CE-570 Advanced Structural Mechanics

- Arun Prakash

The BIG Picture

e What is Mechanics?
o Mechanics is study of how things work: how anything works, how the world works!
People ask: "Do you understand the mechanics of ?" It could be:
Do you understand the mechanics of this building/bridge? (How loads are being carried?)
Do you understand the mechanics of heat transfer?
Do you understand the mechanics of how this automobile works?
Do you understand the mechanics of flight?
Do you understand fracture mechanics / wave mechanics / geo-mechanics / thermo-mechanics
/ electro-mechanics / celestial mechanics / quantum mechanics etc. etc.
In that sense, mechanics is almost synonymous with Physics. However, mechanics is really a
branch of Physics.
o Within the context of Civil Engineering and Structural Engineering, mechanics is typically
used to mean:
* Rigid body mechanics (Statics / Dynamics),
= Mechanics of (deformable) materials,
= Continuum mechanics (including solid / fluid mechanics),
= Structural mechanics
(typical courses in undergraduate / graduate curricula: all based on Newtonian Mechanics).

e Continuum mechanics
o Study of the behavior of continuous bodies (solid/fluid).
Note: we assume that the "macro-scale" behavior of continuous bodies is not affected by the
"micro-scale" (atomic/molecular) structure of their constituent materials.
o Example Problem statement:

Given:

body / geometry,
boundary conditions,
material properties,
loads

Find:
Solution (displacements, strains, stresses etc.) everywhere in the body.
wke) Elx)  S(x)

Using: Governing partial differential equations (PDEs)
. (+B8Cs)
div-(S) + b = pu
e — T
E=y by vy

S = Atf)Lr2un g

(for small strain linear elasticity, for example)

In addition, if anything is changing with time, then find everything at all times of interest!

Lla,b) 5 Elx%) ;  S(z4)
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e Structural Mechanics
o Builds upon continuum (solid) mechanics
o Make assumptions regarding the displacement field within individual structural members
o Reduce the "number" of unknowns (dimensionality of the problem)
Examples: Beam theory, plate theory, shell theory

—_

[

http://youtu.be/IefW iVC Suk

e Role of approximate numerical solutions
o Analytical (exact) solutions to the governing PDEs are not possible in general.
o One can obtain good approximate solutions, using Finite Element Method (FEM) for example.
o Understanding the underlying mechanics and solution methods is very important to appreciate
limitations of approximate solutions and interpret numerical results correctly.

e Structural Mechanics in relation to Structural Analysis and Design
o Structural Analysis consists of techniques to solve problems in Structural Mechanics
(primarily for beam and frame structures, and use a lot of (conservative) approximations)
= Determinate structures: Find reactions, internal forces, and then displacements
= Indeterminate structures: Force/flexibility method; Displacement/Stiffness methods
= Structural dynamics: Study of structures subject to dynamic loads.
o Structural Design is an inverse problem:
Given:
All possible loads (combinations)
Permissible displacements, strains, stresses i Jl 1l 1l i

Find: A structure that fulfills these constraints!

(i.e. Geometry, Boundary conditions, materials etc.)
Approach: ‘?
Assume a solution; .
Check with Structural Analysis / detailed FEM
Refine as needed.

«—>

e Objectives of this course
o Gain in-depth understanding of the basic principles of continuum (solid) mechanics
o Learn about exact and approximate (numerical) solution methods for governing PDEs
o Introduction to Variational Principles and concepts in static stability
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Chapter 1: Mathematical Preliminaries

In order to state most problems in mechanics, we need to define some physical entities such continuous
bodies, surfaces, curves and points.

Definitions of geometric objects:

Point P Curve (77 Surface ' Body ﬁ
B

7
¢ Z
Choice of coordinate system:
Location of the Origin and orientation of basis vectors defines a coordinate system.

¥

€ 2 -

Q'_,‘\* 1 ’&.
/YQJ/\ A <) It (s o, (6,5,1)
! 7€, < (- — L2,
| : C’ g —» i%,_(s) S:(S/{?> %5 (S, t)) 5 ’ ( ’S’t) 'K‘)_(_’f, 3 t)
Y Az () oLg,Cs, t) 8 (730

We will restrict ourselves to right-handed, orthonormal, Cartesian coordinate systems.

