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ADVANCED THEORETICAL TREATMENTS
oF
PROPELLER AERODYNAMICS

INTRODUCTION

Propellers are currently the most efficient means of aircraft
propulsfon , generally operating in the 80-90% efficfency range as
shown in Fig. 1. Propellers achieve this high efficfency by imparting
a small change in pressure (or velocity) over a large area rather than
a large change in velocity over a small area as in a turbojet. The
results of a simple momentum theory (McCormick} show the ideal
efficency s :
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"~ The thrust of the propeller is

T = Aap

In order to increase the efficiency at constant thrust, T, and
forward velocity, V., the disc area, A =*R? must be increased and
~ the change in pressure, Ap, over the disc used must decrease.

Although the one dimensional momentum theory (also called
actuator disc theory) 1{s useful for preliminary considerations, the
efficiency predicated 1{s overestimated because of the neglect of many
real effects in this simplified theory.

The 1losses in efficiency of the propeller can be broken into
two general catagories: 1induced Jlosses and profile 1losses., The
induced losses are caused by the finite size and finite number of
blades of the propeller and can be broken into an axial loss and a
rotational Tloss. The profile drag {is composed of viscous skin
friction and form drag and because of the high relative tip Mach
- number, compressible drag. The portion that each effect contributes

-to the total propeller loss is: :

AXIAL 15%
INDUCED
o _ ROTATIONAL - 50%
_ YISCOUS 20%
PROFILE

COMPRESSIBLE  15%
T00%



These numbers are dependent on the propeller loading, nuiber of blades

and tip speed., The effect of blade number and loading on the induced
losses fs shown in Fig. 2.

In order to accurately predict propeller losses , advanced
analytical technfques have been developed and the purpose of the
lectures is to describe these methods.
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BLADE ELEMENT THEORY

Both the Goldstein theory and the 1ifting Tine theory divide
the opropeller into a number of radfal segments {strips) in order %o
calculate the forces at any radfal statfon. (See Fig. 3 ) The
velocity and force diagram at a radial location, r, is shown in Fig.

4,
The t'hrust and power on an element, dr , at r are

2
_ v o
dT = 8 o —g-c[c,_ cos (¢ + ai) - C4 sin (s + 'ai)]dr

b}
dP = wrB o —% cfC, sin (9 + a;) + C4cos (o +a;)}dr

Bz number of blades

The total thrust and power are obtained by integrating from the hub to
the tip.. In dimensionless varifables (McCormick 1979)
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Specification of the geometry gives =(x) and specifi
the flight conditions gives J and 2. (Sinced = tan"* J/S:t}“]-::
difficulty fn determining the thrust and power is finding the induced
angle of attack, @y and the 1ift and drag coefficients t.‘.z +Cy -

In the fnviscid theories ((q = 0), the 1ift is related to the
circylation, [, through the Kutta Joukowski theorem ar
CaoVxT : C,' *vVe

e
For the elemental section, dr , the 1ift is perpendicular to the
resultant velocity V, . :

The circulation distribution and {induced angie of -attack
distribution are determined from a bound vortex model of the blades
and a vortex model of the wake. '

- Once the 1ift coefficient distribution is obtained from the
inviscid model, the drag coefficient, G4 , can be found from

_experimental airfoll section data that relates C; to drag coefficient

C4, thickness t/c, Mach number and Reynolds. An alternate method is
to determine the 1induced angle of attack from the tnviscid vortex
model and therefore the local angle of attack of the blade element.
Experimental data is then used for both Cg and (4.



WAKE MODEL

One of the most crucial issues in the model of the propeller
js the specification of the vortex wake shed by the propeller blade.
The actual wake of a propeller blade {s a viscous vortex sheet in
which the outboard region rolls up to form a helical tip vortex as
shown 1in Fig § . The helical vortex is itself unstable (Windwall) and
sinusofdal perturbations develope, as can be seen in the smoke flow
‘'visualization picture of Fig. 6.

Extensive 1investigations. in the helicopter i{industry have
developed wake models for hovering rotors, rotors in axial motion and
rotors in forward motion. The first two are applicable to propellers.
Models by Landgrebe and Gray (See Bramwell) conclude that the wake
consists of a strong tip vortex and an inner vortex sheet of opposite
sense as shown 1in Figs. 7 , 8 . The outer part of the sheet moves
faster than both the inner part of the sheet and the tip vortex
causing. a progressive distortion of the vortex sheet.

Two general methods are used to mode} the wake : the prescribed
wake analysis and the free wake analysis. In the prescribed wake
anlalysis the position of the vorticity in the wake is specified based
on an approximate model of the wake o based on actual experimental
measurements of the wake position. The most common model for
propellers is to assume that the wake iies on a helical plane and that
no roll-up or wake contraction occurs. This is analogous to the
* plane wake model used in studying the aerodynamics of finfte wings.

~The free wake analysis begins by assuming an {nitfal location
for the positions of a number of short straight line vortex filaments
representing the wake, The strengths of the filaments are determined
from the gradient of the bound circulation. The vortex filaments then
move due to the induced velocities from the other filaments and the
bound vortex. By i{terating, the positions change until a converged
"solution 1is obtained indicating that the positions of the vortex
filaments are steady in their own induced flowfield.

The effects of rollup and contraction are taken into account
~at the expense of considerable computer cost. In addition, the
influence of spinners and nacelles on the wake position can be
obtained by combining a free wake analysis with a panel model of the
interfering bodies.

