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Outline

© Causal prediction
Past, present, and future. The MMSE causal predictor and the
prediction error.

@ Properties of Gaussian prediction errors
The predictor is linear. The errors are independent of the past and of
each other.

© Matrix form
The causal prediction matrix H, and €& = (I — H)X.

@ Density functions from causal prediction
The density of the errors, the change of variables, and the density and
covariance of the data.

Reading: Chapter 3.1-3.2, Foundations of Computational Imaging. J
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Today's Big Ideas

@ An accurate predictor of a signal is an accurate model of the signal.

@ For a zero-mean Gaussian process, the best causal predictor is a linear
function of the past.

@ Causal prediction removes all the correlation, because the prediction
errors are independent of the past and of each other.

@ The predictor coefficients and the prediction error variances are a
complete description of the process. They give its density and its
covariance.

Causal order is natural for a 1-D signal. An image has no natural causal
order, and imposing one can produce artifacts. That problem is what
Chapter 4 is about.
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Prediction is the most basic tool in modeling

@ Intuitively, if one can effectively predict the behavior of something,
then one must have an accurate model of its behavior.

@ Clearly, an accurate model can enable accurate prediction.

@ We will demonstrate that the converse is also true: an accurate
predictor can be used to create an accurate model.

Where this chapter is headed

We predict each sample from its past, show that the prediction errors are
independent, and then use them to write down the density of the data.
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The order of prediction

Prediction requires an order. Causal order runs from the past to the
future, which rules out circular dependencies.

"—0—>0—>0—0—>0—>0—>0

1-D: causal order is natural image: order must be imposed

For a 1-D signal the order is natural. For an image it is not, and the
imposed raster order can produce artifacts.
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Past, present, and future

Let X1, Xo, -+, Xy be a portion of a discrete-time Gaussian random
process, assumed zero mean (we may always subtract the mean in a
preprocessing step). At any time n, the process partitions into three

portions:

past (i< n) future (i > n)

@ The Past: X for 1 < k < n.
@ The Present: X,.
@ The Future: X, for n < k < N.

@ Our objective is to predict the present value X, from the past alone.
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The causal predictor and the prediction error
The prediction error is the part of X, that the past does not explain.

. X, (actual)

I { I [ IT Io X, (predicted)

One reasonable predictor is the MMSE estimate of X;:

[ >
<

)?n é E[Xn’X, for i < n] = E[)<n|~rn] ’ g” X” -

n

where F, = {X; for i < n} denotes the set of past observations. We call
Xy the causal predictor and &, the causal prediction error.
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Property: linearity of the Gaussian predictor

Linearity of Gaussian predictor

The MMSE causal predictor for a zero-mean Gaussian random process is a
linear function of the past; that is,

n—1
)%n = IE[)<n|]:n] - Z hn,iXi ;
i=1

where h, ; are scalar coefficients.

This follows from the linearity of conditional expectation for zero-mean
Gaussian random vectors. The prediction error is then also linear,

n—1
En=Xo—Y hniX;.
i=1

So &, and Xy, -+, X,_1 are jointly Gaussian, and for jointly Gaussian
quantities uncorrelated implies independent.
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Derivation: the error is uncorrelated with the past

We show that F[X;E,] = 0 for all i < n, so the error contains nothing that

the past can predict.

]E[Xlgn]

E[Xi(X, - X»)]

E[X:X,] — E
E[X:X,] — E
E[X;X,] — E

i)

XiED 7

0,17

E[XX,] — E[X;X]

0.

@ Only two steps are more than definition or linearity. Equality 4 uses the
known quantities property, since X; is known given F,,. Equality 5 uses the

filtration property.
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Property: independence of the errors from the past

Since &, and Xi,---, X,_1 are jointly Gaussian, being uncorrelated makes
them independent.

Independence of causal Gaussian prediction errors from past

The MMSE causal prediction errors for a zero-mean Gaussian random
process are independent of the past of the random process. Formally, we
write that for all n,

gn J-l— (Xlu"‘ 7XI1—1) )

where the symbol L indicates that the two quantities on the left and right
are jointly independent of each other.

%) + (@)

independent of the past

Xn

@ The past determines )A<,,. What remains, &,, is new information that
the past does not contain.
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Property: joint independence of the prediction errors

Joint independence of causal Gaussian prediction errors

The MMSE causal prediction errors for a zero-mean Gaussian random
process are jointly independent, which implies that for all i # j, & 1L &;.

There is a simple reason to expect this. For i < n,
& = Xi — E[X;|F]

is a function of Xi,---, X, so &; is part of the past relative to time n.