Scalars and scalar fields
Physical quantities with magnitude only. Examples: temperature, density etc.
Denoted with lower case Latin / Greek letters: o, b, - --. 5 &, (@ y; ’/, - - - -

As opposed to "temperature at a point" or "density at a point" in a body, one can also have scalar fields
as functions of position:

Example: Temperature field © (X) O (o, ,dtzﬂts)
ey ield (0 N ZL, ) G e

3
Vectors

Physical quantities that need magnitude and direction for defining.
Examples: velocity, force etc.

Denoted with underlined lower case Latin letters: = U‘J, €+ U; €+ [},3 €y
QQ QL’/_.]?/ c ---- elﬂ/[] e, ﬁ "k}’ﬁ;—f\%_e/z_‘_\%—eé

. 3 s
@.l (54 v Lf U'L 6’1/ = é Lﬁ @IC
(3 >

)
, [ K ~ Y
. 5o o :[ \{“’ gth Eﬁf’

Note: Position "vector" of a point is not strictly a vector since it depends on the definition of a
coordinate system. The position "vector" changes if one changes the coordinate system.
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Vector fields
Similar to scalar fields, we can have vector fields as a function of position: each point in a body may

have a different velocity or force acting on it. N
NS
Example: Velocity field (%) M
(Distributed) Force field \\{ blx)
Vector Addition ey
€
0

/— e~ & / -
S < > ,
o 2 (u; &) +§, v ey = = (ko) g

“o S =
Follows parallelogram law. =T = 2y oy
. o Iy~~~
e Subtraction, Additive Inverse w - Y = W+ (,_ ) Py -_ W
—_— -— //
wru) =8 =Y vy

* Properties of vector addition
Commutative W
Associative W+

Vector Products " X W
e Scalar multiplication (scales the length of the vector) / =

e Dot product / w . w
2
© i /ﬂ
weo = fulfey as® 2 PSS
= | 2 2 ) 3
(b eatreet) | Ly (B (2 g
= \J.c.
\AH/UM"CZ ~3§ 9 '
hwll = w-uw T 2 Wy By (@L —d)
NS J
J-
3 3 L)
=5 2wy &
Note: ; o U contry .
Kronecker Delta: 0 .“F VE JI = 2 Uy, ’LS-L-/ :\}\/,\9’) *‘b’l\fﬁ%%
| ©o|= &pp=Cc-§) = . 1
N Y 1 kf b=
o | du= © ©
s D Fovr e 73 T
P wyrlle e) + W (e Y+ wuale €+
2 2w (ag) = |
5”;, PNy | N 227 0
U, %/gj F wurlle e+ wlu(e <)+
032 =)
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e Indicial notation and summation convention
In manipulating the component form of complicated vector expressions, we can utilize some shortcuts:
o Write the expression in terms of free and repeated / dummy indices (occurring exactly twice),
o0 Omit the summation sign (assuming that summation is implied for repeated / dummy indices),
o Make use of the Kronecker delta contraction property.

Erbrrpls : T~
—  Veckov U=0Ug +t08 +y e, = U & = UJ(, _@_(&

wnpes ‘:%;W(’/HL "
—  Proeoiteon af& Ry gt mwtter Wit vecty

Sag—
s - ["“ ifa o= B =
inplied, cepented  H z

—_ CK)'VV\PD’VM cﬁLa,[M,UtBrr‘-

_UL'@/; = ) L\ac% onollx
&’:,\u, 'U’\/dJZ% WVPLLCOL
_ ) x50
\UJ eth&{/ V\J
1/2.
— Normn Nw) m :{ Wy, UJJ =
unplied.
— Notle d},,‘,f— {1\—%522 'ﬁ‘é\gg 3—@
€ LA‘/%Q— J
¢ Cross product i ~
J- }’@I
wr Y €q
© Fﬁ
2 2,
. wx_w=(.§'w@9><(§, “7'%)’: G (Eix &)
5 6 /\A:ﬂej
lw o= yul Joff om © = worlepe) + Lule g wialexed
(Areo. of porallilogom, =3 18
]c P i ) +%v@7«‘3—5* u,uv(/,zkez)ﬂru, 3@;@
189 4 0
+ %3(%‘(@3%@,) + %505_<€:3X@2>+ \'(’:})é<;'-§ke’—}/))
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e Permutation (or alternating or Levi-Civita) symbol

et |Gy = (&L € ) & A

o e,
Noti.. : 0 Vf b’—‘J ov J'DK; v k=i
— Gk = 241 o (b, &) ame eypetic 122, 231,312 /:/1,\\
-1 uf (L,J'/K)am@ Ou?d(fc: 122, 221,213 B2
2

