EE 438 Essential Definitions and Relations

CT Signals and Operators

. L <12
0= 12
2. sinc(t):&ft)

o

1
3.d(t)= Iljl(QwOBrectéBg

¥
4. x(t)*y(t) = OX(t- t)y(t)dt
-¥

¥
5. repr[x(Y)] = & x(t- KT)

k=-¥

6. comb[x(t)] = é¥ X(KT)d(t- KT)

k=-¥
Properties of the CT Impulse

¥
1 ¢dtdt=1 and d(t)=0,t 0
- ¥

¥
5 OA(t - ) x(Ddt = x(to),
oy

provided x(t) iscontinuousat t =t

3. d(t- to)* X(t) = x(t- %)

CTFT

Sufficient conditions for existence
¥ ¥

gxldt <¥ or  Fx)F dt
-¥ -¥

Forward transform
¥

X(f) = Ox(t)e '*df
-¥

Inverse transform

¥

X(t) = OX(f)e!*™dt

-¥

Transform Relations
1. Linearity

CTFT
a X (1) +ax,(t) «  aXy(f) +a,X,(f)

2. Scaling and shifting

ad- Lo : i2fty
Xé " g« |a| X(af )e
3. Modulation

. CTFT
x(t)el P« X(f - fy)

4. Reciprocity
CTFT
X(t) « x(- )
5. Parsevadl
¥ ¥
Ox)F dt = gX(F)Pdf
-¥ -¥

6. Initial Vaue
¥

X(0) = «(t)at
-¥

¥
x(0) = OX(f)df
-¥

7. Convolution
CTFT
x(t)* y(t) «  X(f)Y(f)
8. Product
CTFT
X()y(t) « X(fyFY(f)
9. Transform of periodic signal

CTFT 1
rep+[Xx(t)] « ?combi [X(1)]
T

10. Transform of sampled signal
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CTFT 1
comb [x(t)] « = rep, [X(f)]
T

Transform Pairs

CTFT
1. rect(t) « sinc(f)
CTFT CTFT
2. d(t) « 1and 1« d(f)

. CTFT
3. e« d(f - fy)

CTFT 1
4 cos(2pfyt) « E{d(f - fo)
+d(f +1o)}

DT Signals and Operators

1 1L n30
unl=lg e

iL n=0
2.dinl=i0 1 g

¥
3. Xnyinl= & X{n- KIyiK]
¥

k=-

X[n] . y[n]
4. Downsampling @

y[n] =X Dn]
LN
5. Upsampling N
_1Xn/D], n/D integer - valued
vl 1 o else

Properties of the DT Impulse

¥
1. §dnj=1addn=0,nt 0
=-¥

n

¥

2. adn- nglxinl = Xny]

n=-¥
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3. d[n- my*x[n] =x{n- no]

DTFT
Sufficient conditions for existence

¥ ¥
alqnl<¥ or IxnP<¥
=-¥ =¥

n=- n=-
Forward transform

¥ .
Xw) = & x[nje
n=- ¥

Inverse transform

1 " jwn
x[n]:2—p OX(w)e™"dw
-p

Transform Relations
1. Linearity

DTFT
3 xq[N] + &x,[N] « gy X; (W) +a,X,(w)
2. Shifting
DTFT .
X{n- ngl «  X(w)e "
3. Modulation
. DTFT
xnje™" «  X(w-wg)
4. Parsevdl
g , 1° >
a IXn]"=— gX(w)|"dw
n=-¥ 2p_p
5. Initial Vaue
¥
X(0)= a H{n]
¥

n=-

1"
x[0] =§D OX(w)dw
-p

6. Convolution
DTFT
XNPFy[n] «  X(w)Y(w)

7. Product
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DTFT

p
x[ny[n] « 2_1p (‘)X(W- m)Y(mdm
-p

x(n] . yinl
8. Downsampling @

1%t awv- 2pky
YWw)==a Xom0m—
(w) Dka:'oe 5 o

A S\
N

10. Upsampling
Y(w) = X(Dw)

Transform Pairs

DTFT
1.dn « 1

DTFT
2.1« 2prep,,[d(w)]
3 &M« 2
- prep,,[d(w- wy)]

DTFT
cos(wyh) «

prep,p[d(w - wo) +d(w+w )]

4

Relation between CT and DT

1. Time Domain
Xa[n] = X,(nT)

2. Frequency Domain
xd(Wd) = fsrepfs[xa(fa)]lf _Wqfss

2p

where f = %

ZT
Forward transform

S
X(2=gQ x[nz’"

n=-¥

Transform Relations
1. Linearity
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ZT
ax[n] + axy[n]« aX(2)+a,X,(2)
2. Shifting
zZT
Xn- ngl« X(w)z ™
3. Modulation
ZT
{7 « X(z/z,)
4. Multiplication by time index
ZT d
- z—[X
nx[n]« - z—[X(2)]

