2.1.2 2-D CONTINUOUS-SPACE FOURIER
TRANSFORM (CSFT)

Forward transform
o0 o0 .
Flu,v)= [ [ f(xy) e32m(ux +VY) gxdy
—0 —00
Inverse transform

fx,y)= [ [ F(u,v) ei2m(ux + v¥) qudy



Hermitian Symmetry for Real Signals

Let
F(u,v) = A(u,v) &%)

If f(x,y) is real,

%

F(u,v) =F (—u,—v)
= A(u,v) = A(—u,—v) even symmetry
0(u,v) = — 0(—u,—v) odd symmetry

In this case, the inverse transform may be written
as

f(x,y) = ZOfO Ofo A(u,v)cos[2n(ux + vy) + 0(u,v)|dudv

0 —o0
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2-D Transform Relations

1. linearity

CSFT
a1f1(x,y) + aofa(x,y) <«  2a1F1(u,v) + agFa(u,v)

2. scaling and shifting

_ _ CSFT .
f[X = ybyo] e lab] Flau,by) ¢ 2ot
a

3. modulation

j2m(ugx+vey) CSFT
fx,y) e """« F(u—ug, v—vp)
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4. reciprocity

CSFT
Fx,y) <« f(-u,—v)

5. Parseval’s relation

f f f(x,y) | 2dXdy = f f | F(u,v) | 2 dudv
—0 —00 — 00 —C0
6. Initial value
0 (0.0

[ [ f(x,y)dxdy = F(0,0)

—0 —00

12



Separability

A function f(x,y) is separable if it factors as:

f(x,y) = g(x)h(y)

Some important separable functions:

rect(x,y) = rect(x) rect(y)
)

sinc(x,y) = sinc(x) sinc(y)

6(x,y) = é(x) 6(y)
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Transform Relation for Separable Functions

7. Let
1-D CSFT
gx) <« G(u)
1-D CSFT
h(y) <+ H(v)
then

2-D CSFT
g(x) h(y) < G(u) H(v)
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Important Transform Pairs

CSFT
. rect(x,y) <« sinc(u,v)

CSFT
. circ(x,y) <« jinc(u,v)

CSFT
. 6(x,y) < 1 (by sifting property)

CSFT ,
.1 < 4(u,v) (by reciprocity)

CSFT |
< §(u—ug, v—vp)
(by modulation property)

ej27r[u0x+voy]
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[6(u—ug,v—vyg)

CSFT 1
>

6. cos[27(ugx+voy))

+ 5(11-|—110,V-|-V0)]

2
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7. rect(x) = rect(x) * 1

YA

%

CSFT

< sinc(u) §(v)
AV
CSFT |
e S
1 2 u
CSFT
— 1+ §v)=6(v)
AV
CSFT
%ZZZZ/’)h
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Polar Coordinate CSEF'T

Polar coordinate transformation

spatial domain frequency domain
X =T cosl u = p coso
y =r sind Vv = p sing

’f(rye) = f(X7y) ﬁ(ﬂﬁb) = F(u:V)
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Fluv)= [ [ f(xy) e i2m(ux+vy) dxdy

—0 —00
ux + vy = pr cos(¢ — 0) dxdy = rdrdd

Forward transform
_ , 2m oo .
F(p,¢) = f f f(r,0) e—I2mpreos(é — 0) 1 qrdg
0 O

Inverse transform

2m oo
f f F p, ej2ﬂprcos(¢—0)pdpd¢
0 0
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Transform Relations

8. rotation

. CSFT _
f(r) 0 + 00) D F(ﬂ) ¢ + 90)

9. circular symmetry

f(r,0) = fo(r) < F(p,4) =Fo(p)
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Fourier-Bessel (Zero Order Hankel) Transform Pair

Forward transform

Assume  f(r,0) = fo(r)

0o
p,qﬁ f f e—J27rprcos(¢ — 0) do rdr
0

m ~
27 [ fo(r) Jo(2mpr)rdr
0

(Bessel function of 1st kind, order 0)
= Fo(p)

Inverse transform

for) = 20 [ Folp) Jo(2npr)ods
0
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