The complexity of the vortex wake is illustrated in Fiu. 9,
which shows a free wake analysis of the tip regfon of an aircraft
~wing. The same effect would occur - at the tip of a propeller. -
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Figure 8. Hovering rotor wake structure (Landgrebe )
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GOLDSTEIN'S THEORY

In 1929, Goldstein published a paper "On the Vortex Theory of
the Screw Propeller” which presented an exact solution for the problem
of a propeller with a finite number of blades operating with light
Toading. He models each blade with a single bound vortex having a
circutation, © (r}. From each pofnt on the bound vortex, a trailing
vortex of strength, -dr/dr is shed. The trailing vorticies are
assumed to 1ie on a rigid helical wake prescribed by the forward
velocfty and rotational velocity of the propeller. The equation for
this surface for a single blade is

3 - %}5 2 0 0<r<R

where pr, 3 , and 2z are cylindrical polar coordinates. Additional
blades are added by constructing similar surfaces with the proper
- orfentation. (f.e, for a two bladed propeller two helical surfaces
are defined at 0 and ). The condition of the rigid helical
wake fmplies that the distribution T (r) along the blade is such that
at a given thrust the energy loss is minimum, (The B8etz condition.)

By moving far downstream, the problem solved by Goldstein
reduces to solving for the potential flow about an infinite rigid
helix. That {s solving Laplace's equation : :

v2s = 0
for the velocity potential ¢ , subject to the boundary conditions of
no flow through the helical wake and vanishing velocities as r=,

The solution to the potential flow problem {s expressed in a
semi-infinite series of modified Bessel functions and is generally
used 1{in tabluar or graphical form. In a computer analysis the
appropriate functions are interpolated from the tabular data or curve
fits to the graphical data are used.

Goldstein gives numerical values in terms of the functiam K
which is related to the circulation by '

27V w
_ =0
S
where w, is the axial translation velocity of the infinitely long
'rigid'he?ix; ‘ ' B

The induced velocities in the plane of rotatioh, will be half of the
induced velocities 1in the far downstream wake because they are only
influenced by a semi-infinite helical vortex.

For convenience, the circulation is expressed in terms of the
- Goldstein kappa function 5 _

x = K/cos“(9 *+ “i)
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At the prapeller plane P
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The function « depends on the number of blades 8, the angle
¢ +3;and the dimensionless radius xa=r/R. A table of « factors for 2

" two bladed propeller is given in Table I and graphs are shown in Fig. 10
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From the geometry of Fig. 4 , the axfal induced velocity w,
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Equations 2,3,4,5/and an interpolation routine for x can be solved
interatively for W¢/uR . The value of the 1ift coefficient , and
induced angle of attack , @j , are then determined. The powkr and

thrust are then found from Eq. 1, with appropriate values for Cd from

experimental data.

An approximation was developed by Prandtl in which he
approximated the helical vortex by a series of two-dimensional sheets,
on the assumption that the radius of curvature of the outer paris was
large enough so they could be considered as a set of infinite
straight strips as shown in Fig. 1l1. The solution of the two
dimensional flow about the vortex sheets gives an approximation

-1 axp [ - _ll_il

+ F =2 cos
k= 7 ¥ 75iné



_ The Prandtl approximation becomes increasingly valid as the
?dvance ratfo, J, becomes small and the number of blades becomes
arge.. : : '

Strictly speaking the Goldstein method is only applicable to
propellers operating with the ideal circulation distribution.
However, Lock assumed that the kappa factors, < , would apply to other
load distribution with reasonable accuracy so that off-design
conditions could be investigated.

The effects of heavy loading and wake contraction were added
to the Goldstein analysis by Theodorsen. He showed that the K(x)
functfons from Goldstein theory are valid for heavy 1loading {f they
are applied to a helix moving with a forward velocity V.- w rather
than at V.. : _ o '
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LIFTING LINE THEQRY

As the name implies, each propeller blade is modelled by a
single 1ifting line vortex, generally at the quarter chord of the
airfoil section. Lifting line theory has been applied to propellers
by Lerbs, Baskin et al, Sullivan, Chang and Egolf et al.

The propeller is considered to be a thin blade of arbitrary
ptane form, rotating with a constant anguilar velocity about a common
axis in an unbounded fluid. The presence of solid boundaries,
including the hub, is ignored.

Since the propeller blade is assumed sufficiently thin, its
presence in. the fluid can be represented by the distribution of
" horseshoe vortices lying in the chord plane of each blade. There are
M vortex lattices assumed along the blade radius, each having a
constant circulation (See Fig. 2.1) . Steady flow conditions are
assumed, so that the circulation is only a function of location along.
the radius. ' '

The vortex wake of the propeller is assumed to be a constant
.piteh and diameter helix, since the induced velocity is small compared
with the resuitant velocity of the propeller, and there is no force
existing in the radial direction on a helical surface. This
assumption, which 1{is conincident with Goldstein's helical vortex
model, dispenses with the assential difficulty in 1ifiting line theory
that the induced velocity and the geometry of the trailing helical
vortex sheet are mutually dependent. _

The bound vortex is at the 1/4 chord point, and the tangent
condition is required to be satisfied by the velocities at the 3/4
chord point of each lattice. This rule was first proposed by
Pistolesi , as agreeing with the fact that the sectional 1ift
coefficient determined at the 1/4 chord point is consistent with that
obtained by the thin airfoild theory. Induced velocities defined at
each 3/4 chord point by any vortex line is obtained by integration
according to Biot-Savart law . A set of simuitaneous 1inear
equations, relating the vortex strength and the boundary conditions,
are obtained by summing up all the induced effects at each control
point of the lattice elements. Vortex strengths can be found by
solving the simultaneous equations. -




Propeller Analysis Code
There is a propeller analysis code at Purdue created by
Professor Sullivan and his students. To obtain the FORTRAN
code that performs propeller analysis log into ecn and do the
following: ' '
cp /home/roger/g/aerodyn/ARE515/propeller/gold.f gold.f
To get a sample data deck type:
cp /home/roger/g/aerodyn/AARE515/propeller/prop.dat prop.dat
To compile the program '

- £77 gold.f
mv a.out gold

To run program gold type
gold

For questions read the FORTRAN code or see Professor
Sullivan.

Useful refereences:

Barnes W. McCormick, Aerodynamics, Aeronauticg, and Flight
Mechanics, John Wiley and Sons, 1979, Chapter 6.