QGH;%SEGE{/‘K& =£<§t7<§(}’)'.€:ﬂj ¢y =% x &)

= (&4 & F Y2 € ey &

U
- (@) <ar far §) e [ 5) oo

bnprrsndiafl (€5 65y 4 e i &9
Eje G = Q;axf.g)

TN
W XY R = W L W ’ (‘_A_— Q’) W x e 0 o (Eur W VT Ey) - (WL €
e = o) (@ Gatl) ey = (oo o) (0 9

5
{
fl
>
g
X
=

= QUK L’Ll% W}Z@K"gﬂ)
NG

Note @/bxg}.y_o = chx W, \SLU- w,:\f&/@

(

ng)-g— + Cuzug—ugxa>w,+(ugq—u,\§)wz
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Tensors
In mechanics we often need more general quantities than just scalars and vectors.

Tensors are a generalization of the concept of scalars and vectors

Tensors are entities that operate upon a vector to produce another vector
T w = v

Eromples i Strain () ; Streas(S) 5 Toetity (3,)
Momordt of Ttz (L) i Frojection (£)

A good way to think about tensors is in terms of their effect on an arbitrary vector:

Definition:

T T =T
/—’_*
.
U:| 5
!" ~ L2 gN !
€ ™ Uy
,, £, va
I gl - Q_ gg T"l T2 Tlg
T ~ T, < r—r
Note: Tte effect can cosar Y% 2 T Tas
; : . Tay Tao Tz3
We A % dlivecbion wnid Hasb
(Henpllzed on an 6(14}05‘\3‘109 I, w = o
Ty, Tz Vg U v,
E%C’W V\f.%_. Tor Tao Tzs Wy — b,
* IE) : o L To) Tao Taz| LYo Uy
P 3 _li—‘ \9’
B
S paN
%‘ﬁ@@&fuw Corrv tL)pLam@)f e T Wy +Tip Wy ¥+ Tig wy = U
= /ﬂ(P\/ 7;" W, + T?_z. M’Z -+ T_Za M,& = 'Ui
oy
% T Wyt Tap o b Tez ug T U

Tensor fields:
Just as scalar and vector fields, we can have tensor fields i.e. tensor as a function of position: 7(x) : ',7:/(7_&)

Note that writing a tensor field as 7(x) does not mean that T is operating on x.
It means that the 7(x) is a function of x and still operates on a vector u(x) at that point.

Written as:  T(x) u(x) = v(x) T(%) fz)= v ()
or simply as: Tu=v _
Ty =

E%W(L :
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Properties of a tensor:
- T wa lUuwr operator 5 L ("W‘*F‘*} < Tw
— Tensors cam le addad foubtracked = (Trs)u = T w

= Scalov mwdbiphicatlon, = GLT\,)% o

|

Tensor product of two vectors
It is possible to construct a tensor from two vectors by using a special operation called a tensor product:

Lok L = £ay I matrix mpotatien T = wdU
owel Hpot Lo 2 @"6@%2_%3 ouehthal: (y me)we = o (vew)
= %O%'y) wil [ v ] [w Th
Ve Wy| = WLy th Wi
5 w oleo cotled Q(%.w(_w mowt_ kii_\r——g gy Wy
(swher paroduct) [T ]

Just like any vector can be expressed in terms of basis vectors: € [, € L L3 i U o= Uy g

