2

W̃ .

Problem 2e) Sketch the distribution of X in the 2D case (i.e., p = 2), and label the

important characteristics of the sketch.

Solution:

!!

!"

"!

""

Λ!!

Λ""
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Name/PUID:
Problem 3. (20pt) Color Vision

In this problem, assume you are using an emissive display with SMPTE 709 RGB color

primaries. Also, refer to the following chromaticity diagram.

- star
- circle

- square

- triangle

Problem 3a) Let (rt, gt, bt) denote the tristimuluous values indicated by the triangle.

• Is this a real color?

• Can this color be displayed?

• Are the values of rt, gt, and bt less than or greater than zero?

Solution:
Yes, the color is real. Yes, the color can be displayed. rt > 0, gt > 0, and bt > 0

Problem 3b) Let (rc, gc, bc) denote the tristimuluous values indicated by the circle.

• Is this a real color?

• Can this color be displayed?
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• Are the values of rc, gc, and bc less than or greater than zero?

Solution:
Yes, the color is real. No, the color can not be displayed. rt < 0, gt > 0, and bt > 0

Problem 3c) Let (rs, gs, bs) denote the tristimuluous values indicated by the star.

• Is this a real color?

• Can this color be displayed?

• Are the values of rs, gs, and bs less than or greater than zero?

Solution:
Yes, the color is real. No, the color can not be displayed. rt < 0, gt > 0, and bt < 0

Problem 3d) Let (rq, gq, bq) denote the tristimuluous values indicated by the square.

• Is this a real color?

• Can this color be displayed?

• Are the values of rq, gq, and bq less than or greater than zero?

Solution:
No, the color is not real. No, the color can not be displayed. rt < 0, gt > 0, and bt > 0
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Name/PUID:
Problem 4. (30pt) Sampling for Acquisition and Display

A CMOS sensor generates an output, s(m,n), with the form

s(m,n) =

∫

R2

h(x→mT, y → nT ) g(x, y)dxdy ,

where

h(x, y) =
1

T 2
rect(x/T, y/T ) ,

where fs = 1/T .

The display then generates an output with the form

f(x, y) =

↑∑

m=→↑

↑∑

n=→↑
p(x→mT, y → nT ) s(m,n) ,

where

p(x, y) = rect(x/T, y/T ) .

Problem 4a) Assuming that g(x, y) is band limited to a frequency of fc. Then what is the

maximum value of fc that allows for perfect reconstruction of g(x, y) from s(m,n).

Solution:

fc =
1

2T
=

1

2
fs

Problem 4b) Calculated an expression for H(u, v), the CSFT of h(x, y).

Solution:

H(u, v) = sinc(Tu, Tv)
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Problem 4c) Calculated an expression for P (u, v), the CSFT of p(x, y).

Solution:

P (u, v) = T
2
sinc(Tu, Tv)

Problem 4d) Give an expression for S(e
jµ
, e

jε
), the DSFT of s(m,n), in terms of H(u, v)

and G(u, v), the CSFT of g(x, y).

Solution:

S(e
jµ
, e

jε
) =

1

T 2

↑∑

k=→↑

↑∑

l=→↑

H

(
µ→ 2ϖk

2ϖT
,
ϱ → 2ϖk

2ϖT

)
G

(
µ→ 2ϖk

2ϖT
,
ϱ → 2ϖk

2ϖT

)

Problem 4e) Give an expression for F (u, v) the CSFT of f(x, y) in terms of P (u, v), H(u, v)

and G(u, v), the CSFT of g(x, y).

Solution:

F (u, v) = P (u, v)
1

T 2

↑∑

k=→↑

↑∑

l=→↑

H

(
2ϖuT → 2ϖk

2ϖT
,
2ϖvT → 2ϖl

2ϖT

)
G

(
2ϖuT → 2ϖk

2ϖT
,
2ϖvT → 2ϖl

2ϖT

)

= P (u, v)
1

T 2

↑∑

k=→↑

↑∑

l=→↑

H (u→ kfs, u→ lfs)G (u→ kfs, u→ lfs)

Problem 4f) What is the aggregate e”ect of this sampling and display system on the image.

In other words, how does f(x, y) di”er from g(x, y)?
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Solution:
The aggregate e”ect is to multiply the image by

F (u, v) = P (u, v)H(u, v)G(u, v)

=
1

T 2
sinc

2
(Tu, Tv) G(u, v)

So this is a low pass filter.
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Fact Sheet
• Function definitions

rect(t)
↓
=

{
1 for |t| < 1/2
0 otherwise

!(t)
↓
=

{
1→ |t| for |t| < 1
0 otherwise

sinc(t)
↓
=

sin(ωt)

ωt

• CTFT

X(f) =

∫ ↑

→↑
x(t)e→j2ϑftdt

x(t) =

∫ ↑

→↑
X(f)ej2ϑftdf

• CTFT Properties

x(→t)
CTFT↔ X↔(→f)

x(t→ t0)
CTFT↔ X(f)e→j2ϑft0

x(at)
CTFT↔ 1

|a|X(f/a)

X(t)
CTFT↔ x(→f)

x(t)ej2ϑf0t
CTFT↔ X(f → f0)

x(t)y(t)
CTFT↔ X(f) ↗ Y (f)

x(t) ↗ y(t) CTFT↔ X(f)Y (f)
∫ ↑

→↑
x(t)y↔(t)dt =

1

2ω

∫ ↑

→↑
X(f)Y ↔(f)df

• CTFT pairs

sinc(t)
CTFT↔ rect(f)

rect(t)
CTFT↔ sinc(f)

For a > 0

1

(n→ 1)!
tn→1e→atu(t)

CTFT↔ 1

(j2ωf + a)n

• CSFT

F (u, v) =

∫ ↑

→↑

∫ ↑

→↑
f(x, y)e→j2ϑ(ux+vy)dxdy

f(x, y) =

∫ ↑

→↑

∫ ↑

→↑
F (u, v)ej2ϑ(ux+vy)dudv

• DTFT

X(ejω) =
↑∑

n=→↑
x(n)e→jωn

x(n) =
1

2ω

∫ ϑ

→ϑ
X(ejω)ejωndε

• DTFT pairs

anu(n)
DTFT↔ 1

1→ ae→jω

(n+ 1)anu(n)
DTFT↔ 1

(1→ ae→jω)2

• Rep and Comb relations

repT [x(t)] =
↑∑

k=→↑
x(t→ kT )

combT [x(t)] = x(t)
↑∑

k=→↑
ϑ(t→ kT )

combT [x(t)]
CTFT↔ 1

T
rep 1

T
[X(f)]

repT [x(t)]
CTFT↔ 1

T
comb 1

T
[X(f)]

• Sampling and Reconstruction

y(n) = x(nT )

Y (ejω) =
1

T

↑∑

k=→↑
X

(
ε → 2ωk

2ωT

)

s(t) =
↑∑

k=→↑
y(k)ϑ(t→ kT )

S(f) = Y
(
ej2ϑfT

)
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