CE 595: Finite Elements in Elasticity
HW#2 Solutions

Problem #1 
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Given: The CST element shown above is subjected to a body force and a surface traction along edge 13. Expressions for these two items are:
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Assume that you wish to solve a plane stress problem for which the elasticity matrix is 
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Finally, assume h = .02 is the nominal thickness of the element.
Required: (a) Determine the element stiffness matrix 
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 for this element. (Note: In class, I presented exact results for the shape functions and the element stiffness matrix for a general CST element. You should feel free to use the shape function formulas in this problem, but you may not use the formula for the element stiffness matrix – please derive the appropriate results. You may of course compare your answers with the exact results for 
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(b) Determine the element force vector 
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 for this problem. Verify that the sum of all the equivalent nodal forces equals the total force exerted on this element.
Solution: (a) From the lecture notes, we have the following formulas for the shape functions: 
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For our specific case, we have the following:
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To get the stiffness matrix we need to compute the [B] matrix for this element:
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By definition, the stiffness matrix is 
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. Since all of the relevant matrices are now known, I can integrate this find [k]. Before doing this, notice that both [B] and [C] are matrices of constants – they have no dependence upon position whatsoever. Thus, I can pull the product 
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 outside of the integral, leaving me with the following:
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We know that 
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, and we are given h = 0.02. Thus, the stiffness matrix is found as follows:

>> syms E nu

>> cmat = E/(1 - nu^2) *[1 nu 0; nu 1 0; 0 0 1/2*(1-nu)]

cmat =

[              E/(1-nu^2),           E/(1-nu^2)*nu,                       0]

[           E/(1-nu^2)*nu,              E/(1-nu^2),                       0]

[                       0,                       0, E/(1-nu^2)*(1/2-1/2*nu)]

>> bmat = [-1 0 1 0 0 0; 0 0 0 -2 0 2; 0 -1 -2 1 2 0]

bmat =

    -1     0     1     0     0     0

     0     0     0    -2     0     2

     0    -1    -2     1     2     0

>> btcb = transpose(bmat)*cmat*bmat;

>> k = 0.02*1/4*btcb;

>> k(1:6,1)

ans =

     1/200*E/(1-nu^2)

                    0

    -1/200*E/(1-nu^2)

  1/100*E/(1-nu^2)*nu

                    0

 -1/100*E/(1-nu^2)*nu

>> k(1:6,2)

ans =

                              0

  1/200*E/(1-nu^2)*(1/2-1/2*nu)

  1/100*E/(1-nu^2)*(1/2-1/2*nu)

 -1/200*E/(1-nu^2)*(1/2-1/2*nu)

 -1/100*E/(1-nu^2)*(1/2-1/2*nu)

                              0

>> k(1:6,3)

ans =

                                  -1/200*E/(1-nu^2)

                      1/100*E/(1-nu^2)*(1/2-1/2*nu)

      1/200*E/(1-nu^2)+1/50*E/(1-nu^2)*(1/2-1/2*nu)

 -1/100*E/(1-nu^2)*nu-1/100*E/(1-nu^2)*(1/2-1/2*nu)

                      -1/50*E/(1-nu^2)*(1/2-1/2*nu)

                                1/100*E/(1-nu^2)*nu

>> k(1:6,4)

ans =

                                1/100*E/(1-nu^2)*nu

                     -1/200*E/(1-nu^2)*(1/2-1/2*nu)

 -1/100*E/(1-nu^2)*nu-1/100*E/(1-nu^2)*(1/2-1/2*nu)

      1/50*E/(1-nu^2)+1/200*E/(1-nu^2)*(1/2-1/2*nu)

                      1/100*E/(1-nu^2)*(1/2-1/2*nu)

                                   -1/50*E/(1-nu^2)

>> k(1:6,5)

ans =

                              0

 -1/100*E/(1-nu^2)*(1/2-1/2*nu)

  -1/50*E/(1-nu^2)*(1/2-1/2*nu)

