CE 595: Finite Elements in Elasticity
HW#1 Solutions

Problem #1 
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Given: A cantilevered beam has a length L, constant cross-sectional area A, constant moment of inertia 
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, and a variable Young’s modulus 
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. It is loaded by a vertically upward line load 
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. Assume that there is no body force present and that bending strain energy is the only significant contributor to internal work.
Required: Using the Rayleigh-Ritz method on the Principle of Virtual Displacements, derive an approximate expression for the vertical deflection 
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 of the beam’s centerline using the approximating function 
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, where 
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 are unknown constants.
Hint: Bending strain is computed by 
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, and bending stress is computed by 
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. Be sure to write your volume integrals in the form 
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 and remember how 
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 is defined!
Solution: In the absence of body forces, the Principle of Virtual Displacements takes the following form:
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In words, the virtual work done by the external forces must equal the virtual strain energy stored in the beam. Let’s start with the work done by external forces. Since both the applied load 
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 and the expected displacement 
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 are positive, the real work done is simply the product of  
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 integrated over the beam. Hence, the virtual work is the product of 
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 integrated over the beam, where the virtual displacement is simply 
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, where 
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 are arbitrary constants. Since 
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 is a line load (and thus is already integrated over the beam’s thickness), the integral over the surface becomes:
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As for the bending strain energy, we follow the information given in the hint:
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We recognize the integral over the area as the definition of 
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, which is a constant in this problem. Pulling this out and performing the resulting x integral is done in the following Matlab session:

>> syms x L a2 a3 a4 da2 da3 da4 wo Eo Iz
>> strainenergy = Eo*Iz*expand( int( (1+x/L)*(2*a2 + 6*a3*x + 12*a4*x^2)*(2*da2 + 6*da3*x + 12*da4*x^2),x,0,L))

strainenergy =

Eo*Iz*(264/5*L^5*a4*da4+162/5*L^4*da4*a3+162/5*L^4*a4*da3+14*L^3*da4*a2+21*L^3*da3*a3+14*L^3*a4*da2+10*L^2*da3*a2+10*L^2*da2*a3+6*a2*da2*L)

This expression minus the external virtual work must equal zero, according to PVD: 
>> extwork = wo/L*(da2*L^4/4 + da3*L^5/5 + da4*L^6/6)

extwork =

wo/L*(1/4*da2*L^4+1/5*da3*L^5+1/6*da4*L^6)

>> pvd = strainenergy - extwork;

According to the Rayleigh-Ritz method, we obtain equations to solve for 
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 by taking partial derivatives of the PVD statement with respect to the corresponding virtual coeffcients; i.e., 
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These calculations are shown below:

>> pvd = strainenergy - extwork;

>> eqn1 = diff(pvd,da2)

eqn1 =

Eo*Iz*(14*L^3*a4+10*L^2*a3+6*a2*L)-1/4*wo*L^3

>> eqn2 = diff(pvd,da3)

eqn2 =

Eo*Iz*(162/5*L^4*a4+21*L^3*a3+10*L^2*a2)-1/5*wo*L^4

>> eqn3 = diff(pvd,da4)

eqn3 =

Eo*Iz*(264/5*L^5*a4+162/5*L^4*a3+14*L^3*a2)-1/6*wo*L^5

>> consts = solve(eqn1,eqn2,eqn3,a2,a3,a4)

consts =          *** consts is an example of a Matlab entity called 
                  *** a structure. In this case, the solutions for the
    a2: [1x1 sym] *** unknown constants are the components of this

    a3: [1x1 sym] *** structure. The way to access the values of these

    a4: [1x1 sym] *** components is shown in the subsequent commands.

>> consts.a2

ans =

61/378/Eo/Iz*wo*L^2

>> consts.a3

ans =

-263/2268/Eo/Iz*L*wo

>> consts.a4

ans =

143/4536/Eo/Iz*wo

Based on these results, we can write the approximate deflection curve:
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(How good is this solution? Though not required for this problem, you can actually integrate the governing equation to get the exact solution – as you might guess, it’s a mess, but it’s not too bad in Matlab. You can then compare the exact and approximate solutions. Below, I show a plot of these two solutions in nondimensional form:
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(The parameter 
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 simply relates the size of the load to the stiffness of the beam.) You can see that the approximate solution is an overestimate of the exact solution, and it’s really only close near x  = 0. If you were really interested in getting a good approximation for this problem, this result suggests the need to look at a higher order approximation – say, adding in a term like 
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 to the given approximate solution.) 
Problem #2 
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Given: The governing equation and boundary conditions for the radial stress 
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 in an axisymmetric, steadily-rotating, thick-walled disk are
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Assume that this problem is nondimensionalized so that 
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. You wish to find an approximate solution for the nondimensional radial stress using the following:
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The constants 
[image: image44.wmf]1

a

 and 
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 are unknowns that need to be determined. (Notice that the approximate solution satisfies both of the boundary conditions. Hence, there will be no residuals due to boundary conditions, just due to the governing equation!)
Required: (a) Determine the approximate solution for the nondimensional radial stress using the collocation method and the points 
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(b) Determine the approximate solution for the nondimensional radial stress using the subdomain method and the ranges 
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(c) Determine the approximate solution for the nondimensional radial stress using the least squares method.