@ We just proved that &, is independent of the past, so £, must be
independent of &; for i < n.
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Derivation: the errors are uncorrelated with each other

Assume | < n:

E[£,&] =

E

E

(% -%) (%= %))

(X0 — B0l Fl) (X — E[x,-m])}

& [ (%, - B2 06 - Bl 7 |

(X - E[x,-m])E[(xn CEPGIFD)

7|

E[(X; = E[Xi|Fi]) (E[Xa| Fa] — E[X,|Fn])]
E[(Xi —E[Xj|Fi])0] = 0.

@ Equality 3 is the filtration property. Equalities 4 and 5 are the known

quantities property, since for i < n the factor involving X; is known given

Fn. By symmetry the result also holds for i > n, and joint Gaussianity then
gives joint independence.
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Prediction removes correlation

The errors are independent but their variances are unknown. The causal

prediction variance is 02 = E[£2].

causal prediction
—_—
1] r r ]

il

I l J !
X,: correlated
&, independent

@ The coefficients h,; and the variances O’% together describe the
process.
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Matrix form of causal prediction

The prediction equations can be compactly expressed using vector-matrix
notation. Let X, X, and £ denote column vectors with elements indexed
from one to N, so, for example, X = [X, - - ,XN]t.

Then the causal prediction equation becomes
X = HX ,
where H is an N x N causal prediction matrix containing the prediction

coefficients, h; ;.

@ Row n of H holds the coefficients h,; that predict X, from the past.
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The causal prediction matrix is lower triangular

H
0 diagonal = 0: strictly causal,
so X, does not predict itself
ha1 0
ast:
P hs1 hs2 0O
allowed
haa ha2 has O upper triangle = 0: causal,

hs1 hs2 hss hsa 0 so the future is not used

@ Then &= (/- H)X = AX, where A= — H is lower triangular with
ones on its diagonal.
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A .
where A = diag {07, - -
This is the multivariate Gaussian density with covariance E[EET] = A,
which is diagonal because the errors are independent:
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1

The probability density of the prediction errors

For a zero-mean Gaussian process, the density of the causal prediction
errors is given by

1
R 1/2 _ T atp-l
ps(e) = 2 )N/2]/\\ exp{ 26 A e} ,

).

Rx: full Re = A: diagonal
X X X X o2
X X X X o2
—_—
X X X X o2
X X X X

@ A full N x N covariance has been replaced by N numbers.

@ Since A is diagonal, the quadratic form separates, e!A~le = YN €2/52, so

pe is a product of N scalar Gaussian densities.
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Can we write the density of X in closed form?

The question

Can we write down the probability density of X in closed form from the
prediction description, the coefficients h,; and the variances 027

Since £ = AX is a bijective linear transformation, the density of X is the
density of £ scaled by the absolute value of the Jacobian determinant,

px(x) = |det(A)] ps(Ax) .

One important detail makes this a closed form. A is lower triangular with
ones on its diagonal, and the determinant of a triangular matrix is the
product of its diagonal entries, so

det(A)=1.

So px(x) = ps(Ax), with no scaling factor at all.
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The density of the data, and its covariance

The answer is yes. Substituting the density of the errors gives the closed
form

_ 1 —1/2 1 ottt
pX(X) = WV\‘ / exp {—2X AN Ax s
and therefore the covariance of X is
Rx = (A'AT1A)T

where A is the causal prediction matrix and A is the diagonal matrix of
causal prediction variances.

Random process Prediction description Density
Xn hn,i: 0'% Px(X), RX

@ The predictor coefficients and the N prediction variances are a
complete description of the process. This is the precise sense in which
an accurate predictor is an accurate model.
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Summary

@ Causal prediction splits each sample into a predicted part and an
error, X, = X, + &, where X, = E[X,|Fn]-

@ For a zero-mean Gaussian process the predictor is linear,
Xo = S0 hoiX.

@ The prediction errors are independent of the past and of each other,
so E[£ET] = A is diagonal with entries o2.

o In matrix form X = HX and £ = (I — H)X = AX, where H is lower
triangular with a zero diagonal.

@ A is lower triangular with ones on its diagonal, so det(A) = 1 and
Px(x) = pe(Ax).

@ The coefficients h, ; and the variances a% are therefore a complete
model, giving px(x) = (27)"N/2|A| 7/ 2 exp { —1xt A'A"1Ax} and
Rx = (AIA"1A) L.

Reading: Chapter 3.1-3.2.  Next lecture: Chapter 3.3, 1-D Gaussian
autoregressive models. ‘
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