Chapter 2: Kinematics of Deformation

In this chapter, we will study how bodies/structures move/deform and
how can this motion/deformation be described mathematically.

(In general, bodies/structures move/deform when forces are acting on
them, but we are not concerned (for now) about the causes of this
motion/deformation.)

We are concerned only about describing the motion/deformation.

Motion / deformation can be:
e Fast: Dynamic effects are important: Acceleration, inertia etc.
e Slow: Dynamic effects can be neglected: (quasi-)static. Or after steady state has been achieved.

Stretch of a material in 1D Z
Consider a uniform bar of some material ) 0
before and after motion/deformation. /6

st (z) L= n k] i 2 £

Conventional notions of strain in 1D

e Engineering strain €eng = AL = Z ’jlo__ — A
Lo L
e Natural (true) strain Ewnat frRUE Z éé_ = 4L - 1-1
L A

e Green-Lagrangian strain =

It

ﬂz~ﬁ9 _ \/(7\1—1 ) 4 (A1) (a+y)
Lg_ 2.

%
e Almansi-Eulerian strain e _ lé ( ZQ'_ IZZ—) - L ( -1 >___ 1 (‘_ _f><\,,__l>
£9’ 2. A? 2 N a

e Logarithmic strain €L, = ﬁl\/(>‘>

Note " L% %’ = Lf_éo% - An) - L) - Lw(i_)c Ln(3)

All these are average measures of strain (for the entire bar) that
are applicable for cases when the bar has uniform stretching.

General definition of strains in 1D:
(For non-uniform stretch)

Can be represented as a map:

= B() 77177777777
\o %Lg) or as a field (function)
doe =XN=z) o=
7 —
o Ne)= Aot
Zn > % En b~ 2 A=

Ch2-Kinematics Page 1



Deformation maps ¢(z) and displacement vector fields u(z) in 3D

Generalizes the 1D concept of the map to 3D.

Takes the position vector z of any point in the undeformed configuration and

Return its position in the deformed configuration.

wig)= A-2

DQ{Q'rm/aRo/ o v~ o
x=¢()

x=z+ u(2)

DFSP(/WM «f’v%ﬂt

x=ple)

Examples of deformation maps: 2 ())
(i) Translation 2= = Z T w = w A2
1 Z) Wi “ A Wo
= + W Ls Z
Ao ] = 92 z w,
Aa Z3 Wa
(i1) Uniform Expansion in all 3 directions T« s /'%’ A
%=y = <2
" Z
Ao, = X 'Zz_ ?\
Ay 23
(iii) Approximate bending deformation
1 1 [V Y N W W
€ _ \ /
xy 5/) (?:l/?ﬂ«%_%’) - > < v/
il g2 (EV:ZL, 'Z_}) . - %'” Az
5! ¢3 (Eu'zz,q?, & < L " .
=3
% Z - 2N,
Y >
o = 22—A2'“""‘“(§ﬂ) % %
Xs, L
Z3
L
. . . . [:)?2/ Z3 2 Q’I’)ZZFAZ} %8')
Verify: for a point on the mid cross-section: 2 2
(1v) Pure bending of a prismatic cantilever beam: M ‘%" P
(pages 250-255, Timoshenko & Goodier) 7 & (:4_ ===l 7 4 — 2:a
%= 2 +u(z) 1 P i
= — 55 [ + r(z? — ¥7)] x
2k (z) 5
% Z >N iy Fio 141,
’L('N g _E'N Zz%y’ Y~ ﬂ':“"—F
As, Z. > Z w = )( Note: For a cross section at z = ¢:
R
Ay = ¢tw=e¢-+ %
Note: For the lateral surfaces of the beam:
%
s, = b4 = ib(l —"Tz-)

x, =ta+ u
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Lagrangian vs. Eulerian descriptions of motion/deformation
Note: The displacement field can be expressed as:

\>

<
I

w() = x(z)-z = §(z)-7 (Lagrangian)
u x) = x-z(x) = x-¢(x) (Eulerian)

!