Daniel Dommasch, Sidney Sherry and Thoman Connolly, Airplanr
Aerodynamics, Pitnam Publishing Corporation, New York, 1967,
- Chapter 7. -

‘Martin Simons, Model Aircraft Aerodynamics, Argus Books,
Herts, England, 1994, Chapter 14. ‘ o
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qold, §  FORTRAM Lishng

c REVISED 12/12/85 JPs
C AERODYNAMIC PROPELLER ANALYSIS _
C METHOD~ STRIP THEORY WITH GOLDSTEIN INDUCTION FACTOR
C SEE NOTES FOR DERIVATION AND EQUATIONS
C ‘ .
C INPUT FORMAT
C CARD #1
C M,IPRINT (FORMAT(3I10)
C CARD#2,M+1
C X,COR,BETA,TOC,CD  (FORMAT(7F13.6))
C CARD #M+2
C RPM,B,VIN,DIA,RHO (FORMAT (7F13.6))
o
e _
C VARIABLE DEFINITIONS
M - NUMBER OF RADIAL STATIONS .
TPRINT -~ PRINT PARAMETER ( =0,FULL OUTPUT ;=1,
UMMARY OUTPUT ONLY) '
X - DIMENSIONLESS RADIAL POSITION,R/R, (MUST BE

Quon

..._3' 035' |4, -45-"‘095_’1-)

NOONNOG

COR - CHORD OVER RADIUS, C/R
BETA -~ TWIST DISTRIBUTION- ANGLE PLANE OF ROTATION TO
ERO LIFT LINE
TOC - THICKNESS OVER CHORD, T/C
CD - DRAG COEFFCIENT '
RPM - REVOLUTIONS PER MINUTE
C B - NUMBER OF BLADES ‘
Cc VIN - VELOCITY AT INFINITY ( FLIGHT SPEED )
(FEET/SECOND)
c DIA - DIAMETER (inches) _
C RHO - DENSITY OF AIR (SLUGS PER CUBIC FOOT) (.002378
AT STP) .
C - BETAIN~ BETA 3/4 OF INPUT TWIST DISTRIBUTION
C BETOUT- BETA 3/4 DESIRED FOR CALCULATION
C
C

PROGRAM GOLD _ ' '
DIMENSION DCTDX(20),DCPDX(20),GUESS(20),ERROR(20)
DIMENSION

X(20),COR(20) ,BETA(20),TOC(20),CD(20),CL(20)

- DIMENSION BETAI(20),HEADER(20)
character*64 filnam, fnam2
character IY
REAL J,KAPPA,KAPPAZ,KAPPA3,KAPPA
INTEGER OUTPUT
DATA INPUT,OUTPUT,PI,DEGZRA/12,11,3.14159,.017453/

c .
open(11,file='gold.out')

c .

C GET NAME AND OPEN FILE FOR INPUT

c .

| WRITE(*,5000) |
5000 = FORMAT(2X, 'FILE NAME OF INPUT DATA 2?2 ', /)
READ(*,5001 ) FILNAM



5001 FORMAT(A)
open( INPUT, file=FILNAM)
WRITE (OUTPUT, 5002 ) FILNAM

5002 FORMAT (5X, 'NAME OF INPUT DATA FILE - ',A)
WRITE(*,5800)

5800 FORMAT(5X,' INPUT COMMENTS FOR HEADER OF PRINTED

OUTPUT _ ' _

1 =80 CHARS MAX')

_ READ(*,5801) (HEADER(I), I=1,20)

5801 FORMAT(20A4) "
WRITE(OUTPUT,5802) (HEADER(I), I=1,20)

5802 FORMAT(5X,20A4)

C GET NAME AND OPEN DISC FILE FOR OUTPUT

WRITE(*,5010)
5010  FORMAT(S5X, 'DO YOU WANT OUTPUT WRITTEN TO DISC ? (y OR

n)')
READ(*,5011)IY
5011 FORMAT(A)
IF(IY.Ne.'y')g0 TO 5012
WRITE(*,5013) _ e
5013 FORMAT(5X, 'INPUT FILE NAME FOR QUTPUT',/)
IFILE=13
‘read(*,5001)fnam2
open(IFILE,file=fnam2,status="'new')
5012 CONTINUE
C
C
READ (INPUT,1000)M,IPRINT
1000 ~FORMAT(2I10)
| WRITE(OUTPUT, 6000)
6000 FORMAT (20X, ' INPUT DATA',//)
: WRITE(OUTPUT,2000)M, IPRINT
2000 FORMAT(5X, 'NUMBER OF RADIAI STATIONS = '¢I5,' PRINT
PARAMETER :
1 = ',I5) : :
o WRITE{OUTPUT,5003)
5003 - |
FORMAT(8X,'X',10X, 'COR', 11X, 'BETA', 12X, 'TOC',10X, 'CD"')
: - DO 10 I=1,M o
READ( INPUT,1100)X(I),COR(I),BETAI(I),TOC(I),CD(I)
~ WRITE(OUTPUT,2100)X(I),COR(I),BETAI(I),TOC(I),CD(I)
10 CONTINUE '
.-1100 FORMAT(7F13.6)
2100 FORMAT(1X,7F13.6)
IF (IPRINT.EQ.1)WRITE(OUTPUT, 6200)
20
READ(INPUT,1100,END=500)RPH,B,VIN,DIA,RHO,BETAIN,BETOUT
C .
C ROTATE BLADE TO DESIRED BETA 3/4 (BETOUT) FROM _
Cc THE BETA 3/4‘0F THE INPUT TWIST DISTRIBUTION (BETAIN)

