defn of conic section
OP =ePD
e=1; parabola
e<1;ellipse
e>1; hyperbola

r=e(0D-0Q)
r =e(OD —rcos6)

r=eOD —ercosé

eOD constant, call it p
r=p-—ercosé
r+ercoséd=p
r(l+ecosé)=p

r = P
1+ecosd

[1]

e :eccentricity
p :semi - latus rectum

Expression of conic section in polar
coordinates

semi-latus
rectum

y

Directrix






Two Obscure Vector Identities

ax(bxc)=(a-cb—(a-b) >
(axb)-(cxd)=(a-c)b-d)-(a-d)fb-c) ®©

You can prove these by expanding using definitions of cross product
and inner / dot product, yielding equal expressions



Newton, 2"d law of motion

d
F —_ —
” (mv)=ma

Newton, law of gravitation

Gmm, (r
a0

For the 2-body problem,

Gmm, Gm
— _ 2
Fl o 3 If‘12 T ml 3
r12 r12
Gmm _Gm
_ 1" 72 _ 1
|:2 o 3 If'21 T m2 3
r12 B r12

[4]

[5]

Inertial reference frame

-mR, [6]

-m,R, [7]

Next take the difference between the accelerations at 2 and 1

from equations 6 and 7.



.. .. Gm, Gm,
R,-R;= 7 o ————= T [8]
I, I

Taking the difference in acceleration and changing sign of vector

y Gm, Gm,
N, =751, ———5"1Ip
I, I,

[9]
. m,
Now all vectors are relative, rearrange N
i
) G(m, +m,) 12
M2 =~ 3 1 [10] /
r-12 r
12

But, m; >>m, for artificial earth satellite
G(m, +m,)~Gm, = u [11]

Dropping the subscripts, acceleration of satellite in earth gravity field

¢ _H r [12] This is 2-body equation of
r3 relative motion




Constants and Notation

m =M, =5974x10%kg
m2 — msat
G =6.67259x10 " mkg s *

Product is known to greater precision than individual factors,

11 = 398600.4405km?s 2
11 = 3.986004405x10™ m®s 2

The 2-body relative equation of motion (12) can be manipulated to
yield a trajectory equation, we will show it to be a conic section



The angular momentum vector, h
N=rxVv=rxr [13]
Show the time derivative of h Is zero, therefore h 1s constant

ih:h:r"xH—l’x'r" [14]
dt

Cross product of parallel vectors is zero, substitute from 12

h=0- ﬁg rxr [15]
I
again, cross product of parallel vectors,

h=0 [16]

Constant h implies that relative motion takes place in a plane,
with h normal to that plane



Find the time derivative of unit vector In the direction of r,

d(r rr —rr quotient rule

a — |~ > [17] i(gj_vdu—udv
r r dtlv) V2

But,

d d/,

—A\r-r)=—1\r [18]

()= ()

2 -1 =2r1 [19]

r-r=rr [20]

. rer

N =—— [21]
I

Plug this result into equation 17

i(Ej:i\g(rzr—(r-r)r) [22]

I



Now consider i(r xh)

q dt
—(Fxh)=¥Fxh+Fxh [23]
dt
second term above is zero since h is zero, substitute from eqgn. 13
=X (r X f‘) [24]
Substitute expression for I from equation 12
=—%rx(rxf‘) [25]
Evaluate this triple cross product by vector identity in equation 2
U . 5,
:—F((r-r)r—r ) [26]
Move the minus sign inside parenthesis
_ M 2 :
=L (r?%F = (r-¥)r) [27]

r



This looks like the right side of equation 22, replace by left side

9 ixh)=p (rj 28]

dt Hatlr
Therefore,
d d(r
—(Fxh)—u—| — =0 [29]
N (r)
d r
—|rxh—u—1=0 [30]
dt( llrj
The guantity in the parentheses,
. r
A=rxh—u— [31]
I

IS the Runge-Lenz vector, and it is constant since its time derivative is
Zero



Now consider A - I

A-r = Arcosé [32]
Also, from equation 31,
: r
A-r=(rxh—y—j-r [33]
I

Substitute definition of h from equation 13, and simplify

:(f‘x(rxf‘)—yij-r [34]

:r-(rx(rxr))—(r-r)g [35]
=r-(Fx(rxr))—ur [36]

Now use vector identity in equation 1 to replace the triple cross product

=r-((F-#)r =(r-r)f)—pr [37]



Ar=r-r)ii)—(r-e)r-r)—ur s
Now use vector identity, equation 3, on the first two terms above, and
then simplify,

:(rxf)-(rxl")—,ur 39]
=h-h—wr 40
— "] —lLlr [41]
Replace left side with definition of dot product from equation 32
Arcosf =h’* — [42]
Solve forr,
Arcosd+ ur =h* [43]
r(Acos@+ ur)=h’ [44]
h2
I = [45]

u+ Acoséd



Divide numerator and denominator by u
h?/

F =
1+ (A/u)cos O 1461
let p=h?/u and e= A/u
r— P [47]
1+ecosé

Referring back to equation 1, this is the equation of a conic section in
polar coordinates. e is the eccentricity and p is the semi-latus rectum. 6
IS the true anomaly, often represented as f or v. For a complete
description of a particular satellite orbit we must specify the conic
section, as here, plus the orientation of the orbit plane, and the
orientation of the curve in the plane, and the relationship of time and the
orbiting body. These parameters may be expressed as state vectors or
kepler elements.
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