% ()

Stretch along a curve in 3D

To generalize the ideas of stretch and strain to 3D
consider a curve C embedded in a structure as it deforms:

Examples: CuvUl povometer

o ! g, % D) A ‘A %3,2,
Z,(s) C’:igz 2”{2}" Se[o'i]} m

_ . R ain @/ 27) | o
26) ~ 2, (s) = gg ) N{K“SC% z—,?) ; selod]
£

. . . £,
...infinitely many possible curves. ==

The deformed locations of these curves are given by:
glc) = %’Lﬁ'- ?E'J}é(é‘)/'éeci}
¥ (C) = gzc‘-o_cz #lz); ze &3

dzx
P » d=z AP Lc
To find the stretch along the curve: -@
Tangent to the undeformed curve: Tangent to the #mdeformed curve:
c 0,
dz — A z (s+ As>~_z_[s) é’_’_ﬁ ~ Ao zg(s+&g)—zfs}
0(. < NAS—>0 AS da Ds—>0 AS
The 1-D stretch at a point P along the curve C is given by: U ot_gt_ f/ = 2M5) [/ dz //
as As
Note that the stretch at P in an arbitrary direction can be
obtained by using a different curve passing though P.
Lty ox  da , 0. dz, Bx dw
ds X d< 22, ds V2, s
Also note: ez Jdas = Bx2 d= + 2, RZF2 4 o oz,
i?g 0%z b= %2, dma2 4 O deza
92 ds 27, &S o2a ds
Co%u  om  pw| [ d=
0% 022 023 ds
dz . | 8= Ze om) lde| J[wx]de
A< 2 > 0 Es ds ~ ols
01z 9%e  2%2| | (e, 2@ Vz| &2
L om0 e | g B Ts
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Deformation gradient tensor F

The relationship for stretches in arbitrary directions in 3D can be expressed more compactly as

B )

da — dg
ds As

azd‘ *S

Examples: q =
£5,]2
. . 2 + w Siie x L
(i) Translation % = 5/(2 = =z = = w
- €Y1 <
L 2t W | v 0 Wy
! 0 0] &9 Z »
Wy = 2t W)y (5 (Z) ~ 0 | 0 - U,
0(’5 Zzt Uy o 0 | F - T
i ~ 87_131
(i1) Uniform Expansion in all 3 directions i
aty 2 - /I
gdm o %226=;5(z = <z 3 E,=o(£ O () —
%\3 23 53/33 =\, 3_;
(iii) Approximate bending deformation 2 = ;5 ( ) —
%I Z) — _2[[ A' q /QZ _ O /
Kaf = _ y :
9(2. ZZ‘A Mvu(%ﬂ) gl/j1 M/ IA).
> Z3 63/’33 - K L {
IRVAY T
| T 0 0 | V) o} hH
£ (2 -1
= 2 ' - L
7 ~ - Az (/og(gl'fg S 1 O Q) / ! / o -R, o -
L/ k N N |
0 0 1
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Stretch and Strain in arbitrary directions in 3D

Using the interpretation of F as: dx = f\:/ dz
we can calculate the stretch in any arbitrary direction n
dz

of the undeformed configuration.

C4vatoh
22) =) Ll 2 A(En)-[E =)
it
TE/@

A**“MM% Xy = 2 F
Mr) - m- ¢ where, |G =L F
¢ &?At CW&L— Gty Defovmalion, Tonaoy

E= 5O =y (Begm )

13

Lagrangian Strain in the direction 1

In general (for any direction):
-7 Te —
E= D -k (£E-1)
,E/: &W\Q&/\/- L.Objrrwv\\/je St~on~ Tengor:

Another interpretation A2 F

Since strain should be zero for a rigid body et

motion/deformation: dz f 0
= F‘brva/vvgd’_,_z weelov w o(,_:fts'a’l/__

F"]
a2 ~

de -de = da -dz
dz-Tde = (Edz).(Edz) = dz-(EEA

= Stravw X ~ L

> dz(£7F 1) dz =0
—

Mtz ey :
MDM&L (£7d2) - (B dax) = oo - da
d

> dx () Eds) = d=-Lda
> dx - ((EE) da) = Az -Tda
5 dwx o (L8 dx =0 whee B=gf
Bi Left Canshy—Gorun Ao aiiory Temawy
Cov Almamai, tontor 5 Fuger Tonsor)
sy St oL 1 - 87 H=h(2-87)
Euler ~ Amari, Shrain Torarr (2)
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Examples:

. : + 0!
(i) Translation = = 2((2) = Z w el,‘_ifz %
“u w2
I DI e E=0 erd: B Wy
~NoA )~ ~ ~ ~ 23,93 z L
(%) (X) - ’
€292
(i1) Uniform Expansion in all 3 directions -y = %(Z) = LZ P =
aq 2(“' 2_—
2 (= ' E = | C )T /I
E/D(/Ji//f\’d}u/f"é&ojfv Z V%9
{’:S/JS TV
Examples in the book:
z A o(z) X2 A B = 4—"2/(%):@\-\‘@%1)91—%7_@24;%393
|
TEn 7 O e[t P ST ko
L2l 11/1}571_‘7/ ~ o | ol & 2 \J{ 0
@ . EENNEN O o | > o |
0 1 Z 0 1 Xy o)
E ~) %_ O
2 X2k p = ~ 2 g 6 0
) € o) 1 ¥ S RN
e
T = | p ®@ = (z;+Bzz)e, + (22 +Bzi2:)e; + 2385
|
1+82, fz 0
- = i | [upn
0 1 5 0 1 X ~1 Pz, 14z, O
x 0 0 1
2
) o)
e T ¥z) = ((1-z)sinz,)e; + (1~(1-z;)cosz)) e, + 238,
1 -
T & > e e i O (1—z,)cosz; —sinz, 0
1 z N RN TN Y Y x F ~ | (1-2,)sinz;  cosz; @
ot - — i 0 0 1
(C) = Iz 1 = 2 s
(1-z)* 0 o
Figure 36 Shearing of base vectors for the example deformation maps C ~ 0 1 0
(b) compound shearing and extension, and (c 0 0 1

Physical significance of components of C and E

Recall Aba)y=m-Cmn

and G (M) )= acEx
QL = . C ,
Note * Gy 7 N;d
S T Y

|

Twa  Cy, Crp ) Cyg wepreamt “ovmal’ doretehas G192 s 9s divecinna

< Ey ) 59_9_/ Egg ’Y‘OP’Y"@(SW " omvval” b aroms ,Em/ﬁ, 92 (73 g(,(;r&eﬂw:dD
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Shearing components of C and E

Shear is usually measured as change
in angles between tangent vectors.

e3> %

93,3_2
Corander
Recald s
o) (Ena)= [Em|| JEw] emolem, B2 ¢

= g Q(E@:, ,E:&z) = CE'&:) . (E@Q _ v @fr;)\@z %C”—L) = ”E”ﬂ/’ ”

[Enfl |Em2l  Alw) Alng 58

vy Gy )(“’Lz) =”£2—42”
o v

If we chooss ) end M2 o Le Ji and 4, bosis  vectore

Sheav = T, - m_1<gc-§,jd- _ T - el (e sw)
)\gi)/\(z 2

M

1O

‘./.
Example:
(simple shfar) . z, . _5_3‘@) = (= +€zz) [
1 o
5 ~ < 1 D] Ig
L o o ' B _
Y e ) E,Q > cos™ ._H_§9
zcv Y @ H—@Z o) [;JF
| o © \ Z) x)
Example:
(simple extension) 2.y A ?Cé> = 64’@ Z2 et 2 8
I’T@ © O
Tl e 1o N A N
o © ) E
(H'[@')z © o Z) 2
o

Note: The zero off-diagonal components of C in this case only mean

that there is no shearing between the basis vectors g1, g> and g3 of this
particular coordinate system.

