Force Method for Analysis of Indeterminate Structures

(Ref: Chapter 10)

For determinate structures, the force method allows us to find internal forces (using equilibrium i.e.
based on Statics) irrespective of the material information. Material (stress-strain) relationships are
needed only to calculate deflections.

However, for indeterminate structures , Statics (equilibrium) alone is not sufficient to conduct
structural analysis. Compatibility and material information are essential.

Indeterminate Structures

Number of unknown Reactions or Internal forces > Number of equilibrium equations
Note: Most structures in the real world are statically indeterminate.

Advantages Disadvantages
e Smaller deflections for similar members * More material => More Cost
e Redundancy in load carrying capacity e Complex connections
(redistribution) e Initial / Residual / Settlement Stresses
e Increased stability

Methods of Analysis

Structural Analysis requires that the equations governing the following physical relationships be satisfied:
(1) Equilibrium of forces and moments
(11) Compatibility of deformation among members and at supports
(111) Material behavior relating stresses with strains
(iv) Strain-displacement relations
(v) Boundary Conditions

Primarily two types of methods of analysis:

Force (F lexibili'tv) Methpd Displacement (Stiffness) Method
* Convert the indeterminate structure to a e Express local (member) force-displacement
determinate one by removing some unknown relationships in terms of unknown member
forces / support reactions and replacing them displacements.

with (assumed) known / unit forces.
e Using superposition, calculate the force that e Using equilibrium of assembled members,

would be required to achieve compatibility find unknown displacements.
with the original structure.

* Unknowns to be solved for are usually e Unknowns are usually displacements
redundant forces

* Coefficients of the unknowns in equations to e Coefficients of the unknowns are "Stiffness"

be solved areﬁlvexibility” coefficients. coefficients. /

Tadx = b LJd = ¢
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The displacement (rotation) at a point P in a structure due a UNIT load (moment) at point Q is equal
to displacement (rotation) at a point Q in a structure due a UNIT load (moment) at point P.

e

Betti's Theorem
0 A LD

Virtual Work done by a system of forces Pg while undergoing
displacements due to system of forces Pa \,
is equal to the

Virtual Work done by the system of forces P while

undergoing displacements due to the system of forces Pg
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Force Method of Analysis for (Indeterminate) Beams and Frames

Example: Determine the reactions.

EXAMPLE [10.4 CONTINUED
|

120 Ib/ft

Alllllllii ! —
I— 121t 1r5ft l Sft«‘ eé.)-l}(

(a)

primary structure

(b)
o

Mpa' gy Mpa'pp

redundant Mg applied
(c) Fig. 10-11

Compatibility Equations. From Fig. 10-11a we require the relative
rotation of one end of one beam with respect to the end of the other
beam to be zero, that is,

(r'+) 0y + Mpagg = 0 / / _ gt I g

where ’ " 913 + [0(‘881 Mg = [98 T O(ﬁg]M
8y = 0 + 8} Dy , "

s = @3*%)+E@B*MBBJM$GO

agg = agg + gy
EXAMPLE |10.4 CONTINUED

The slopes and angular flexibility coefficients can be determined
from the table on the inside front cover, that is,

wL?  120(12)° 8640 Ib- fi?

O = S4El = 2aE1 ~ EI
o BT 500(10)* 3125 Ib- i
B~ 16l = 16EI =~  EI

ML 1(12) 41t
s == — = —
BB apy  3EI EI

BB = 3EI T 3EI  EI
Thus

86401b-f  3125Ib-f® (4_& 333 ﬂ) T
El EI NEI T EI

Mg = —1604 Ib - ft
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EXAMPLE |10.4 CONTINUED

The negative sign indicates M g acts in the opposite direction to that
shown in Fig. 10-11c. Using this result, the reactions at the supports
are calculated as shown in Fig. 10-11d. Furthermore, the shear and
moment diagrams are shown in Fig. 10-11e.

500 b
120 Ib/1t
HTTTITTT ™™ N
D Uyl ey
1264 b »
B A n C
(d)
V(lb) M (Ib-ft)

586 410 1432
\
12
72  .m ' 2 M. o)
4.8 . —589.6 = \/ 17 z

—1602

(e)
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Examples
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Example: Frames

EXAMPLE [10.5

The frame, or bent, shown in the photo is used to support the bridge
deck. Assuming FEI is constant, a drawing of it along with
the dimensions and loading is shown in Fig. 10-12a. Determine the
support reactions.

Af_a = A B«
fAr 12
PARTA 3 Fig. 10-12 e W.‘

Acktwal, L—Oa-dA 40 kN/m

Primary structure Redundant force A, applied
(b)
Compatibility Equation. Reference to point A in Fig. 10-12b
requires

) )

Copyright ©2012 Pearson Education, publishing as Prontice Hall
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EXAMPLE |10.5 CONTINUED

For f 44 we require application of a real unit load and a virtual unit
load acting at A, Fig. 10-124. Thus,

Pnr:’vvvoiptu o [l

= v
Vi wortlk, , 5(1x1)2d u, 2 2
fan= [ (=2 [ ]tsmﬁz/{sm;

58333
T El

Substituting the results into Eq. (1) and solving yields A A + 'FAA >

_ 16667 (583.33)
- EI Ry B

A, = 157TkN Ans.
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Force Method of Analysis for (Indeterminate) Trusses

EXAMPLE [10.7

Determine the force in member AC of the truss shown in Fig. 10-14a.
ALE is the same for all the members.

