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DIMENSIONAL ANALYSIS o .k.a. UNIT CHECKING

SYNOPSIS  In this lesson the four fundamental quantities of mechanics

are defined. Newtons Second law of motion provides a relationship
between these four fundamental quantities. Since there are four funda-
mental quantities and one rule relating them, any threé fundamental
quantities are independent while the fourth can be derived from the other
three using the rule. The concept of dimension is introduced and tﬁo

commonly used dimensional systems are discussed.

OBJECTIVES Upon completion of this lesson you should be abhle to:

1. Determine the dimensions of any answer from the dimensions of

_the quantities used to compute the answer and from the formula for

computing the answer.

2. Determine when an equation or formula is dimensionally correct
or incorrect and perhaps suggest how the equation must be modified.

3. Determine when the numerical value of an answer to a particular
problem is “reasonable" by your physical understanding of the dimensions
of the answer. For example, the length of this sheet of paper is a) 1,

b) 1 foot, c¢) 1 light year, d) 1 second, e) 1 pound?



I. The Concept of Dimension

Suppose we are measuring ‘the distance between two points. We say

the'dimension of distance is 1ength.

Examples: dim[distance] = length
dimfarea] = length squared

dim[speed] = length divided by time

There are four fundamental quantities used in the study of dynamics.
They aré-listed below wifh their dimensional abbreviation
Force: F
~ Mass: M
Length: L
T

Time:

We can use these abbreviations to write the dimensions of all other

quantities in dynamics.

Examples: dim [position] = L
dim [velocity] = L/T
dim [acceleration] = L/T2
dim [angle] =1 (dimension1ess)

dim [sine(angle)] = 1 {dimensionless}
3

dim [volume] = L

The dimensions of angular quantities are sometimes confusing. Re-
call from calculus that the arc length of a circle, S, 1s given in terms

its radius times the angle, 6, defining the arc as follows.
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expressed in radians.

We note that dim [S] = L and dim [R] = L since they are both lengths.

If the equation above is to be a correct equality, 6 must be dimensionless.

Recall that when you learned the above formula that & was expressed in

units of radian; and typically varied from 0 to 2r radians. The radian:
must be.a dimensioniess quaﬁtity for our equation to be correct. i.e.
dim [angle in units of radians] = 1 (i.e..dimensionless)

We sometimes also express angles in units of degrees. Since all angles

are dimensioniess we can say

~dim [angle in units of degrees] =1 (i.e. dimensionless).

You note also that MATLAB trigonometric functions assume 8 is

The gnits of a quantity are related to their dimensions but can
provide other useful information.

unitsfa length in units of feet |=feet
units[an angle in units of radian]=unit-less
unitsf[an angle in units of degree]=degree

Checking units in an equation is helpful if an equation has
mixed units. For example

Propeller E fficieliéy _ Power Output in horsepower . 550 ft - ibf/sec
Power Input in ft - Ibf/sec horsepower

horsepower. ft — Ibf/sec
ft — Ibfsec horsepower

units[Propeller Efficiency] = = unit — less
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II. Dimensional Systems

Newton has provided us with a relationship between the four funda-

mental quantities in mechanics. Loosely speaking Newton's Second Law

of motion says "Force equals mass times acceleration”". We can write

this dimensionally as follows

F = ML/T?

We can take'any three of the four fundamental quantities_as "basic

dimensions” and consider the fourth as a "derived dimension"., Two sets

of "basic dimensions" are in common use today.

Gravitational Dimensions

The "basic dimensions" are F, L, T and the derived quantity is

mass (M).

Absolute Dimensions

The "basic dimensions" are M, L, T and the derived quantity is
force (F).

The table on the next‘page 2 summarizes the dimen-
sional expressions for quantities whicﬁ are commonly found in dynamics.

Note that any quantity such as length which has dimension L can be
expressed in different units. For example length .can be expressed in
units of meters or feet. .

dim [Tength in units of feet] =L

dim [length in units of meters] = L

Both the British system of units and the metric system of units havé
both gravitational and absolute dimensional forms. However, in 1960

delegates of the Eleventh General Conference in Weights and Measures

—



TABLE

Quantity Gravitational dimension Absolute dimension
Force F ML/T2
Mass FT2/L M
Length L L
Time T T
Position L L
Velocity L/T L/T

Acceleration L2 L/T?
Angle 1 1

_ Angu]ar velocity 1/T YT
Angular acceleration 1/T2 1/T2
Moment FL m.2/72
Impulse FT ML/T
Angular impulse FLT MLZ/T
Momentum FT ML/T
Moment of momentum FLT ML2/T
Areal velocity LT LT = vekx q, Cﬁ‘—dfrv‘?ﬁ oq
Work (energy) FL L2 12 wud wrt hnw
Frequency YT 1T 'f%%f . For mafrom
Period T T wdiro conbrad
Moment of Inertia  FT2L w2 foreas e ot

swept- vy o Lamso

This table is from Reference 2
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defined and officially sanctioned an international system of units, the
Systéme International d'Unites {designated SI in all languages). This

absolute dimensional system is based upon the meter (L}, kilogram(M),

second (T), ampere, kelvin and candela. A1l other quantities such as
force are derived from the basic quantities. In the United States both
- the Federal Bureau of Standards and the National Aeronautics and Space
Administration have adopted the International System of Units as the
preferred system. | |

We will give one exahp1e of an absolute dimensional system, the SI,
and one example of a gravitational diménsiona] system, thé British
Gravitational Units (FPS). These are the two most commonly encountered

systems of units.