Clearly there are other pairs of vectors nj and n; for which there is
definite shearing, even for this simple extension problem.
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Principal Deformations and Strains

From the preceding discussion one can see that

for any deformation, a small neighborhood of a

point deforms in a way that there is both

stretching and shearing.

i.e. a sphere of arbitrary infinitesimal

undeformed tangent vectors dz is mapped to an
ellipsoid of deformed tangent vectors dx.

Thus there would be some directions in which the
stretching is extremum (maximum / minimum).

However, unlike the effect of a symmetric tensor
(where these extremal are not rotated), in this case,
the extremal tangent vectors will in general have
both stretching and rotation.

Z.y A2
A
i >
) &
2y -
vl
LY
2, )
m- 57

2
To find these directions of extremal stretch note: A (@’_‘9 =

—

To  maninige [mininmige &) A«U@Ju)b o lnj=1 e m-71=1
() - (e -1)

Conaider th2  punetions [ (n,4) =

- M - O Cot =M™
© > | L 7

Now, to ef')(/b\/flm;}& : @Ei _ ,@”_’L
on
oL _ moor-1
DA

E;‘gm\m/wue, Problinn
= © = [ =1

Eigenvalues and Eigenvectors of C are found the same way as any symmetric tensor and have the same

physical interpretations.

Note: S twefonla i I I:\gmue,c)toy direelinra

7\({)’_1,(,) = m; Cngy o=

MC’LLV"EO-ﬁ AL > )—.:JZZ

(o aunmt)
Shway = I _ cog™ My Gy T - %d</u</@" "ZJ)
2 M) %(@J)

> Shear  elwes gtam,abn,cy (fov 1%j)

Similarly principal values of the Lagrangian strain tensor:

> b &-I)m =72 >

= o= 1+29 = %21{2(/%

> 1=} ()
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Rotation and Stretch (Polar Decomposition) F=R U=V R
F'

A very useful interpretation of the deformation gradient is that it causes A
simultaneous stretching and rotation of tangent vectors. ~ —
> ~ =
dz
g2
/6 423 Enz
3

However one can also express the effect of F in terms of a sequence of stretching and rotation operations

F= RU~53mmebnc O[g_c__ quj - P; L/)Vd_;>
-z \~ =/,

ov-\‘f/\Da‘b'Y\aL
/ U &-L(_f_\'.g )zcﬂ ’_/n’,LZ oY
"2 ~ YUma 4 a3
/————-'P ~ ~
— >
My
9«"!}‘ = >‘l°2 ]
— Ab‘mm ekﬂ‘i@
Or a sequence of rotation and stretching operations: F =V R— ov
oz = Fde = x(&otz)
A5G ,Krn.i K rﬂ" v
g 2
/P’-’P Eﬂ <
™ o el
Note: Left & Right Cauchy Green deformation tensors: ,% anidb 9,
(capture only the stretching part of deformation, not rotation)
'J"
T - F
8 = £f C=LL
= R)(_}(/ " ¢ =®Y) (&%)
~ o
-T‘
T =
v W\/ C = UIRRY
T
g =Y g2 *

Spectral decomposition of B and C
(to find ¥V and U and R)
g
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Example: (simple shear)