400 1b

SOLUTION

Principle of Superposition. By inspection the truss is indeterminate
to the first degree.* Since the force in member AC is to be determined,
member AC will be chosen as the redundant. This requires “cutting”
this member so that it cannot sustain a force, thereby making the truss
statically determinate and stable. The principle of superposition
applied to the truss is shown in Fig. 10-14b.

@ Compatibility Equation. With reference to member AC in
Fig. 10-14 Fig. 10-14b, we require the relative displacement A 4¢, which occurs at
the ends of the cut member AC due to the 400-1b load, plus the
relative displacement F ¢ f4c 4c caused by the redundant force acting

alone, to be equal to zero, that is,

10 = Auc + Facfac ac| (1)

actual truss primary structure redundant F ¢ applied

(b)
*Applying Eq.3-1,b + r > 2jor 6 + 3 > 2(4),9 > 8,9 — 8 = 1sl degree.

ParT-1  ((An Relative Deflection of AL C due to Actual bhacs )
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m=i _ 11200
- AE
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Force Method of Analysis for (Inderminate) Composite Structures

The simply supported queen-post trussed beam shown 2kN/m
in the photo is to be designed to support a uniform load l l l l l l 1 l l l 1 l 1 l l l l l 1
of 2 kN/m. The dimensions of the structure are shown in B

Fig. 10-16a. Determine the force developed in member '
CE. Neglect the thickness of the beam and assume the
truss members are pin connected to the beam. Also, neg- ‘

lect the effect of axial compression and shear in the
beam. The cross-sectional area of each strut is 400 mm?, I 2m 1 Zm I Zm
and for the beam I = 20(10°) mm*. Take E = 200GPa.

Actual structure
(a)

Fig. 10-16

Copyright ©2017 Pearson Education, publishing as Prentice Hall

2kN/m
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SOLUTION =
Frimary structure

Principle of Superposition. If the force in one of the truss

members is known, then the force in all the other members, as +

well as in the beam, can be determined by statics. Hence, the struc-
ture is indeterminate to the first degree. For solution the force in
member CFE is chosen as the redundant. This member is therefore
sectioned to eliminate its capacity to sustain a force. The principle
of superposition applied to the structure is shown in Fig. 10-16b.

Compatibility Equation. With reference to the relative displace- Feelcece
ment of the cut ends of member CE, Fig. 10-16b, we require Redundant Feg applied
0= Acg + Feefcece (1) ®)
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Substituting the data into Eq. (1) yields
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Systematic Analysis using the Force (Flexibility) Method
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Analysis of Symmetric structures

Symmetry: Structure, Boundary Conditions, and Loads are

symmetric.

lo\o o] [o

o] [o

Anti-symmetric: Structure, Boundary Conditions are symmetric,
Loads are anti-symmetric.

axis of symmetry

(a)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Symmetry helps in reducing the number of unknowns to solve for.

Examples:
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(
Antisymmetric loading
Figure: 10_18
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Influence lines for Determinate structures

(Ref: Chapter 6)

Influence line is a diagram that shows the variation for a particular force/moment at specific location
1n a structure as a unit load moves across the entire structure.
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/2.

= M, =
\jf )27%% = 1(g-=) Q'%&)H =(Ll—7zt) H< A2

Miiller-Breslau Principle

The influence of a certain force (or moment) in a structure is given by (i.e. it is equal to) the
deflected shape of the structure in the absence of that force (or moment) and when given a
corresponding unit displacement (or rotation).

|
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Example

Draw the influence lines for the reaction and bending-moment at point C for the following beam.
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Example

e Draw the influence lines for the shear-force and bending-moment at point C for the following beam.
¢ Find the maximum bending moment at C due to a 400 Ib load moving across the beam. 1

Vaing  Miller - breedow printipl :

\/@w&{‘?‘; Ve
P
4
A

y, © = %
=0
Z’? Py S
F 13 c 7;’;’;
Va o,
éMB’:—'D
= —17<Cot~5>+Dy><10 = DV:%F\/Z
Ve =Dy = l-%
-
. AR ‘,]-
i =
A 133 c Tf’é
Ve o,
é‘ﬁnp’—‘ﬂ
> 1(152)-Vexi0 =0 > Vo =3,-%
VC," Vg = 3/ - 24
2 o
-
= Influne BRYN

O

7
A D
/7

-

ForceMethod Page 19

o ¥

/ ; 3
b spe B ospp € speD
o

ML 29/1,/{\{% Lo

=9
2,
MCMA;c = %%HOD
\/e,m'fa"- »——jrx‘ 1
a -
L= x ‘T‘\/B ]/1
Z{) o
A l@ (& 7}/;
Ve Dy
x. ﬁ“\b; ‘/1
ZA) O v
/’pc LB C 7{7%
Ve Dy
Me = Vgx5 = 15 _ 229
\_2____4




Influence lines for Indeterminate structures

The Miiller-Breslau principle also holds for indeterminate structures.
For statically determinate structures, influence lines are straight.
For statically indeterminate structures, influence lines are usually curved.

Examples:
Reaction Ay 5 i
A | = A = C
I
NG
Jap] [—===- - B v
| g —1 — C
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primary structure
(b)
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A_\'f/\/\
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Example

Draw the influence line for obh <L 1
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= Moment at A 00’52 —_
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