DO 23 I=1,M



23 - BETA(I)=( BETAI(I) +BETOUT ~ BETAIN)*DEG2RA

an

IB=IFIX(B+.5)
RPS=RPM/60.
J=VIN/RPS/DIA*12.
- VINWR=J/PI
IF (IPRINT.EQ.1)GO TQ 21
-WRITE(OUTPUT 5803) (HEADER(I1), I=1,20)
5803 FORMAT('1',2024)
WRITE(OUTPUT 5001 )FIT,NAM
_ WRITE(OUTPUT,5004) :
5004 FORMAT(8X,'J',7X, '# BLADE',7X, 'VELOCITY',7X, 'DIA',9X,
: 1 'DENSITY' TX,'BETAIN' 10x, 'BETOUT y
WRITE(OUTPUT 2100)7J,8B, VIN,DIA,RHO,BETAIN, BETOUT
. WRITE (OUTPUT, 6100)
6100 FORMAT(//, 5x, BETA PHI RAPPA
ALPHAI', 9X, _ :
1

'WT/WR',IIX,'WA/WR',BX,'VE/WR',lOX,'CL',lOX,'DCTDX',lOX,'DCPD

x L}
2 ,/)
21 CONTINUE
c
C BEGIN CALCULATION
C
DO 30 I=1,M
PHI=ATAN(VINWR/X(I))
C _
C SEE FIG. 4 FOR ANGLE DEFINITIONS
C SIGMA - SOLIDITY
C .
SIGMA=B*COR(I)/PI
C -
C LAST STATION AT TIP
IF (I.EQ.15) GO TO 65
C BEGIN ITERATION
_ ITER=1
C ,
C FIRST GUESS SET TO AVOID SQRT OF NEGATIVE NUMBER
GUESS(ITER)=(X(I)-SQRT(X(I)**2+VINWR**2))/2 + ,00001
40 =GUESS ( ITER)
C EQUATION #4
c - print *,X(I),WIWR,ITER,kappa
ARG=VINWR**2+4., *WTWR*(X(I)-WTWR)
IF(ARG)95,95,96
95 WAWR=WTWR*10
GO TO 97
- 96 WAWR=. 5*(-VINWR+SQRT(VINWR**2+4 *WIWR* (X(I)~-WTWR)) )
97 CONTINUE

C EQUATION #5 _

_ VEWRrSQRT((VINWR+WAWR)**2+(X(I)-WTWR)**2)
- cC

ALPHAI=ATAN(WTWR/WAWR)-PHI



C EQUATION #3
CL(I)=2*PI*(BETA(I)-ALPHAI-PHI)

. PHIALP=PHI+ALPHAI '

C OBTAIN GOLDSTEIN KAPPA FACTOR FROM SUBFUNCTION

KAPPA2,RAPPA3,KAPPA4

GO TO (41,42,43) 1B-1
41 KAPPA=KAPPA2 (X(I),PHIALP)
c print *, kappa

GO TO 44 :
42 KAPPA=RAPPA3(X(I),PHIALP)
: GO TO 44 '
43 KAPPA=KAPPA4 (X(I),PHIALP)
44 CONTINUE ~

C EQUATION #2 u
ERROR(ITER)=SIGMA*CL(1)*VEWR-8.*X(I) *KAPPA*WTWR
IF(ABS(ERROR(ITER))-.00001)60,60,50
50 ITER=ITER+1 |
. IF(ITER.GE.20)GO TO 60
C NO MORE THAN 20 ITERATIONS ( NORMALLY 4-6)
IF(ITER.GT.2)GO TO 55
C SECOND GUESS ONLY
. GUESS(ITER)=GUESS(ITER-1)+.01
GO TO 40
55 CONTINUE
C NEWTON'S METHOD FOR GUESS> 2
SLOPE= (ERROR ( ITER-2 ) -ERROR(ITER-1) ) / (GUESS ( ITER-2) -
GUESS (ITER-1)) - , -
C
BINTER=ERROR ( ITER-2)-SLOPE*GUESS ( ITER-2 )
GUESS ( ITER )=-BINTER/SLOPE _
GO TO 40

AT X=1.0 CL=0.0

v XeRo ke

5 CL(I)=0.0
ALPHAT=BETA(I)-PHI |
" VRWR=SORT (VINWR**2+1) |
WAWR=VRWR*SIN(ALPHAI) *COS (ALPHAI+PHI)
WIWR=VRWR*SIN(ALPHAI)*SIN(PHI+ALPHAT)
VEWR=SQRT ( (VINWR+WAWR) **2+(X(I)-WIWR) **2)
KAPPA=0.0 . |
60 CONTINUE
WRITE(*,2200)ITER | -
2200  FORMAT(1X,'THE NUMBER OF ITERATIONS = ',I10)
 C1=PI*SIGMA*(J**2+(PI*X(I))**2)/8.
COS1=COS (PHI+ALPHAT)
SIN1=SIN(PHI+ALPHAI)
C EQUATION #1A (INTEGRAND ONLY)
DCTDX(I)=Cl*(CL(I)*COS1~CD(I)*SIN1)
C EQUATION #1B (INTEGRAND ONLY) |
| DCPDX (I}=C1*PI*X(I)*(CL(I)*SIN1+CD(I)*COS1)
~ IF (IPRINT.EQ.1)GO TO 30 ' o
C OUTPUT RADIAL DISTRIBUTION INFORMATION (SKIP IF IPRINT=1)



WRITE(OUTPUT,2300)X(I),BETA(I),PHI,RAPPA,ALPHAT , WIWR, WAWR , VEW
R
1 ,CL(I),DCTDX(I),DCPDX(I)
C WRITE OUTPUT TO DISC IF FILE OPENED
IF(IY.NE.'y')GO TO 30

WRITE(IFILE,2350)X(I),BETA(I),PHI,KAPPA, ALPHAT , WIWR, WAWR , VEWR
1 ,CL(I),DCTDX(I),DCPDX(I) '