6. Convolution
iy« X(2Y()

7. Relationto DTFT
If X,(2) convergesfor |z|=1, then
the DTFT of X[ n] existsand

Xorer(W) = XzT(Z)|z=ejw

Transform Pairs

ZT
1. d[n« 1, allz

|z1>|al

2. a"u[n] « % —,
1-az

3. -au-n 1]5T !
' 1-az "’

|zI<|al

4, na”L{n]éT—-lz,
(t-az?)

n ZT
5 -nau-n- 1«

|Z>|a]

-1

(1612—-1)2, |z|<]a]
- az
DFT

Forward transform

¥
X[k]= a X[n]e—JZpkn/N

n=0
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Inverse transform

18t
k=0

Transform Relations
1. Linearity

DFT
axy[n] + aX,[N] « a X [K] + & X;[K]

2. Shifting

DFT .
X[ n- no] « X[k]e- ijnok/N

3. Modulation
. DFT
X[ nje!2Po ™« X[k - k]
4. Reciprocity
DFT
X[n] « NX- K]
5. Parsevd
SRS
a IXnl’= ~a IX[K]P
n=0 k=0
6. Initial Vaue

1
X[0]=a ¥l

N-
o]
n=0

N1
x[0]=a XK
k=0

7. Periodicity

x[n+mN]= x[n] forall integers m

X[k+IN]=X[k] forall integers |

8. Relation to DTFT of afinite length
sequence

Let [n]t Oonlyfor OENE N-1

DTFT

X[n] «  Xy(w).
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¥
Define x[n] = é %[N+ mN],

m=- ¥
DFT
xn]« XK],
then  X[K] = X,(&2P/N).

6. Periodic convolution

7.

DFT
YOyl « XKY[K]
Product
DFT
Y nyn]j« Xk]® Y[K]

Transform Pairs

DFT

d[n,0EnE N- 1«
1

2.

3.

LOEKEN-1

DFT
LOENEN-1«

Nd[K],0EK £ N- 1

. DFT
el2PoN 0enEN-1«

Nd[k -k,], 0EKEN- 1

DFT
cos(2pkyn/ N),OENEN- 1 «

g{d[k-ko]+ dfk -(N- ko)J},

OEkEN-1

Random Signals
1. Probability density function f ,(X)

b
Pla< X £ b} = @)f , (X)dx
¥

Ofx(dx =1 fy(x)% 0
- ¥
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2. Probability distribution function
Fx (X)

X

Fx (X) = Of x (x)dx
¥

= T8

nondecreasing function of x
Expectation Operator

¥
E{g(X)} = p(x) fx(x)dx
-¥

1. Mean g(x) = X
2. 2nd moment g(x) = X°
3. Variance g(x) = (x- E{X})?

4. Relation between mean, 2nd moment,
and variance

s % = E{X%} - (E{X})’
Two Random Variables
1. Bivariate probability density function

fyy(XY)
bd

Pla< X £b,c<Y £ = 3 v (X Y)cbdy

ac
¥

«

b beY(Xiy)dXdy =1 ny(X,y) 30
-¥-¥
2. Marginal probability density functions
f«(x) and f(y)

¥

fy(X) = C)f xy (X y)dy
-¥

¥

fy(Y)= Of xv(X,y)dx
-¥

3. Linearity of expectation
Eag(X,Y) +bh(X, Y} = aE{g(X,Y)}+bE{h(X,Y}
4. Correlation of X and Y
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b d

E{XY} = 009Yfxv (% y)dxdy

5. Covarianceof X and Y
S % = E{(X - E{X})(Y- E{Y})}

= E{XY} - E{X}E{Y}
6. Correlation coefficient of X and Y

2
[ = SXY
S s,
Of|r wI|EL

7. X and Y areindependent if and only
if
fxv (X y)= fx (X) fy(y)
8. X and Y areuncorrelated if and only
if
E{XY} = E{ X} E{ Y}

Independence implies uncorrel atedness.
The converseisnot true.

Discrete-time random signals
1. Autocorrelation function
[ od MM+ n] = E{X{m X[+ n}

X[m]iswide-sense stationary if and only
if mean is constant, and autocorrelation
depends only on difference between
arguments, i.e.

E{X[n]}= my
Mol N = E{X[M]X[m + n[}
2. Cross-correlation function
Iw[m m+n] = E{X[m]Y[m + n]}

X[m] and Y[ m] arejointly wide-sense
stationary if and only if they are
individually wide-sense stationary and
their cross-correlation depends only on
difference between arguments, i.e.