  1/100*E/(1-nu^2)*(1/2-1/2*nu)

   1/50*E/(1-nu^2)*(1/2-1/2*nu)

                              0

>> k(1:6,6)

ans =

 -1/100*E/(1-nu^2)*nu

                    0

  1/100*E/(1-nu^2)*nu

     -1/50*E/(1-nu^2)

                    0

      1/50*E/(1-nu^2)

(I printed out one column at a time so that you could actually read the results.) Summarizing these results, we get the following answer:
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(b) The element force vector will have two contributions: one from the body force and one from the applied traction. The general expression for this vector is
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Let’s start with the body force contribution. The integrand in this case is
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As was the case for the volume integral for [k], the volume integral here can be written as 


[image: image18.wmf]*.

e

Vtriangle

dVhdA

=

òò


To write the area integral, we note that the edge 13 is defined by the equation 
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. Hence, the area integral will look like
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So the body force contribution to the element force vector is
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I performed the integrations in Matlab:
» syms rho g x y

» vec1 = -rho*g*[0; 1-x; 0; x - 2*y; 0; 2*y]

vec1 =

[              0]

[   -rho*g*(1-x)]

[              0]

[ -rho*g*(x-2*y)]

[              0]

[     -2*rho*g*y]

» f1 = 0.02*int( int(vec1,y,0,x/2), x,0,1)

f1 =

[            0]

[ -1/600*rho*g]

[            0]

[ -1/600*rho*g]

[            0]

[ -1/600*rho*g]

As for the surface traction term, we must first evaluate the quantity 
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 on the edge 13, which I already stated has an equation of the form 
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. Hence, the integrand looks like this:
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The area integral itself will take the following form:
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Putting all of this together, we get:
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» syms t0

» vec2 = [(1 - x)*(2 - x); (1 - x)*(2*x - 4); 0; 0; 2*x - x^2; 2*x^2 - 4*x]

vec2 =

[   (1-x)*(2-x)]

[ (1-x)*(2*x-4)]

[             0]

[             0]

[       2*x-x^2]

[     2*x^2-4*x]

» f2 = 0.02*t0/2*int(vec2,x,0,1)

f2 =

[ 1/120*t0]

[ -1/60*t0]

[        0]

[        0]

[ 1/150*t0]

[ -1/75*t0]

Putting these results together, we obtain:
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A picture of these element forces is shown below:
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Do these add up to the total force exerted on the element? First, calculate the sum of the equivalent nodal forces:
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As for the total force exerted, the total body force is simply the weight of this element, pointing in the downward vertical direction. The total force exerted by the surface traction is just the integral of the given traction vector over the surface defined by edge 13. These facts lead us to the following:
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Problem #2 

[image: image31]
Given: In class, we discussed some of the details associated with the problem of an axial bar under axial load. The relevant equations are:
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Required: (a) Show that this problem is in fact self-adjoint; that is, for the matrix 
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 discussed in the lecture, show that
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for any choices of vectors 
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 in this problem.)

(b) Assume that the applied axial force is 
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Using the calculus of variations, solve the relevant approximate problem for 
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)

(

)

x

u

.

(c) This particular problem has the exact solutions 
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. Compare your approximate solution to the exact solution in plots (use “nondimensional” values E = 1 and L = 1), and discuss the quality of the comparison.

Solution: (a) Recall from the notes that the matrix 
[image: image43.wmf][
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M