2300  FORMAT(1X,4(2X,F6.3),7(3X,E11.4))

2350  FORMAT(12E1l.4)

30 CONTINUE
c .
C END OF MAIN CALUCLATION LOOP

C
o IF(IPRINT.EQ.0)WRITE (OUTPUT, 6200)
6200 ,
FORMAT(//,?X,'J',9X,'CT',9X,'CP',7X,'EFF',4X,'VIN',8X,'RPM',
- 1 7X,'THRUST',&X,'POWER',4X,'# BLADES' ,4X, 'BETA
3/4',2X, 'THRUST/ _ ) )
2 POWER',/)
C _
C INTERGRATE USING TRAPEZOID RULE FOR TOTI, POWER AND THRUS
C .
CTSUM=0.0
CPSUM=0.0
DO 70 I=2,M-1
CPSUM=CPSUM+DCPDX(I)
- CTSUM=CTSUM+DCTDX(I)
70 CONTINUE
. STEP=X(2)-X(1)
CP=STEP* (CPSUM+(DCPDX(1)+DCPDX(M))/2.)
CT=STEP* (CTSUM+ (DCTDX(1)+DCTDX(M))/2.)
ETA=CT*J/CP
Cl0=RHO* (RPS)**2*(DIA/12.) **4
THRUST=CT*C10
POWER=CP*C10*RPS*DIA/550./12.
IF (POWER)73,72,73
72 TOHP=0.0
GO TO 74
73 TOHP=THRUST/POWER
74 - CONTINUE '
write(20,2401)j
write(21,2401)ct
write(22,2401)cp
o write(23,2401)eta
2401 format(£10.6)

WRITE (OUTPUT, 2400)J,CT,CP,ETA, VIN, RPM, THRUST , POWER, B, BETOUT, T
OHP . T
~ IF (IY¥.NE.'y')GO TO 71

WRITE(IFILE,2350)J;CT,CP;ETA,VIN,RPM,THRUST,POWER,B,BETOUT,TO
HP _ , . o



2400  FORMAT(1X,12F10.4,/)

71 CONTINUE

: GO TO 20
500 STOP
END

FUNCTION RAPPA2(X,PHIALP)
c
C RETURNS THE GOLDSTEIN KAPPA FACTOR FOR TWO BLADED
PROPELLERS

REAL KAPPA2
DIMENSION F(11, 14)
DATA F/
1 : _
1.00,1.00,.994,.978,.958,.944,.930,.922,.916,.935,1.02,
_ 2 .

1.00,1.00,.993,.961,.940,.912,.880,.855,.837,.843,.891,
3

1.00,.999,.992,.955,.923,.880,.833,.788,.757,.750,.762f
4 ,

1.00,.998,.991,.959,.906,.848,.784,.722,.677,.657,.633
1. 00,?998,.981,.930,.865,.794,.725,.663,.618,.592,.563,
1. 00,?997,.971,.902,.824,.742,.666,.605,.560,.528,.494
1. 00,?997,.961,.874,.783,.690,.608,.547,.502,.464,.425
.999,5992,.931,.824,.723,.627,.550,.494,.448,.412,.375,

-999,.988,.901,.774, .663, .564,.492,.441,.398,.360, . 325,
1 .

.997,.971,.852,.709,.595,.501;.435;.387;.347,.311,.279,
2 .

-994,.937,.784,.634,.520,.434,.376,.333,.297,.265, .238,
.985,?877,.694,.548,.442,.367,.316,.278,.247,.220,.197,
.950,%773,.578,.444,;351;.289,.249,.218,.193;.172,.154,
.780,?593,.415,.308,.243,.199,,171,.149,.131,.117,.105
C

6
C
KAPPA2=0.0 :
IRAD~n1nt((100*X-25 )/5.)
- C print *,' irad = ',irad
IF (IRAD EQ.15)GO TO 5
SINPHI=SIN(PHIALP)
IF (SINPHI-.1)10,10,20
c
C SINPHI LESS THAN .1
C

10 IF (SINPHI-.05)11,11,12



11 KAPPA2=F (1, IRAD)

GO TO 5 . -
12 KAPPA2=(F(2,IRAD)-F(1,IRAD))*(SINPHI~.05)/.05 +
F(1,IRAD)

‘ GO TO 5

20 ISINPHE=IFIX(SINPHI*10.)+1.

KAPPA2=(F(ISINPH+1,IRAD)~F(ISINPH,IRAD))* (SINPHI-
FLOAT(

1 ISINPH-1)710.)/.1 + F(ISINPH,IRAD)

5 CONTINUE .

RETURN

.END

FUNCTION KAPPA3(X,PHIALP)
c

C_RETURNS THE GOLDSTEIN KAPPA FACTOR FOR TWO BLADED
PROPELLERS '
c

REAL KAPPA3
DIMENSION F(11,14)
DATA F/
1.00,%.00,.997,.992,.984,.975,.973,.983,1.01,1.06,1;18,
1.00,%.00,.996,.990,.978,.963,.952,.949,.956,.984,1.07,
1.00,?999,.996,.989,.972,.952,.930,.914,.903,.908,.950,
1.00,%999,.995,;987,.966,.940,.909,.880,.849,.831,.832,
1.00,?999,.993,.976,.945,.905,.863,.825,.786,.761,.751,
1.00,?999,.990,.966,;923,.871,.817,.769,.724,.692,.669,
1;00,?999,;988,.955,.902,.836,.771,.714,.661,.522,.588,
1.00,?999,.976,.924,.856,.781,.711,.650,.597,.558,.523,
'1.00,?998,.964,.892,.809,.725,.650,.586,.533,.494,.457,
: .999,}994,.935,;843,.746,.658,.582,.520,.470,.429,.393,
.998,?980, .884,.774,.670,.581,.508,.450, .404,..367, .335,
.990,?948,.810,.684,.581,.496,.429,.377,.337,.304,.278,
;973,?872,.693,.566,.471,.396,.341;.299,.265,;239,;218,
'.863,?692,.512,.406,.331,.275,.236,,203,.182,.164,,149
. 6 / . .

c.

KAPPA3=0.0
~ IRAD=nint((100*X-25.)/5.)