2y A= P@) = (2,+028) & + =, €
/ | 02 0
i § ! o2 ©
Q,}/ f’ ~ o ) c] C ~ 02 o4 o
q] ) © © ) i o o \
>> [N, D] 1g(C) > L £ (D) >>» R = F*inv (U)
r = elqg = sqr _
= "[L(b f/’LI L = R =
"o a1 5 (o 615 0 5050 0 o 0.9950  0.0995 0
YVl | 0.6710 o| |o0.7415 k> 0 1.0000 0 _0'0992 0'9953 ) 0002
- o| |1.0000 0 0 p3 0 1.1050 '
: — - >> R'*R T —
) ATwmme) iTg =T
U = ans = ~N N 2
0.8190 ° ° 0.9950  0.0995 0 1.0000  0.0000 0
(& 0  1.0000 0 0.0995  1.0149 0 0.0000  1.0000 0
)2 0 (511 Y 1'2210, 0 0 1.0000 o} o} 1.0000
2 2/ , >> R*R’ Vo
)\] U(V’l_,'[, = )l/ g% ans = E//‘Q\/ ’i/
o~ 1.0000  0.0000 0
0.0000  1.0000 0
D()/E [N B\U[LJ 0 0  1.0000
] = [T
(Psuedo-) Spectral Decomposition of F Ay
From the preceding discussion we can see dz A
that the effect of F on all Eigenvectors nis 5 9 1
to stretch them (by varying amounts) and -
rotate them all by the same amount. | Aot = Fdsz
/&,,3' s
=7 E/Q/_b[: S)C"Q’_’Jl‘, Q’.nfvom/wn) }Sg -
This leads to: 32 Az g
E: ks (”’T\»t, ) ’7’14,>
L=t
N oy 3, 3 3
V. . Fu-= \27\@14@*@( m;) = Za womy = ¥=Fu
v=1 n ] .
& Y
. . 3 8
Further, this helps us express the rotation tensor R as: = . _ F__> .
pus e R=2= mi em —L__%f&(“”@’—%
Physical interpretation of Principal invariants of U and C: N
.
l

T, = A+ A2 2y

Gengtn) )

Ty, = mre+rahs e (V0
oL, = )“’7\7-%3 C\I‘()\M/\N{)
Te = M o4 e g N
2 A
(7\,)‘7.) .—\—Q\?\'Z_’) +<7\2>‘3>> g
M, = (NP22s)
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Deformation Gradient (F) and Displacement Gradient ( Vi)

Recall: }X(,Z) = ZE + %CZ) T Disploctmnet jf{o(,el/bw
Z Lo _
Deformation gradient: £ = Vg _SD/(g) = ‘zz(z_,)'+ v, w(g) = |F=1 + VU
F
adly -~
7 o~
€393 =~ — 1]
T3 fn

Right Cauchy-Green Deformation Tensor
- - T
G=R'E - (ph (L7

= ,CJ:,I,’*ZJL—*V&"*(YJI'YE)

Green Lagrange Strain Tensor

£=4(8 L) = 4 (%@ w)

Stvom (E,) @ @ nonlonar J[’r/m/('/ﬁbw C7£ u(z)

Linearized Strain:
-
¢ = L (%)

%= Y (i + U0

Example
(Ref: Pg 76, Hjelmstad)

®(z) = (u+z,cos6—z,sinf)e, + (v+2z,sinf+z,cos0)e, + z;e;

$@) = 2 ¢ (077 @00z unbley + [012wm0 r zlusoe, + 0 6
N - S

—
w, (Z”/ Z2 E&) L/LQC.zl/ z2/233 L'L:; (Z]/:22,25> =0
xB8-1) -gmb o o e o
~ - _ o -
S PEL ISR I B T e e
T I 9 o -
=y QV = E! 5 ~ e} l o "/:L\/ = % = 9 (K/\g’]d/ &00% Nl()ho’)ﬁ/)
© O 1
However: 2
o6 -1 o © -9, 0 0 (only if
c - | (V ~ 2 ~ 0
- 4 (‘\)/\' t+vd,) ~ ®) 0039—) V) ~ O —6/1 0 ~ 2 o ;—u\,p)
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Compatibility of Strains
Mecwv{a,a of corwv?om/(ﬂlh{-a

© Gn f@)=zu@) v W) (mebmotionlly atigied)

CoGwen g(m) ov B8 v w(e) |7 S
Z &2
: PR &y G G )/
6:2\ 622 69_3 7
€z €31 €33 D

07
For linearized (Small strain):

3 < ~  [OW | Ot
Note. e - 20 o & _|duw ey (aer?)%,)
I - => 7 9 (‘(T/,_e) 2

]