We can also construct basis tensors: <€[; ® C,> e thot  (e,® _eo) e = & (—@d .8y
Using this: |, = ,:é}' d?; T (e®¢) = & &
= T(ee &) r Tn(ade2) + Ta(er®e) T e Tl
R L + T (&, ® ) + Toz (&® &) + s (e=2) [ ™ |5 B2 T3
~ [L p 21 +Tay (2a8S) + T €2B82) + Tz (2@ ) o T2 Mg
O © O

auch, that Igi(g Jé T «®e¢ )@ M«Tj) 1 bty/@b %)

o aT (‘}\—1
o T = By e =Bl
E 2araples T\J W €( CS/K
— r_ouwwa T = Sw(.e_b@%)ﬂ[‘bﬁg]
= I W R4
6 0\
R"?}Q@tﬁuyw(ofw (L]pLame) /f,'/—:f:,"@@"ﬁ’
y =Lu-m®n)u

1)
&
|
R
RS
13
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e Tensor Composition (product of 2 tensors to get another tensor)

Lel R =ST
—~ el
- = S(T
gu=(sT)wz S(Tw
Note
- vaI, 7 15
= T = S
- s@Y)=CET)u=3TY
2
- L =1L
- 5= 2T+2Y
 Tensor inverse v - —
g=Tw
T
W
¢ Tensor transpose _
o=T%

For any 2 arbitrary vectors # and w

Note * wi & ¢+ Tik Uk 14

Yo 01 Tie Sy

W Wi Tik

@k@

Tuw

= S'\\) ]}(z U/ﬂ:e/ %%

Thws ST = Six(@a T, (CL®€U>
= Sw%(_@,‘,@e,) ofk/é/
FSUK,TK,J (e ® €
Note. = v = T u
w =T e
1 ~) _
L =171 =2
-
T T
w Vs

. ( LTw)

T
M/"L QW" ’ CT nl UDI, §‘TL

= Yy (1 wy dyin

1

= Tk = G_T) KL

e Symmetric Tensors

e Skew-symmetric Tensors

Note: Any tensor T can be expressed as:

w-(s &)= v-(Su) = §-=

g-(Wy)=- VeWw) > We-Y

T W W G, .ﬂﬁﬁ
(6_6. Sik = Sm)

(e Wi = =W

= ylr+17) + u@-1)
AR

QS

Agrmm&‘l'mdc
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Change of coordinate system

U3
!
U2
O]/
1
‘o K
& Y
/
Ua (Oi_e)/ ey, &)
s = v g
/_ D, e
¢ = @:} Q(/) Y
/ , .
O = C-@b"‘l)) Vi
1~ —tw D_,ﬂ Wbatﬂ"'l‘;c_o{):
!
%2 (S Q2| QZ\ sz . kj]’ B Q'l‘?. O‘\Z; 94
' —
U’Q_ = le Q?_l @32 (-75,) 7 Uz_.l = Py QQ_Q_ ng LL;%_
/ w3/ Qzr Q 3
/
] = (@l (e [v1 = [&][]
Note: [Q] here is a transformation matrix (not a tensor).

[Q] is an orthogonal matrix: [Q][Q]" = [Q]T[Q] = [1]

Not&" Tensoy Ct:wupmwdk conn, e obtovwed, as

(T

LS

However a tensor Q can be defined such that e; = Q e/’
Transformation of Tensors
L= Tyki®g) ~ :;‘ Trl;%
T2y Ty Tay, (o, et e,g,)
Te Tyl @g)~ 7 7l
T Ta T

' ’ ’
T T Tea)(o) ¢ g el)

Ty =

CO‘) im Tmy" Q'Ylij

(see problem 13 in Hjelmstad)

It

>(’
!

23

__Sin &y

%:TW(@L @MXEW] )::'TU‘

Q'rvvu

%

= ei “Tran CC:M 6] §n1>
)= CiTrn (En®€n) g = Tt (Ene (&) (s 1)
/ T
ond Ty = Qi Ton @
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Tensor Invariants (Quantities that don't change, no matter which coordinate system is chosen)

. . 2 ’
Example of an invariant for a vector: Ha €2 | bo_

gt o] - r‘ Aoyt
& = W - ;

Similarly, a tensor invariant is a function of the tensor JC (‘T J) @'Y\\) @wn = ,,I U‘,\ O
(’ ' 4

components (in any coordinate system):

