Chapter 6: Numerical solutions to boundary value problems
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Example: 1D Problem:
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Matlab code for 1D Ritz method

12/1/14 10:55 AM Z:\NAVIER\Aprakash\Teaching\Pu...\OneDRitzFixedFree.m 1 of 3

%% General 1D Problem fixed at x=0; free at x=L;
% For constant Area of cross-section = 1;
% BUT possibly varying Young's modulus 'C(x)'

clear all; clc; close all; % clear all the existing variables (new start)
% Allow the user to specify the problem parameters:
name='Problem Parameters';
prompt={'Length of the bar (Len):',
'Specified displacement at x=0: (u0):',
'End traction (tL):',
'Youngs Modulus Cmod(x):',
'Applied body force BodyForce(x):',
'Number of divisions for Trapezoidal rule (Ndiv):',
'Number of polynomial terms for the Ritz method (NRitz):',
'Exact Solution Stress s_exact(x):',
'Exact Solution Displacement u_exact(x):'};

numlines=1;
o

% Default options for problem parameters - uncomment one option below

% defaultanswer={'10','0','10','@(x)1000*ones (size(x))"','@(x)10*ones(size(x))"','100","'1:3"
% '@(x)10* (Len-x)+tL', "@(x)ul0+1/1000* (-0.5*10*x."2+ (tL+10*Len) *x) '} ;

% defaultanswer={'10','1','10', '@ (x)1000+1000* (Len-x) /Len', '@ (x)10+10*sin(x/Len*pi) "', "'100",'1:3",
'@(x)zeros(size(x)) ', '@ (x)zeros(size(x)) "'}

defaultanswer={'10','0','10','@(x)1000*ones (size(x)) "', '@(x)10*sin(x/Len*pi)',"'100"',"'[1 2 3 4]"',
'@ (x)10*Len/pi* (cos (x*pi/Len)+1)+tL', '@ (x)10*Len/ (pi*1000)* (Len/pi*sin (x*pi/Len) +x)+tL/1000*x+ul'};

% Ask the user:
useranswer=inputdlg (prompt,name,numlines,defaultanswer) ;

Len = str2num(useranswer{l});
u0 = str2num(useranswer{2});
tL = str2num(useranswer{3});

Cmod = eval (useranswer{4});
BodyForce = eval (useranswer{5});
Ndiv = str2num(useranswer{6});
Ritz = str2num(useranswer{7});
s_exact = eval (useranswer{8});
u_exact = eval (useranswer{9})

;

dL = Len/Ndiv;
x = 0:dL:Len; % x-locations along the length of the bar

$% Exact / Reference solution ED@WD

N . ,b
f————> 0
% Compute an approximate reference solution by direct numerical integration

% First obtain stress by integrating body-force from x-to-L 0 .ﬂ
sx = zeros(size(x)); l
sx (end) = tL;

for ii = length(x)-1:-1:1 O—(L-) "O'bo = ;rc—‘b&l)(

xcenter = (x(ii)+x(ii+1))/2;
sx(1i) = sx(ii+l) + BodyForce (xcenter) *dL; e
end
Then obtain displacement by integrating stress from O-to-x :> 0(%) - O'(:L ..'.. f ’O d-%
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Matlab code for 1D Ritz method (continued)

12/1/14 10:55 AM Z:\NAVIER\Aprakash\Teaching\Pu...\OneDRitzFixedFree.m 2 of

xcenter = (x(ii-1)+x(ii))/2;
sxcenter = (sx(ii-1)+sx(ii))/2;
ux (ii) = ux(ii-1) + sxcenter/Cmod (xcenter) *dL;

end

%% Compute an approximate solution using the Ritz Method

% From an n-term polynomial approximation:

% uh (x) hO + al*(x/L) + a2* (x/L)"2 + a3*(x/L)"3 + ... + aN* (x/L)"N
% h0 = u0 (EBC)

legendcell={};
icount = 0;
plotstyle = {'b.-",'g.-"','r.="'",'m.=-", "c.=-"};
for NRitz = Ritz
icount = icount + 1;
% Compute the Stiffness Matrix K(NxN) and Load Vector f (Nxl) by numerical integration
KRitz = zeros (NRitz);
fRitz = zeros (NRitz,1);
for kk = 2:length(x)
xcenter = (x(kk-1)+x(kk))/2;
for i1 = 1:NRitz
for jj = 1:NRitz
% Compute the K(ii,jj) term of the stiffness matrix by numerical integration
KRitz (ii,Jj) = KRitz(ii,jj) +
Cmod (xcenter) * (ii*xcenter”(ii-1)/(Len”ii)) * (jj*xcenter”(jj-1)/(Len”jj)) * dL;
end
% Compute the f(ii) term of the load vector by numerical integration
fRitz (ii) = fRitz(ii) + (xcenter/Len)” “ii*BodyForce (xcenter) * dL;
end
end
fRitz = fRitz + tL;
% Solve for the unknown coefficients:
aRitz = KRitz \ fRitz; % Always avoid using "inv ()"

% Compute the approximate solution for plotting:

uRitz = u0 + zeros(size(x)):;
sRitz = zeros(size(x));
for ii = 1:NRitz
uRitz = uRitz + aRitz (ii)* (x/Len) . ii;
sRitz = sRitz + Cmod(x) .* ( aRitz(ii)*(ii/Len”ii) * x.”~(ii-1) ) ;
end

3 Plot the Ritz solution for displacement:

figure (1) ;

subplot (2,1,1); hold on;

plot (x,uRitz,plotstyle{mod (NRitz-1,length (plotstyle))+1});

subplot (2,1,2); hold on;

plot (x,uRitz-ux,plotstyle{mod (NRitz-1,length(plotstyle))+1}); title('Difference between Numericalk
Integration and Ritz solutions')

% Plot the Ritz solution for stress:

figure (2);

subplot (2,1,1); hold on;

plot (x,sRitz,plotstyle{mod (NRitz-1, length(plotstyle))+1});

subplot (2,1,2); hold on;

plot (x,sRitz-sx,plotstyle{mod (NRitz-1, length(plotstyle))+1}); title('Difference between Numericalk
Integration and Ritz solutions')

legendcell{icount} = ['Ritz ' num2str (NRitz) ' term'];
end
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Results

Flat of Axial displacement
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Results

Flot of Axial stresses

100 -
—+—Ritz 1 term
a0 — H!tz 2 term
) —+— Hitz 3 term
——Ritz 4 term
kO - Direct Mumerical Integration
— — —Exact Soln - if available
A0t N S
20 F
I:I 1
0 2 4 B &) 10
Difference between Mumerical Integration and Ritz solutions
AD ¢

40 I | | | I
0

Ché6-ApproxNumSols Page 8



Summary of the method for obtaining approximate solutions:
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Derivation of weak forms
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Approximation functions

When choosing functions to approximate the real displacement u(x)
and the virtual displacement i(x),

Make sure that they satisfy the continuity requirements imposed by
the weak form (H! for PVW) and,

The approximation functions 4;(x) are complete

i.e. they can converge to the exact solution in the limit i — oo. o)

In addition, one should try to make sure that the approximation functions are sufficiently different from
one another. If the functions are not sufficiently different, it can lead to poorly conditioned system of
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Gram-Schmidt orthogonalization

In order to get smaller (better) condition numbers for the system matrix K, one should choose different
(possibly orthogonal) approximating functions.

It is possible to generate a set of orthogonal vectors (or functions) from a given set of linearly independent
vectors (or functions) which are not necessarily orthogonal to each other.
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1D Finite Element Basis

Fud wla) € HZ(O,[Q) , o ouwch that

(Cuj)’+ b= o0 on e (o,4)
2L
@ = W) = W, ot w=0
oty = (Cu (D = Ao ak a-L

—

[ o

(W)

L

€6G
Fde > € $H(00) omd W)= 105 and b

Qo

T \
{

=f
1

)