IF (IRAD.EQ.15)GO TO 5
SINPHI=SIN(PHIALP)
IF (SINPHI-.1)10,10,20

c
C SINPHI LESS THAN .1
C
10 IF (SINPHI-.05)11,11,12
11 KAPPA3=F(1, IRAD)
GO TO 5
12 KAPPAB—(F(Z IRAD)-F(1,IRAD))*(SINPHI-.05)/.05 +
F(1,IRAD)
GO TO 5
20 ISINPH=IFIX(SINPHI*10.)+1., '
' KAPPA3=(F(ISINPH+1,IRAD)-F(ISINPH,IRAD))* (SINPHI-
FLOAT( -
' 1 ISINPH-1)/10.)/.1 + F(ISINPH, IRAD)
5 CONTINUE
. RETURN
END
'FUNCTION RAPPA4(X,PHIALP)
c
C RETURNS THE GOLDSTEIN KAPPA FACTOR FOR TWO BLADED
- PROPELLERS
c
REAL, KAPPA4 |
DIMENSION F(11,14)
DATA F/
1

1.00,1.00,.998,.996,.991,.985,.986,.999,1.03,1.10,1.25,
1.00, i oo,.998,.995,.989,.980,.975,.979,.998 1.04,1.14,
1.00, 1 -00;.997,.995,.986,.976,.965,.959,.961,.979,1.03,
1.00, 1 -00,.997,.994,.984,.971,.954,.939,.924,.917, .923,
1.00, ? .00,.996,.991,.973,.949,.921,.894, .868,.849, .842,
1.00,2.00,.996,.937,.961,.927,.938,.349,.312,.781,.762,”
1.00,1.00,.995,.984,.950,.905,.855,.803,.756,.713,.681,
_1.00,?,00,.992,.965,.917,.859,.800,.743,.692,.647,.612,
1,00,?.00,.989,.945,.883,.312,.745,.682,.627,.581,.543,
1;00,%999,.973,.909,.830,.750,.578,.615,;562,.516,.477,
.999,?993,.946,.852,.759,.674,,601,.541,.490,.447,.412,
.998,?985,.882,.774,.671,.585,.517,.459,.413,.375,.345,




_ 4 ' o _
-995,.943,.777,.651,.554,.476, .414,.369,.329,.298, .272,
.945,.773,.590,.476,.396,.334,.290,.255,.228,.205,.187
6

c

c
KAPPA4=0.0
IRAD=nint ((100*X-25.)/5.)
IF (IRAD.EQ.15)GO TO 5
SINPHI=SIN(PHIALP)
IF (SINPHI-.1)10,10,20

c

C- SINPHI LESS THAN .1

e ‘

10 IF (SINPHI-.05)11,11,12

11 KAPPA4=F (1, IRAD)
GO TO 5 - | |

12 KAPPA4=(F(2,IRAD)-F(1,IRAD))*(SINPHI~.05)/.05 +

F(1,IRAD) ,
GO TO 5

20 . ISINPH=IFIX(SINPHI*10.)+l. |
KAPPA4=(F(ISINPE+1,IRAD)-F(ISINPH,IRAD))*(SINPHI-

FLOAT( | |

' 1 ISINPE-1)/10.)/.1 + F(ISINPH,IRAD)

5 CONTINUE
' RETURN
END




¥ Matlab Code to perform propeller analysis in a manner
similar to gold.f

" echo off

mm%wﬁigﬁiéf"iﬁﬁﬁés section -

~ degrees'])

format compact

clear

disp(' ')

disp('Start new run')

disp('Propeller Analysis using Goldsteins Classical Vortex
Theory')

disp{' This code works for two bladed propellers only.')
disp(' ') '

$ Input constants

Din=12; % propeller diameter (inches)
Pin=6; % pitch of the propeller (inches)
RPM=4000; % RPM of propeller

Vmph=0 ; % airspeed in mph

rho=.002378; % air density (slug/ft**2) (sea level)
trho=.002065; % air density (slug/ft**2) at 4750 feet

% Pin gives geometric angle to the flat part of the
% rear of the propeller '
aoldeg=-6; % angle of zero lift of the propeller (degrees)

T ¥ measured from mean chord line (typically
negative) _ _ :
betaOdeg=.5; % angle from flat part of the prop to mean
chord line _ :

a=2*pi; % 1lift curve slope of propeller

€d0=.00655; % 2-d minimum drag coefficient

k=.01; 3 Cd = Cd0+k*Cl*Cl
‘B=2 ; % number of blades (2 for standard type
propeller) .

% input nondimensional properties at each radial location
% ¢cR=c/R, x=r/R '
x=£l3’.3.5'.4'.45'.5,'55,06'.65’-7’-75"8’l‘85'..9'095'1-];

“CR=.09*%cnes (size(x));

% END -OF INPUTS , i , i
— TS e ‘ T e

disp(['Diameter Din= ', num2str(Din),’' inche$"'])
disp([ 'Pitch Pin= ', num2str(Pin),' inches'§Jmm e
disp([ 'Angle of zero lift aoldeg= ',num2str(aoldegq),’

disp([ 'Angle Flat side to mean chord betaOdeg= s,
', num2str(betaldeg), ' degrees'])

disp([ 'RPM= ', num2str(RPM),' rpm']) ,
disp(['2-d Lift curve slope a= ",num2str(a),’' per rad'])
disp({'2-d Min drag coef Cdo0= ', num2str{Cdo)])

disp([ 'k from 2-d drag polar= 'ynum2str(k)])

disp([ 'Number of blades B= ',num2str(B)]) .

disp(['air density rho= ',num2str(rho),’ slug/£ft~3'])

T

T T
% of €



disp({ 'Airspeed Vmph= ',num2str(Vmph), ' mph'])

% derived constants
V=Vmph*88/60; % airspeed in ft/sec

D=Din/12; % Diameter in feet
=D/2; " % Radius in feet '
n=RPM/60; % propeller frequency (rev/sec) or (hz)

omega=2*pi*n; % frequency of revolution of the propeller
(rad/sec) - '
lamda=V/{omega*R);
r2d=180/pi; '
Vt=omega*R; $ tip velocity (ft/sec)
=V/(n*D); % advance ratio