. . . T
In a different coordinate system, the tensor components would be given by: T, "= @ im Tmn @)”’E)

Y
For a function to be invariant: (T\: Jf C U > -39" [Qj yotatlony
Simply referred to as: (7 n)
i (o sy
Primary Invariants Note,
S h(D) 2 T e (D) e | e Qi T W

e~

CR® T o)
- ’IF‘L% (1) = Ty Tir Twi ‘t«(‘f}} ) SW]%’]

: = =
- ()C% CTV) = 72: Lz Tfazl& Tl‘f.% L‘H """ T;n ’;l"jh@) C‘V\Am"’"m)
N2 -
Eigenvalues & Eigenvectors of Symmetric Tensors T L ma
(Principal Invariants) ~ = N

As mentioned earlier, a tensor operates on a vector to
produce another vector (by stretching and/or rotating it). %3 7
However, for a given symmetric tensor, there are some

specific vectors (directions) n on which the action of the -
tensor is purely stretching (no rotation). }—»é‘ ) A\ ﬂ/
- )\5 m =Nz

|

4.e. Tm = Pa¥ksd) €3

Note: n; are orthogonal

The problem of finding A and » for a given (symmetric) tensor is called the Eigenvalue problem.
To obtain non-trivial solutions (n # 0):

(T-»1)= =0 T, T2 T
> et Uvﬂ’hg) =0 > b oy T r Tz (=0

This results in a cubic equation for 4 called the characteristic equation: r’éi Tez T2

X+ LA -T A+ L, =0
where I, II1, Il are called the Principal Invariants of T
Ir = t(7) = Ti

To = 4 [(ertn) - (@] = w @) - T

Ty = dab(T) = W Gk S TiL Tim T
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Solving the characteristic equation:
The cubic polynomial equation, in general, will have 3 roots (Eigenvalues): 41, A2, 43
and 3 corresponding Eigenvectors: ni, n2, n3

Example:
e By hand (factorizing):

¥ o g
Lo~ :05 5 > (3“)‘>[C5—>~>(5~>>’ 1] =0

o -1 5 > ) [A-1ort+24] =0
Chavoelerist ¢ .e?/{,:,atum *ﬁ3+$hl~§i) +72,=0

Tr iy M =3
Feotorige 22) (2=¢)(a-u)=0 2 -
q =

an—r@};m ' Efzbr\;uﬂcrom :
1

T >3 Kﬁ

Fov 22 = Lf ]V—l o) (b

BN Rt

1 V2

Uz

(3] - e meaf

I

e Using numerical non-linear equation solver (Newton's method) 2 ()
To _apwe (=) = 0©

Ezpomol 7 +A)E g Ot)y Q] £,
0 ? oot N 2 ds
7 1%%7) § = rae

e Using existing software programs such as MATLAB:
>T=[300;05-1; 0 -1 5]

T= 3 0 ; Note: The Principal invariants I, IIr, IlI7 of T are
5 5 4 the coefficients of the characteristic equation:
0 -1 5 [y = >> trace(T)
>> [v,d] = eig(T) ans =
v = gl g% Mo
1.0000 0 0 IIr=>> 1/2*((trace(T))*2-trace(T"2))
o |-0.7071 |-0.7071 ans =
o [-0.7071 0.7071
q = 1II; = >> det(T)
0 0 M ans =
0 E 0 DAl
(] 0 IE Ne,
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Special cases:

e Tworootsrepeated: » = X2 , Xg ¢ Three roots repeated: =X =3 o= )
(f_)_,l’l ) "ﬂ,2> b 713 (11’! ) Dz y ﬂs)
RN
ANz

7, Mo

€

€,
X\'Yl) A(”lz

[

Spectral decomposition of a (symmetric) tensor:

A symmetric tensor 7 can be expressed in terms of its Eigenvectors as:/71L2 T\/
3 €, —
7= 2o /’Lﬂq,
CE%@/PWW To unumnaltony CO/W\UCOW) [ e T ) )E!L&

v €.
a4

= A (”’.’_bl@”ﬁd)—l' 7‘1(@2®9’—l’2> + )‘;_2) 713 & Mg

€. /"); ~ ) ’ﬂfE@I j+)‘9_ ’ﬂ?[ ':’2] __)_)\3[%3][ Ny |

-— 2 3 . .
Thica T w = Z>2(ni®n)u = n ol ew) my

i [ (2]
Note: If we express the components of a tensor in a coordinate system that coincides with its -
principal eigenvectors: / 2 N

ve. € = 1y e,
Then using Spectral representation: T A (A 73
?\3 03 %’ _ []‘k
= 0
° @L\nz ’ﬂ_g)

Also note that using this basis (called canonical basis), the principal invariants are simply given as:
T‘T = N+ Ay )y
I[T = %1}\1-)-?\2_%3 +>\3>\;
M+ = ™22 A3

Caley-Hamilton Theorem
An important property of tensors (and matrices) is that they satisfy their own characteristic equation:

2~
L+ It L ~T L +m T =0
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Calculus of Scalars, Vectors and Tensors

As previously noted, scalars, vectors and tensors 9(’_’9 CSQM,O/Y ‘)
are quantities that are associated with each point % 2 %m,V)
in a body as a field.

They can be expressed as functions of position: Sy CZ—) (W>

In order to work with fields, we need to use concepts of differential and integral calculus.
First recall the following basic concepts in 1D
Scalar function of 1 variable: Derivative:

Af = Aim  flxtdD)—fe0)

()
d W Ax L0 Iz

1': FLUX of f(x) over the boundary of Ax
® AL Notz : df _ Lm [f@rO)m, + Fe)nn-

&
N gt —m, =4 dx 0
measure (length) of Ax
(o) Fundamental Theorem of Calculus:
% b y q
d = Lim 2 L(atiDVA
af/<m oo = N> 00 L=a-p< T = ’F(b) B 76(@

- — _. b

7 whert Aot = 2=

— —> 7 o Noo= {@@ﬁ%@,

a D b

Scalar field: scalar function of position "vector" in 2D /3D

Ao

B
3
2
(53 1
]

R & :
C a e aMX
! Directional Derivative D £ (3/) cn = Ao F£lz+ € n) —f ('2L> <= scoJJwv)
(of a scalar field, € ~0 €
at a specific point x,
in the direction n) DfL)en = L% £lzyen)
e
€=0
Example: —F (?_O = X%
2y oy + N At 793 2(2)
A
Dfe).m = d [(xega)(a -\-G—(/J’Dj ,
de €=D

bzt i e 2
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Gradient of a scalar field: Direction of maximum change (increase) in value of f{x):

(results in a vector field)

—_

Example: £ () = 2¢-

VE () = of
1 o

5

%' — 9(%0%>gﬂ

AL AL

Coordinate independent representation of the gradient of a scalar field:

Tn 3P Tn 2P :
R - Ll R T L [emds
Vol (B) =0 VoL (&) 50 ) 8) - Aren(8)—O AvealB) Bomﬁzqa@g)
Uz
ZEI&
x
™
B can be any infinitesimal region enclosing x. ~£7%2 Note, $E2
e F EP ~Cz
Choost, % o S/ /f‘* ' i
| . L 2
Vol (&) = B 8z A o3 W e A
At (B) = 2 (Day Ax, + Doty Ag + Ay Ay i
3
Nt [frde = = | [fxrang)eda [t@ceyan
Avess (B) Ul A Al
2 —_ —
. 2 [Feroxigy - f@) e A e 7o 1 [ s
Note, VM(@> = A D = Ay Do = Ag g = AjDa (nouwn) Al
Two VL = fé, N [—F(ﬂ_ﬁ-rﬂ%l:g)—vf(z)jﬁdﬁ’i/}: gél ﬂ—g
- =) ax; >0 % "N =) x;

Vector field: vector function of the position vector x in 2D/3D:

Example
() = @z +%3") €+ (o r3) €2 + @+ 72)eR
(2. U‘(?_L —~
- ) %\ +N3
OC‘ + o
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Divergence of a vector field: (results in scalar field)