The Interpational System of Units (SI)

also called the Metric Absolute System (MKS)

Fundamental Quantities of Mechanics

1) mass, kilogram, kg
2) length, meter, m
3) time, second, 5

Derived Quantity
a) Force, newton, N
b} 1 newton = the force réquired to give 1 kg of mass an
écce]eration of 1 m/s2

¢} 1N =1kg n/s?
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Fundamental Quantities of Mechanics S§§$

1) Force, pound,

2) length, foot, ft ggb

3) time, second, sec

Derived Quantity

a) Mass, slug, abbreviated slug

the mass which has an acceleration of 1 ft/séc2

b} 1 slug
due to a force of 1 1bf.

c) . 1 slug = 1 1bf sec?/ft.

The term weight is also commonly confused. The weight of a body
is the force which gravity exerts upon the body. This force will vary
for the same body depending upon the location of the body on the Earth,

e.g. at higher altitudes the same body wi]l‘weigh less because gravity

- 1s Tess strong at higher altitudes.
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Dimensions and Functions

Common mathematical functions have dimensions which are obvious

if the definition of the function is kept in mind. This is best seen

by example.

1.

If dim [X] = L2 then dim [square root (X)] = L and dim [square of
X1 = L%,

If ¢ is an angle dim [6] = 1 and dim [sin 6] = 1, dim [cos 8] = 1
etc. This is true because sin'o is the ratio of two lengths,

the opposfte side of a right triangle divided by the hypotenuse.

Recall from calculus that the dimensionless number e = 2.72 was

defined (dim [e] = 1). The number e is commonly raised to a

power X. Powers are themselves dimensionless therefore dim [X]

"must be 1. A dimensionless number raised to any power is

dimensionless therefore dim [ex] =1,

If dim [X] = L, dim [y] = L, dim [t] = T and if

dx(ty) . X(ty) - X)) | X 4o o funetto
dt ti-t0 172 Toms | XU e
) dX(t;) dX(t,) a ity
HE) it dt X

dt®  t-t0 17T
dX{y;) - X(yq) - X(y,) X l:-““ ‘A/r\#‘;’cﬁ}qﬁ,
—g— = . Y.

Y Y1¥,*0 N2 ppf d Wi '353"

X

) aX(y,)  dK(y,)
dx(y;) L
——-qin 9% dE¥
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then

dim [ ] = %
L
dim [ ] =
AT
dim [§] = £ =1

2
dim [: 2] L—Z T]__

Furthermore if .

t N-1
[ x(£)dt= § X(t;) (ti-t)
t1 i=1

then ot
N

dim [[ X(t)dt] =
t

If v and F are vectors, if dim [r] = L and dim [F] = F, if

|¥xF| = |¥| - |F| sin (angle between ¥ and F)
and f | |

r-F=1%] - |F| cos (angle between T+ and F)
then

dim [|7xF|] = LF

dim [r +F] = LF
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I1V. Dimensions and Equations

Equations are mathematical statements of equality, i.e. the right
hand side of an équa] sign equals the left side of an equal sign. This
is also true for the dimensions and units of both sides of equal signs.

Two useful axioms regarding dimensions and units are stated below.

AXIOM #1: The dimensions and units of both sides of an equality must

be the same.

AXIOM #2. Only quantities with the same dimenéions and units can be

added or subtracted.

Axen3, Powers are dimensionless (um”l'\'-|6535.

Examples: For the examples which follow assume

dim [N] = F = ML/T2

dim [v] = L/T

dim [m] = M = FTZ/L
“dim [u] = 1

dim [t] = T

dim [Q] = F = ML/T2
dm[h]i=L

Check the dimensions of the f011owing equations.

2 - mol/n + Q% sin (wt)

a} N
b) W

c) N= mv2/h + Q sin (wt)

2 (mvz/h)2+Q2 sin? (wt)

Answers: Equation a) is not an equality because the first term on the

right hand side has dimension F while the other two terms have dimension

2

F~. Equations b) and c) are dimensionally correct.

-/0 -



V. Closing Comments

1. Al1 physical quanities have dimensions and units. A1l answers

to all problems you will be asked to compute in your engineer-

problem to be correct you must specify the units as well as a

numerical answer.

2. You can frequently tell if your answer to a problem is correct
by noting whether or net the numerical valué and the correspond-

ing units make physical senSe:' ‘ : ' {%h "%?3
3. When you deve an e?uahenj alwaye thedk the niTs,

Examples: _
i) The distance from the Earth to the nearest star is a) 12 light

years or b) 12 feet?
ii) The wing span of a private aircraft is a) 12 meters b) 12

kilometers?
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VII. Exercises
1. The numerical value 12 is the answer to many problems. You are
to make up four different problems whibh have the numerical
value 12 as its answer. Each answer shou]d.have different
units. For example one of your four questidns might be:
"How many inches are there in one footf. The answer is
obviously 12_inches. |

The following three problems are taken from reference 2.

Problem 1.12 -

Determine whether the following equation is dimensionally hdmogeneous:

where F is a force, x is a distance, v is speed, a is acceleration,

m is mass, and t is time.

Problem 1.13
Given that F is a force, x is displacement, & is an angle, and v is a
'speed, determine the dimensions of the quantities I and k in order

that the following equation is dimensionally homogeneous:
X , 2 _
_ 1 ds 1,2
JOFdX*-Z'I(EE) +-2kv .

Problem 1.15
The number of people p in a community as a function of time is given-
by the equation

k3t

2'“t) + koe

p k + k]t sin (
' The dimension of P is "people”. F1nd the proper dimensions for thg
cgqstants KO"KI? Kss K3. In this equation the Variab?é t equa]sihg

time. } nell PR



