Chapter 5: Boundary value problems in solid mechanics
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Read Example 27 from the textbook.
(See. 101 from Timoshenko & Goodier)
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Figure 63 Pure torsion of a circular shaft
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These systems of PDEs, cannot be solved analytically, in general.
We use numerical methods and use simplifying assumptions.
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One-dimensional (1D) little BVP
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Example. Column under self weight:
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Strong Forms and Weak forms
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Proof of Fundamental theorem of calculus of variations
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Possible choices for function spaces:
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Weak Form: Method of weighted Residuals (MWR):
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Boundary Conditions
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Examples of Boundary Conditions & Approximation Function Spaces
/
@ Sh/b’vﬁ fbm (Cu/) +b =0 M At G@/Q)

(—1— Sovnl ECQ)

L
- b(®)
@ w(2=0) = U ERC = UL(O):O(H%) Z{-*A—*A—*—\ A_G’T)ﬁ
c(r) - b= -k NEC o
@ G(O) C—-l) = 5430 = % NRC ]'_;:[()N N —\b("_l? B ,
w(*x;ﬁ) = WL el = \7‘(1):0 (:’7 f——n
Wy
(neRL )
®© w(x=0) = U cec o G=olume) o @
— Y 4
W (fl.-—ﬂ) = UL _E_@_C_,_ =2 u/U") C‘—OQdW) A‘I——-P 'f:_’_*
W Uy
®
c@E) = to = K NRC -
A = ol K
A i — — — ,.MN"_E
chHE) =t = A _-Kudh Mixel P
A A %9 ud)
> K wtdy
gO)-)=t, = -K ulo (Mixed
@ ( ( ) 0 A ) K o _}’J(i) L K
_ /{7 == WA,
o )G = AL < i wL) () o ot
A K w© Tk wd
© o -k - %1 wews R R
U('L)(—{—\) = ’t'_ - .EL_. M
A K
Juwmp  condition U%“A%)Q\)A — _'O‘(%Q+A_£L)<H)A
o ()|, - olt) - K W) = © :g‘f’&&
> [ oew] =k ww K win)

Ch5-BVPs Page 10

(acamme ;4=1>



Variational (Energy-based) methods
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Energy weak form:
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Vainberg's Theorem: Existence of an Energy form (Variational form)
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Hamilton's Principle (for Dynamics)
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Weak form in 3D
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Energy form in 3D
One can show that the Vainberg's Theorem is satisfied for the above weak form.
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