=~ 26
> 3
622 = /a“'l _—_L_> ’a GZQ— — a Uvz
2 vz P2 0%,
amd. 26, — QW ¥ Q2. > 2 a €2 a“’/
’bﬁ?z a%] ra-Z’ 8-22 8'28'22 BFE 622_
2. 2 2
> D€ 4 Q96 _ 204z
D %a 2 22,022 . .
(similarly 2 more equations)

¢
6,2:16<’Q\1+_3;L3 = OS2 >@
Az, 0% DZs 3%"

S 0623 _ | Fus &
\aw\a o 2 Gﬁ D=
2 2

den _ 4 (2w, 3w Do

V25 DE, 022 bz,a?—z

0 (-0€:s i 0 €23 + Bel&): —a_'@zulg — ’@2 €25
023 d %3 a%l 029 024 6218'2 @%@%z

(similarly 2 more equations)

=> Total 6 equations of compatibility:

<]
X
N
K
1
I
0
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Local and Global Changes in Area and Volume

We have considered local changes in length using the
stretch A(z) at specific points along curves, and to find
global change in length of some segment of a curve,
we integrate the local stretch A(z) along the curve.

In the same way we can find local changes in
area and volume of a body (at a specific point)
and integrate that to find global/total changes in
area and volume of a specific surface or volume.

Local change in Area:

Area is obtained by cross-product of 2 tangent vectors:

Je)

b
A(3@) = [ az(s)ds
$E)

. ” D,
wy < ~
/_,.’—p
S m = (yxu)
mo ae, @r@ [ % ma)
= e ) &S 2 = (Ez)x(Eny)
0 2 ds, v /{5@) e 6@2/
Original Local Area: Deformed Local Area:
|G| dsdsa | g2 [En) < (Ex))ds, d
Note:
o dA = (Myxr) ds) sy nde = (f/ ay X Botz)ds, ds,
N”’L da = FT(Fm,, x Eoa)ols, ds,
\__\f__—__J
F)lyv » 22) — WW B EAL=))
= "7_’],0('0“ = O(M(F) C’)’L}X%z) OLS’, d/sz_
m rry dLA
= mda = OLQX'JCE) N—T@ LA Q\l@v\wrn's FOYW\/V.MJ)
CPola TMMfmwaﬁCow)
Ratio of local area change:
do o | Ewxfoul | Jwda) _ |det(e) |5 m)
Yo » s Jon A
Original Total Area: Deformed Total Area:

A=£feu\

Ch2-Kinematics Page
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Local change in Volume:
Volume is given by scalar triple product of 3 tangent vectors:

Original Local Volume:

LV = (o ¥ %Nz) + N3 dsy ds, ds, Bl = AN)
2y, J1
Deformed Local Volume: ess Z T ']/%ﬂ
ot = (Eoy % Fm2)-Fng dsdde, 72 v
\—’_’ﬁf———’—’J

dﬁt(ﬁ) (21 %0y ) Ty

o
(wovm ;Lﬂ(og) @ n3 A
jelom etod nads Emy @
= O{U‘ = Mé ({6) OLV FEmny de

13 Z‘ﬁ

Original total volume: Deformed Total Volume:
[1f & woo [[f e = [f] deb(E) ¥
S v
Example: Look at examples 16 and 17 in the textbook. E d\/z 0[4 Y 6(%10{,23
78. A circular cylinder of length € and radius R experiences 2 W
the deformation characterized by the following map: R X © 0
y4

O2) = aze + fze, + yzye, : - PNV P é o

where a, §, and y are constants of the motion. Find the vol- (4,(,) ?4 (v ) O o

ume of the deformed cylinder. Find the total surface area of

the deformed cylinder. Find the principal stretches of the mo- ey / it (ﬁ) A ﬁ 4

tion. What are the limits on the constants a, 8, and y?
*) Vobumt of dufromed, eylindor * w = [[[ dwr = [If @H(5)dv
#(V) v
we [[§ TN = LBl Y <f1 (1¢L)
v \Y m o~ | 03©
) Sudfodt Avta @<= [fda = f I { [‘WSGN