/ﬁ,e‘lo

% 0
/“

I\l

b
C
Uo

1]

i

/

b

!
1

(2

Gf(u,/—@> = j‘af@’,uoob(d - fra bda - adt, — wo) t

ouy )
Tl G- v B e D
Approximation (Alternative implementation of HEBC) )
(2
N |
wh) = = aihe = [, 4, --ay] |
=) |
% et why ¢ & e Y
\/I\’YM 1, (o r_i =T h/ A (V;\/ _ —
Ligplacomund “0 & W& > G( 9_4,9) = @(%&—{)
(Gakorkin) -
1D Finite Element Basis Functions bl &L
ﬁ%—o
Le = —';1— = ol A I 2z 3 4 & Note, H{L(o,@
(e4 ) N
|
0 \ E— |n}1
A~ T1e L—%H /q{'l] ’7‘;| 2 'zf Zyq |75 _}//e:__—l
(7(,' ’_% ,‘ r 2. ]
\/\'\/ (_’L) = v v /\,, : __3)7— .
q(’b’H A 1 . . ’
ze |1, My 1 ha ,
/K'l‘l'{ —‘X.b [ ' ] /\.—— m ha
l X %, A H
/ Lo € f)c“‘._( ; 4 h‘-) /
G o) Bt b - -
/ﬁe € EX“\ / %‘H] 1 "’7 " r"
5
Q/ocazb AMPPO”’O
N P+S N widinonwna \L(_d,) 5(09 ——] _-‘
|

Cho6-ApproxNumSols Page 13




From e weak fomn (W) °
G(w, o) = fa,’((’,uf)oto(, - j'a b - adt, — &© &

(@)= & h

7 gk(g,i>= '_@T(é@—f) =0

AL

Smboatibdt Ao oppyvaimalions  w() = o h

%N
B
i}
— &
l:_‘

e

Nole * ‘D\ngwwb ’tMW\A -
K - fcl'\,hd,rx, [ CrR de

(o Mmog X (Locad Aufpwc)
- fe6) e - [
2<e:bg N -
Fov  1=)] awd AN = Ky = Z@
* Off diagonal. Huma : 0w b |
? . o 1yl
Kj = J o e - CQXL)"L’” {—/%e, if 1=t
{1 —l:’o 0 o bf(\;—b‘l

Ch6-ApproxNumSols Page 14



Similarly for the force vector
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MATLAB Code

12/8/14 8:49 AM N:\NAVIER\Aprakash\Teaching...\OneDFE4el.m 1 of 2

% 1D Problem - 4 element FE basis

clear all; clc; close all; % clear all the existing variables (new start)

=

= 10;
N=100; dL = L/N;

E = 1; A=1; dens = 1;
C = E*A;

rho = dens*A;

g = 10;

u0 = 0;

tl = 10;

x = 0:dL:L;
u_exact = -0.5*(rho*g)/C*x."2 + (tl+rho*g*L)/C*x;
s_exact = -rho*g*x + (tl+rho*g*L);

plot(x,u exact, 'k-'); title('Plot of Axial displacement')

figure (2); hold on;
plot(x,s_exact, 'k-'); title('Plot of Axial stresses')

Nel = 4; % dont change yet
Le = L/Nel;
xvec = 0:Le:L;

n

tiffness Matrix from a 5-shape function FE approximation

% a0 = 0 (HEBC)
K= C/Le*[ 1 -1 0 0 0 ;
-1 2 -1 0 0 ;
0 -1 2 -1 0 ;
0 0 -1 2 -1 ;

0 0 0 -1 1]

% Load vector

f = [rho*g*Le/2; rho*g*Le ; rho*g*Le ; rho*g*Le ; rho*g*Le/2+tl ]
% Solve

a = zeros(5,1);
dofspec = 1;
doffree = 2:5;

a(dofspec) = 0;
a(doffree) = K(doffree,doffree)\ (f(doffree)-K(doffree,dofspec) *a(dofspec)) ;
disp('Displacements')

a

disp('Nodal forces');

f = K*a

disp('Reaction t0'"); % t0 = f(dofspec) - rho*g*Le/2

t0 = f(dofspec) - rho*g*Le/2

Plot of Axial displacement Plaot of Axial stresses
B00 10
100
a00 sol
a0
400 1
0k
300 - B0k
a0
2001 alk
30k
100
201 ’ S
o 1 L 1 1 1 1 L 1 1 1 10 1 1 1 L 1 1 1 1 L
0 1 2 3 4 8 B 7 g 9 10 1 2 3 4 2 3 7 g 9 10
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Element-wise computations for finite elements
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Discretized weak form
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Ritz and finite element methods for 2D and 3D problems
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Note: It may not always be easy find such functions for complicated shapes and boundary conditions.
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Approximations of strains and stresses B _
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Finite Element "Element-wise" approximations 2D
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Finite element "Element-wise" approximation 3D
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