Fxyln] = E{X[m]Y[m+ n]}

3. Wide-sense stationary processes and
linear systems.

Let X[n] be wide-sense stationary, and
suppose that
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Y[n] = Hn* X[n] = & h[n- m|X[m],

then X[n] and Y[n] arejointly wide-
sense stationary, and

me =m,§ Hml

[Nl = HNJ* ryy [N]
rw[n] =hnpryy[-n]

2D CS Signals and Operators

a1 IXIYIS1 2
TSt =10 1x, 1/ 2
2. sinc(x,y) = sin(px) sin(py)

pX py

11, X +y?2<1/2

3. circ(x,y) =i
10 (X +y?>1/2

Jl(p X +y2)

4. jinc(x,y) =
N
= lim = rect® Y0
5. d(x,y) = II3|®m0D2 rectéD, 5o

f(;@ 34)** g(xy) =
6. OO (x- Xy~ h)g,h)dxdh
¥-¥

rep)éY[ f(¥XaY)] =
g g fx- kXy-1v)

k=-¥ |=-¥

combyy [T (X y)] =
¥ ¥

©

k=-¥ |=-¥

. Separability
f(xy) = a(x) h(y)

©

[} [}
a a fk&IY)d(x- kX,y- 1Y)
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Properties of the CS Impulse
¥ ¥
éc‘jl(x, y)dxdy =1
¥-¥

and d(x,y) =0, (x,y)?* (0,0)

¥ ¥

O (X- %Y~ Yo)f(x,y)dxdy
-¥-¥

= f(XO’yO)’
provided f (X, y) is continuous
at (x,y) =(Xo,Yo)
d(X - Xo, Y- YoJ** f(xy) =

f(X- %, Y- Yo)

CSFT

Sufficient conditions for existence
¥ ¥

O(jf (%, y)|dxdy <¥

-¥-¥
¥ ¥

or d‘jf(x, )P dxdy < ¥

Y-y

Forward transform
¥ ¥

F(uv) = C\x\)‘ (x,y)€ 12 Wiy

-¥-¥

Inverse transform
¥ ¥

f(xy)= b(‘)t(u,v)éz‘”““w)dudv

-¥-¥
Transform Relations
1. Linearity
CSFT
af,(xy)+af,(xy) «
aF; (u,v) +a,F,(u,v)
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2. Scaling and shifting
fa( - Xo Y- Yo (.jCSFr

N , «
e a b 1]
|ab| F(au, bv)e" 12 (%o *Wo)
3. Modulation
j 2p (UgX+\pY) CSFT
f(xy)e « F(u- V- Vo)

4. Reciprocity
CSFT
F(x,y) « f(-u,-v)

5. Parsevdl
¥ ¥ ¥ ¥

c‘x‘)f (x,y)F dxdy = c‘)c‘)F(u,v)F dudv
-¥-y -¥-¥

6. Initial Vaue
¥ ¥

F(0,0) = d‘)f(x,y)dxdy
S¥-¥

¥ ¥

x(0,0) = ﬁ(u,v)dudv
S¥-¥

7. Convolution
CSFT
fFOxyr*a(xy) « FuvG(u,v)
8. Product
CSFT
f(x,y)a(x,y) « F(u,v)**G(u,v)
9. Transform of doubly periodic signal

CSFT 1
repxyl F(,Y)] « < comb 4 [F(u,v)]
XY e

10. Transform of sampled signal
CSFT 1
comb, [ f(XY)] « Wrep 1 [F(u,v)]

XY
11. Transform of separable signal
CSFT
g(x) h(y) « G(u) H(v)
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Transform Pairs

CSFT
1. rect(x,y) « sinc(u,v)

CSFT

2. circ(x,y) « jinc(u,v)

CSFT CSFT
3.d(x,y) « 1and 1« d(u,v)

i2p(ox+vay) G |
4. e« d(u- Uy, V- V)

5.
CTFT
cog] 2p (UpX + VoY) «

LU o 1) @0+t v+ o)

Computed Tomography

1. Radon transform
Py (t) = @P(X, y)d(xcosq
+ysing - t)dxdy

2. Fourier Slice Theorem .
Py(r)=G(r cosq, r sinq)

Filtered/Convolution
Backprojection

1. Filtered projection
Qu(r)=Ir[Ry(r)

1. Filtering implemented by convolution

0y(t) = hg(t)* py (1)
CTFT
where hg(t) « |r|rect(r / B)
2. Backprojection
P

a(X,Y) = (Ry(Xcosq + ysing)dg
0

Miscellaneous
1. Geometric Series
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