% Output scalar constants

disp([ 'Airspeed V= ',num2str(V),' ft/sec'])

disp([ 'Propeller Diameter D= ',num2str(D),’ feet'])
disp([ 'Propeller Radius R= ', num2str(R),’ feet'])
disp(['propeller RPS n= ',num2str(n),' hertz'])
disp({'omega= ',num2str(omega),' rad/sec'])

disp([ 'lamda= ',num2str(lamda)])

disp([ 'r2d= ',num2str(r2d),' deg/rad'})

disp([ 'Tip speed Vt= ', num2str(Vt),' ft/sec'])
disp([ 'Advance Ratio J= ',num2str(J)})

disp(' ')

%derived section constants
c=R*cR; % chord in feet
cinwc*iz; % chord in inches
disp(' ')

disp('x in r/R and is nondimensional, cR=c/R, cin in the
chord in inches') :

‘echo on

disp([x', CR', cin'])

echo off

disp(' ')

betal=atan(((Pin/Din)/pi)./x);
beta=betal+(betalddeg~aoldeqg)/r2d;
sigma=B*c/(pi*R);

Ir=xX*R: _
Vr=Vt*sqrt(z.*x+lamda*lamda);
phi=atan(lamda./x);

WtVt=.02*ones(size(c)); %initial guess _ ' ;*”““wm%% %
nr=length(c): _ _ ' R SR 4
nrl=nr-1; ' '

aiold=zeros(size(c));
for ii=1:40 _

- Wavt({l:nrl)=.5*%(-
lamda+sqrt(lamda*lamda+4*WtVt(l:nrl).*(x(1l:nrl)-
WtVt(l:nrl)))); -

ai(l:nrl)=atan(Wtvt(l:nrl)./wavt(l:nrl))-phi(l:nril);



%ai(l:nrl)=atan((V+wWavt(l:nrl)*vt)./(omega*r(l:nrl)-
Weve(l:nrl)*vt))-phi(l:nrl);
: e=sum(abs(ai(l:nrl)-aiold(l:nrl)));
iter=[ 'Loop index= ";num2str(ii),’ error=
' ,num2str(e)];
disp(iter)
if e<.0001 ; break; end
ajold(l:nrl)=ai(l:nrl);
Cl(l:nrl)=a*(beta(l:nri)-ai(l:nrl)-phi(l:nrl));
Vevt(l:nrl)=sqrt((lamda+Wavt(l:nrl)).~2+(x(l:nrl)-
WtVvt(l:nrl)).~2); _
gamma(l:nr1)=.5*c(1:nr1).*Cl(l:nrl).*Vth(l:nrl)*Vt;
sinphialp(l:nrl)=sin(phi(l:nrl)+ai(l:nrl));
kappa(l:nrl)=kappa2(x(l:nri),sinphialp(l:nrl));
WtVt(l:nrl)=B*gamma(l:nrl)./(4*pi*Vt*r(l:nrl).*kappa(l:
nrl}); _ S - :
end
Cl(nr)=0; -
ai(nr)=beta(nr)-phi(nr);
VIvt=sqrt(lamda*lamda+l);
Wavt(nr)=vrvt*sin(ai(nr))*cos(ai(nr)+phi(nr));
WEVt(nr)=Vrvt*sin(ai(nr))*sin(ai(nr)+phi(nr));
VeVt (nr)=sqrt((lamda+Wavt(nr))~2+(x(nr)-wtve(nr))~2);
kappa(nr)=0; , .

Cd=Cdo+k*Cl.*Cl;
2T=(pi/8)*(J*J+pi*pi*(x.*x)).*sigma;
ZP=pi*ZT,*x;
dCTdx=ZT.*(Cl.*cos(phi+ai)-Cd.*sin(phi+ai));
dCPdx=ZP.*(Cl.*sin(phi+ai)+Cd.*cos (phitai));

% Overall propeller performance

CT=trapi(dCTdx,x);

CP=trapi(dcCcprdx,x);

eta=CT*J/CP; .

T=CT*rho*n~2*D"4;

P=CP*rho*n~3*D"5;

HP=P/550;

Pwatt=1.356*P;

torque=P/omega;

Clmax=max(Cl);

Toz=T*16; '
PestWatts=1.31*D"4*(Pin/12)*(RPM/1000)"3;

% The above approximate formula works for

% Top Flite, Zinger and Master Airscrews reasonably well.
¥ For Rev Up props subract .5 in from the pitch.

% For APC props use constant 1.11 instead of 1.31. ,

%t For thin carbon fiber folding props use 1.18 instead of
1.31.

% Ref: Electric Motor Handbook, by Robert J. Boucher,

%  AstroFlight, Inc. -

echo on



dat=[ x°', " beta', phi’, kappa', ai’',

. WEVt')

disp(' ')

dat2=[x"', Wavt', . Vevt', cl', dcTdx',
dCrPdx '} _

echo off

disp(' ')

disp([ 'Advance Ratio J= ,numZStr(J)])

disp([ 'Thrust Coefficient CT= ',num2str(CT)])

disp([ 'Power Coefficient CP= ,num2str(CP)]) .

disp(['Propeller efficiency eta= ',num2str(eta)])

disp(['Speed V= ', num2str(V),' ft/sec'])

disp({'RPM= ', num2str(RPM),' rpm'])

‘disp({'Thrust T= ',numZStr(T),' pounds'])

disp([ 'Thrust Toz= ',num2str(Toz),' ounces'])

disp([ 'Power used P= ',numzstr(P),' ft*1bf/sec'])

disp([ 'Horsepower used HP= ', num2str(HP),' HP'})

disp(['Power used Pwatt= ',num2str(P),' watts'})

disp(['Torque used Q= ', num2str(torque),' ft*lbf'])

dlsp([ Clmax= ',num2str(Clmax)])

disp(’' ')

dlsp([ Estimated power used PestWatts=
,numZStr(PestWatts),' watts, Ref: Boucher']).