Measures the change in 'flux' (outflow-inflow) at each point in a vector field 9
, ox
o U'Czt) = A \ U (@) . kA ja
- No’fﬁ: vV ~ o
Vol(B)~0 Voll®) A e (®) ot
dive v(2) = Wi, 0% L _on®) | oy, o [veo(w '()%Ls
R R ol I I TR
Examples: ox
— )= &) G Oy rad e F @72 5 dir v (@)
— @)= 2w Bt 8 + Hz€z = A >  dw U =4z 3
Curl of a vector field: (results in a vector field)
Measures change in 'circulation' at a point in a vector field.
- | v x v do
el U’C?(_) = /{j/vw _—
et U ) =
Examples
- vl =

-V x U (=)=

Area(®)
(o Flx)x v)

x

i
0%
<f)7¢ )xu»(oc)e, = € KQK
>~V x (7)) ejx P e
—‘k[(’x;)-’— €
> <<_7><LIL1))

@ ~%3D) © (-2 €2 + By —72) €3

@ﬂr I (%) % \7)

—
€ €iir 5;'/& = 2
X b
gl €2 (
(z-ma) (*z-=x) (oc ocg)
9. o =R
%, DR
= 2@!"' ) +€,3>

DX g

9 (7/347@ -0 (= ?/) e
’0’13 axz
+< o C]/'X)_> - 3 Cxly)e,z
('D (7/—%3;) ~ 9 (13 74) €3
Gradient of a vector field: (results in a tensor field)
Measures rate of change of vector field in all possible directions
-~ Vol (B) —2©
(w o(X) & T > AV
T (?&) =

CRN
U@ m AA J, [25"7(; 5”178"3
VollB) pvea ()
J.
U oL e Y, \}’;7— ©,3
- % - Oc U3 2
O 2, 4
J
Examples:
— U (2) XK > g/&(g)

2
I3,

Uz,n
Us,2

3,3
&R

S
O

Us
—> Look at Example 7 in the book!
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Analogies between vector products and vector field derivatives:

— Dot Qoo ; oY (din)
—  Coress t WX Y 5 Salt 74 wrt)
- Dyad S ey y ve¥ (gmd)
Directional derivative of a vector field (gives a vector)
Rate of change of a vector field at a point x in a specific direction n
DA o Y U(+ER) - (=) Gl re) T
€70 e ake .
Examples: _
or  o(x) = 2 ~ buE)t =1z =% Wit % W a
- DQ(@)-%_L-'TLO_QJ_ %l “&J'D’{}:’GDO‘-
N -—

Tensor field: tensor function of the position "vector"
Example:

Tlx) = (- 2)T -2 x® %

Note: A tensor T(x) may be a non-linear function x,
but its action on a vector u(x) is still linear: T
PaYd

Divergence of a tensor field: (results in a vector field)

duw (1) = Aim 1 f L adA Trr
é) Volt)—=>0 \ol(B) Area(B) (=?ZY> Yal
@) = e - 9 (ugdDe ol g -[aTye (G
DAL U, v L a;z: < S =y
8K %
Example:
T = (2L -2 %4 ® Nole t The 2terma

o e e R [ {g

div (T) = ’Q_C”‘_«L«)& e, - 2 ’a(“ﬂ’%)%

= 2%%,5%_65 Cfg +%u )

= el - 2(‘10@)@5
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Integral Theorems
These theorems are generalized versions of the fundamental theorem of calculus.

Divergence theorem ( Gauss theorem) /Mﬂc el o &)W
 For vector fields. J’ dho vl dV = f RYCOR N for arg quorm /
\/DLCBQ—Q giom AM%B) M/\A«&/V‘b Mq&ﬁ%% =
, 9190 2o
L;)URA/V\»P(-Q/ :
Comaldoy O () =X 5 dur U = Koy = 3
A [3av =
CE e
4e’) -
& A

e For gradient of a scalar field: f V\‘j aV

Vol(B)

* For gradient of a vector field: f vy AV
Vol (&)

e For a tensor field: f O(M,(I) AV
Vol (8)

Curl Theorem (special case of the Stokes theorem):
c.f. http://mathworld.wolfram.com/Curl Theorem.html

f@% u) ds

Swrfaer(S)

Green's Theorem
(special case of Curl theorem / Stokes' theorem for a plane)

f 6N - am )atruy

% Am(ﬁ)

J’d\x@ (7
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