has the following form in this case:
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To demonstrate the self-adjointness property, assume that we are considering two approximate solutions to this problem, namely 
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. Let’s look at the left-hand side of the equation that defines self-adjointness:
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Apply integration by parts to the first and second terms of this integral:
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Because 
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 are approximate solutions, they must satisfy the boundary conditions for this problem, which means that they must both equal zero at each end of the rod. This means that the first two expressions in the last result must go to zero (each displacement function is evaluated at both ends), leaving the following:
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Now, if we evaluate the expression on the right-hand side of the self-adjointness equation, we get:
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which is identical to the previous result. Since the only assumption we made regarding 
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 satisfy the boundary conditions, we see that the self-adjointness condition is satisfied for any appropriate choices of 
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(b) As discussed in lecture, since 
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 is self-adjoint, there is a “formula” for the appropriate variational principle to use in this problem, namely
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. Applying this formula to our problem, we get:
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(The variable A represents the cross-sectional area of the bar, which we assume is constant; it will end up having no effect on the problem.) We can now apply the calculus of variations to this:
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Using our assumed solution, we see that 
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These expressions, along with 
[image: image64.wmf](
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, must be plugged into the equation for the first variation equaling zero. Shown below are the relevant computations:

» syms a1 a2 da1 da2 E L x

» uapprox = a1*(x^2 - L*x) + a2*(2*x^3 - 3*L*x^2 + L^2*x)

uapprox =

a1*(x^2-L*x)+a2*(2*x^3-3*L*x^2+L^2*x)

» duapprox = da1*(x^2 - L*x) + da2*(2*x^3 - 3*L*x^2 + L^2*x)

duapprox =

da1*(x^2-L*x)+da2*(2*x^3-3*L*x^2+L^2*x)

» epsapprox = a1*(2*x - L) + a2*(6*x^2 - 6*L*x + L^2)

epsapprox =

a1*(2*x-L)+a2*(6*x^2-6*L*x+L^2)

» depsapprox = da1*(2*x - L) + da2*(6*x^2 - 6*L*x + L^2)

depsapprox =

da1*(2*x-L)+da2*(6*x^2-6*L*x+L^2)

» term = duapprox*diff(epsapprox,x)/2 + uapprox*diff(depsapprox,x)/2 - depsapprox*diff(uapprox,x)/2 -epsapprox*diff(duapprox,x)/2 + epsapprox*depsapprox + duapprox*x^2/E;

» dJ = expand(int(term,x,0,L))

dJ =

-1/60*da2/E*L^6-1/5*L^5*da2*a2-1/20*L^5/E*da1-1/3*L^3*da1*a1

» eqn1 = expand(diff(dJ,da1))

eqn1 =

-1/20*L^5/E-1/3*L^3*a1
» eqn2 = expand(diff(dJ,da2))

eqn2 =

-1/60/E*L^6-1/5*L^5*a2
» soln = solve(eqn1,eqn2,a1,a2);

» soln.a1

ans =

-3/20/E*L^2

» soln.a2

ans =

-1/12*L/E

Thus, the approximate solution to this problem is
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(c) Plotted below are the comparisons of the exact and approximate solutions:
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As you can see, the comparison between the exact and approximate displacements is very good. The comparison between the exact and approximate strains is also pretty good, although there may be a little more error at the ends of the bar than is the case for the displacements. One reason that the approximate solutions are so good is that I intentionally chose the “shape functions” for the strains to be the derivatives of the “shape functions” for the displacements. In this way, I induce no “extra” error in my strains – only the errors in my displacements matter. There is nothing in the theory that requires me to choose the strain shape functions in this way – I’m free to use any functions I wish for these shape functions, particularly since there are no boundary conditions on the strains. However, by making a “smart” choice, I improve the overall approximation. This speaks to a general rule of thumb for finite element analysis: a little knowledge about how your elements “should” behave goes a long way towards improving your analysis.
Problem #3 
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Given: The beam-column element is a six degree of freedom element (3 d.o.f. per node, as shown above) which permits both vertical deflection 
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 and horizontal deflection 
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. The degrees of freedom are defined below:
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(L = original horizontal length of the element.) Assume an interpolation of the two displacements is given as follows:
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Required:  Using any appropriate approach, determine the shape functions for this element.

Note:  The vertical deflection function 
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 gets a four-term approximation (rather than a three-term approximation, which would make an even share with 
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) because there are actually four d.o.f. associated with vertical deflection: 
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Solution: For this element, the interpolation approach and the direct approach give very similar equations (and identical results), so I will simply choose to use the direct approach. This entails two things: 1) I assume each shape function “looks like” the corresponding interpolation function; 2) I enforce the Kronecker delta property for each shape function. Here are the details.