disp(' ')

subplot(211)
- plot(x,dCTdx)
z=axis;
axis([0,1,0 z(4)])
xlabel(" nondlmen31ona1 radial location')
ylabel('dCTdx"')
subplot(212)
plot(x,dCPdx)
- Z=axis;
axis([0,1,0,2(4)1])
Xlabel (' nondlmen51ona1 radial location')
ylabel('dCpPdx"')

disp(' For model aircraft propellers this code
underestimates')

disp(' the power required. The underestlmatlon is worse for

RPM>10,000")

dlsp(' where it may underestimate by a factor of .5")

disp(' For RPM <10,000 the factor is about .75')



Appendix



I 3iqel

6591 00'g 16°Le 00’9 L6l ¥1°0

g6l 0o'e S8 12 009 g8'9l 020

cs'ee oo'eg 0092 oo'g oo'gl Ge'o

09°62 oo'e cl'le 00’9 clL6l g0

G6'8E 00'g c0’'Le 009 [41RX4 G0

Thep)med [eopeioayl  (U4oid [Eoedcel]] {(‘bopjerog peinseejy ucpadeliod joe  ('bap) e|buy pioyn usap whelH

98'9¢ 10 vLO 80°0 850 82 G670

-29°¢e 910 610 LG 69°0 09°e 080

ge'8l SL'0 120 ci’o 620 £6°2 8970

14948 aLo ge0 L0 98’0 T4 050

06'6 6L'0 150 gLo 06°0 891 ge'0
(‘ut)is1q (efpey pPioYyJ /s8Iy L snjpey/pioyd (‘up)sselnjoly | Cullpioyd (‘up)snjpey snipey %
. 5% =snipey

8X6 Malosily Jsjsel



65°¢l
g8l
80’8l
00'ee
£2°tE

00’9
o009
008
00’9
009

¢ o|qel

L0'8L
086l
8c'le
vive
+8°8¢

00’9
009
00’9
009
00’9

L0°C1
08'el
8¢Sl
P8l
¥a8'ce

Zl'o
21°0
0z'0
120
£e'0

“Thepleleg jeanetooy]

{uyoid [eanaioayl (‘Bap)ejeg poinseapy

uopooliod joe  (Dep) e|buy pioyd uespy WibaiH

. 98'9¢ Y10 €10 800 S50 8c'd S6°0
£9'¢e S0 8L0 oL'o 5970 09'e 08°0
8e'8l L0 520 Lo ¥L0 £6°2 S9°0
vivl 8L'0 LE0 510 £8°0 Sg'c 050
066 610 ¥5'0 910 S8°0 8| SED

(uryisia relpey ployd/ssewoly)] snjpey/plioyd (upjssawnjoly ) Cuppioysy (ujenipey snipey %

S'v =snipey

9X6 Ma1osily 19)Sepy



€ alqeL

S0l 00°5 €E91 00°9 €0l L0
ozl 00's ve'6t 00'9 PEEL S0
ce'st 00's 86'0¢ 00’8 86'r1 610
g6t 00’5 ge'ee 00'g 8e'L1L G20
1892 00'S 10'82 00'8 2022 . LE0
“(Dep)ejeg jeojieiooy]  (U)Uolid [edpeloeyl  (Dep)ejog peinses)y  UGHI94I00 [08  (Dep) ejbuy pJoy) ueepy WberH
98°9¢2 Lo ¢Lo 200 €S0 By S6°0
c9'de eLo g8L'0 60°0 S9°0 09'e 080
8E'8L S1°0 §¢0 LLo YL 0 £6'C §9°0 .
vLvL 91’0 ge'0 ¥L0 eg'o Sz'e 050
066 61°0 50’ 9L0 £8'0 851 SE'0
(u)isq yeiped PIOYD/S8WDDIU] snjpey/pioyd {uj)sseioiyl Cuppioyy Cupsnipey Snjpey %
Sy =shipey

GX6 Mal1asily Ja1Sep



¥ alqel

156 00's geoL _ 009 ge'0L 0Lo
SZ'LL 00'S vE6L - 009 YEEl 510
9LEL 00°s 86'02 009 86°'¥1 61°0
99'Ll 00°s 986 00’9 gesl 520
P : SrvE 005 1092 009 10°TT LE'0

" “(Bep)eleg [€51i0108l]  (ULo)d (eafeloey] (Dep)ejeg peinseayy  UOpoalI0o [0 (Bep) ejbuy plioys) uesyy Wibei-

S8°6¢ Lo cLo BOO 80 . SLv S6'0
el'sg 510 al'o Lo S9°0 00’y 08’0
croc FAN) . EZ0 ko vL0 SCe S9°0
L5 gL' ge'0 S1°0 £8°0 052 050
00°Li 610 . &v0 9L’ 580 SL'1 SE°0
(uis|q [elpey pioyJ/sseOL - SHIPEH/PIOYD - (upjssewjopyl (uppioyd (uysmpey shipey %%

00's =snipey

GX0| maldslly Joisep




< gelqey

ee'Lt 00°'g g£E'9l 009 EC0L alL'o
L6'El 00's YE61 00°9 peel S1'0
e0’LL 00'g 86°02 009 86'b1L 610
ol'le 00°'s 8e'ee 00°'s ge’li S0
1962 00's 20'8¢ 00'9 L0°éT LEO

“(Bep)ejeg [eopeioeyl  (uludiig CETEIL= (‘Bep)ejeg peinseapy uojjoeliod joe  (‘Dep) ajbuy pioyy usep wbeil

88°ET L0 P10 900 €50 08's 560

R Lo 02'0 600 590 02 08'0

vl 510 82°0 Lo ¥1°0 092 59°0

L52L a0 L0 pL0 80 002 050

08'g 6L°0 650 910 £8°0 ov'L $e'0
CuIsiq |elped  pioyo/sseloyL SnipeR/pIond (ulssanL (uppioyd (upsnipey snipey %
00t =snjpey

GX8 M3IOSIIY JSISE