70 )

g A o O =T © =T cc;g
l\fobe,fjw[c £ o =>E(_t§3~to 9 (mﬁ/w%

end,
() 3 V’D/ ( %OL/CM) 1/7’ 70.“/%) o

> @ =2 «po L) 4A +f N AR B

;{/o’t U c@/m * f

‘Iﬁa‘m 7"—41,%4
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Time dependent motion
All motion (and deformation) is time-dependent.

All the quantities we have defined thus far are for (St
a particular instant of time ¢. (spAmim)
€, %
Recall: . & V. /%= g
u=u) = x@0-z = ¢p@n-z  (Lagrangian) £ % —- -(Zﬂ?)
u = uxt) = x-zx7) = x-¢'(x,f) (Eulerian) - 3
(referencE / z=9%(21)
MATERIAL
Lagrangian / Reference / Material Eulerian / Spatial
Velocity v Velocity
v(z,t) = % (gt - v (%,8)= % = %f‘ =2 - ulzy)
= % () — |D%|; Dx' B |
At ot| 9z Acceleration @ v,
Acceleration @E(O_L,{:)E Q‘E(ﬂ_ﬁp@: 3___E+ oV ?a_(__—’é—_
. 2 2 2 Gl4
a, (z,8)= Uilzh) - dZ(et)- [0 D7 velscity
At ot B %M
Example: €3
e
Let = (2,8) = F(gt) =(1+xt )= /’1
= & Cn_(-/t) = gfd‘ (q_(_/.b) = %
- ( 1+ot™) g
=1
v= U (2t) = 2tX2 o= Up(zt) s = 2t & - 2t 2
- (Qaet®) -
- = 22X .
Q& a . C%/t) 2 Zz A = Qg (/’2_(;&) = ’a_%_-f— (Q_’_({i; 2«
ot v =
5 oo o [axd o 2xba U 2qp), 2tk st
T (k) (4 (4t 2) T t?)
5 4 o 2xXx - 20<§JZ
(1+<t>) g
Material time derivatives (for Eulerian descriptions)
Fov vaa Lk, vty o tereoy Note,
af (28 _ af ;2L px of _of ¢
At ar 2% |2t o o
v
. d b(z,t) - 2k, 2b [ %0 _ 9bigee;
dk ot 2= [B% 0% 2%
%4
d T (a,+) = 2T x
E’V (—/ ) = ™~ ﬂ (6___. h;@ EL,@%@Q
o
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Rate of change of deformations and strains

(ReFERENCE
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Example Consider a time-dependent map:
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Objectivity / Frame-indifference

It is important that the physical quantities that we use to characterize material behavior and the laws of
physics must not change with a change in the frame of reference i.e. they must be objective.

While scalar quantities are objective, unfortunately, a lot of vector and tensor quantities (especially those
that measure time-rates of changes) are not objective - they are different in different frames of reference.

Frame of reference:

It is a "point of view / way of viewing" the processes occurring in the world / universe.
Think of: Observations (video) from a camera (with full 3D depth perception) and time stamp

(so that you can record the distances, orientations and time-instants precisely).
(It is NOT the same as a choice of a coordinate-system.)

Example:

Position g = Q) (x* - ®)

Vectors © w = §7(4) uf

it

Tersova

P!

Consider velocity and acceleration:

v(x,t) = d2z= _ 4
dt
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Objective Rates: (using Material / Reference frame)

¢ Co-votational vutbe A
. COY\AWO(J role - _ALk_,_ =

S, &

= w-Wu
T

w T LU
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g e) = &4 8zxr G+ bornp) (789

Thus velocity and acceleration are NOT objective! ,
Rates of deformation and strain are not objective: C
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