According to the way the two displacements are interpolated, I expect that the final results for the shape functions will end up like this:
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(Equation #1)
Let’s start by trying to find the shape function associated with 
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The Kronecker delta property in this case implies the following requirements: 1) I want 
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Now, let’s get 
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, the shape function associated with 
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(It is OK to use the same unknown constants 
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 and 
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 again, since we are doing a completely new calculation.) The Kronecker delta property tells me the following:
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These equations are easily solved to give:
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Now we want to deal with the vertical shape functions, which involve a little more work. The main issue is that these shape functions must satisfy both displacement and slope conditions at each end (as per the hint). Thus, there are four equations that result from satisfying the Kronecker delta property. Let’s start with 
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, which is associated with the vertical deflection 
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. We know that this shape function must look like the interpolation for 
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We will need to use the derivative of this shape function, so I calculate that here:
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The Kronecker delta properties are enforced next:
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Since the slope at x = 0 depends only on the value of 
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Thus, I have four “equations” to solve for my four unknowns; in reality, in only need to solve two equations for two unknowns. I do this below, using Matlab:
>> syms b3 b4 b5 b6 L

>> b3 = 1, b4 = 0

b3 =

     1

b4 =

     0

>> eqn1 = b3 + b4*L + b5*L^2 + b6*L^3

eqn1 =

1+b5*L^2+b6*L^3

>> eqn2 = b4 + 2*b5*L + 3*b6*L^2 

eqn2 =

2*b5*L+3*b6*L^2

>> soln = solve(eqn1,eqn2,b5,b6);

>> soln.b5

ans =

-3/L^2

>> soln.b6

ans =

2/L^3
Thus, the shape function is:
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The procedure for the other shape functions is nearly identical to this; all that varies is which Kronecker delta condition forces something to equal one. I’ll summarize each one in turn:
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Kronecker delta properties: 
1) Need 
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Solve these equations in Matlab:

>> clear b3 b4 b5 b6

>> syms b3 b4 b5 b6 L

>> b3 = 0; b4 = 1;

>> eqn1 = b3 + b4*L + b5*L^2 + b6*L^3

eqn1 =

L+b5*L^2+b6*L^3

>> eqn2 = b4 + 2*b5*L + 3*b6*L^2

eqn2 =

1+2*b5*L+3*b6*L^2

>> soln = solve(eqn1,eqn2,b5,b6);

>> soln.b5

ans =

-2/L

>> soln.b6

ans =

1/L^2

Thus, the shape function is 
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· 
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Kronecker delta properties:

1) Need 
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Solve the equations:

>> clear b3 b4 b5 b6

>> syms b3 b4 b5 b6 L

>> b3 = 0; b4 = 0;

>> eqn1 = b3 + b4*L + b5*L^2 + b6*L^3 - 1

eqn1 =

b5*L^2+b6*L^3-1

>> eqn2 = b4 + 2*b5*L + 3*b6*L^2

eqn2 =

2*b5*L+3*b6*L^2

>> soln = solve(eqn1,eqn2,b5,b6);

>> soln.b5

ans =

3/L^2

>> soln.b6

ans =

-2/L^3

Thus, the shape function is 
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· 
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Kronecker delta properties:

1) Need 
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Solve the equations:

>> clear b3 b4 b5 b6

>> syms b3 b4 b5 b6 L

>> b3 = 0; b4 = 0;

>> eqn1 = b3 + b4*L + b5*L^2 + b6*L^3

eqn1 =

b5*L^2+b6*L^3

>> eqn2 = b4 + 2*b5*L + 3*b6*L^2 - 1

eqn2 =

2*b5*L+3*b6*L^2-1

>> soln = solve(eqn1,eqn2,b5,b6);

>> soln.b5

ans =

-1/L

>> soln.b6

ans =

1/L^2

Thus, the shape function is 
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