(d) Determine the approximate solution for the nondimensional radial stress using Galerkin’s method.


(e) It can be shown that the exact solution to this problem is 
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. Compare your four approximate solutions to the exact solution in plots, and discuss the relative merits and problems of each approximate solution. 

Solution: Before looking at the individual methods, I will calculate the residual of the governing equation for the chosen approximate solution, as this quantity will be used in each method. I used Matlab to do these calculations: 
» syms r a1 a2

» sigr = a1*(r - 20/21 - r^3/21) + a2*(r^2 - 16/21 - 5*r^3/21)

sigr =

a1*(r-20/21-1/21*r^3)+a2*(r^2-16/21-5/21*r^3)

» resE = simplify(r*diff(sigr,r,2) + 3*diff(sigr,r) + 8*r)

resE =

-5/7*a1*r^2+8*a2*r-25/7*a2*r^2+3*a1+8*r

(a) The collocation method simply requires us to evaluate the above residual at the two requested points, set the results equal to zero, and then solve the resulting system of equations for the unknown constants:

» eqn1 = subs(resE,r,2)

eqn1 =

1/7*a1+12/7*a2+16

» eqn2 = subs(resE,r,3)

eqn2 =

-24/7*a1-57/7*a2+24

» consts = solve(eqn1,eqn2,a1,a2);
» consts.a1

ans =

400/11

» consts.a2

ans =

-136/11

Thus, the approximate solution is 
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(b) The subdomain method requires us to integrate the residual over each of the indicated intervals and set the results equal to zero, giving us a system of equations to solve for the two coefficients:

» eqn1 = int(resE,r,1,3)

eqn1 =

-4/21*a1+22/21*a2+32

» eqn2 = int(resE,r,3,4)

eqn2 =

-122/21*a1-337/21*a2+28

» consts = solve(eqn1,eqn2,a1,a2);
» consts.a1

ans =

475/8

» consts.a2

ans =

-79/4

Thus, the approximate solution is 
[image: image52.wmf](

)

(

)

3

3

2

4752079165

,

8212142121

. 

r

r

rsubdomain

rr

s

=-----

Answer


(c) There are two equivalent approaches for performing the least squares method. The first is to integrate the square of the residual over the entire range, then obtain the coefficient equations by taking partial derivatives with respect to each coefficient in turn. The second is to take the partial derivatives of the residual with respect to each coefficient first and obtain the relevant equations to solve by integrating the product of each resulting derivative and the original residual over the entire interval. The only difference between the two approaches is that each term in the equations produced via the first approach is twice as large as the corresponding term in the equations found via the second approach – the solutions for the coefficients will be identical:
» intresEsquared = int(resE*resE,r,1,4)

intresEsquared =

15231/49*a2^2+11040/49*a2*a1+2028/49*a1^2-6684/7*a2-2580/7*a1+1344

» eqn1 = diff(intresEsquared,a1)

eqn1 =

11040/49*a2+4056/49*a1-2580/7

» eqn2 = diff(intresEsquared,a2)

eqn2 =

30462/49*a2+11040/49*a1-6684/7

EDU» consts = solve(eqn1,eqn2,a1,a2);
» consts.a1

ans =

3175/158

» consts.a2

ans =

-454/79

Thus, the approximate solution is 
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(d) Galerkin’s method produces the coefficient equations by integrating the product of the residual and the known function “corresponding” to each coefficient in 
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 (i.e., the “shape function”) over the interval. In this problem, the shape functions are 
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. The calculations are shown below. (Note: since there are only essential boundary conditions, and since the shape functions satisfy all of the essential boundary conditions, there is no need to integrate by parts.)
» n1 = diff(sigr,a1)

n1 =

r-20/21-1/21*r^3

» n2 = diff(sigr,a2)

n2 =

r^2-16/21-5/21*r^3

» eqn1 = int(n1*resE,r,1,4)

eqn1 =

-1017/140*a2-45/14*a1+1152/35

» eqn2 = int(n2*resE,r,1,4)

eqn2 =

-261/14*a2-225/28*a1+522/7

» consts = solve(eqn1,eqn2,a1,a2);
» consts.a1

ans =

232/5

» consts.a2

ans =

-16

Thus, the approximate solution is 
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(e) Plot of the four approximate solutions in comparison to the exact solution are shown below. Notice that all four methods more or less obtain the proper shape for the distribution of radial stress, with the locations of peak stress all close to the exact location 
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. Where they differ most is in the predicted values of the radial stress, particularly the predicted peak stress values. The collocation and least square methods uniformly underpredict the stress values, with the least squares method producing noticeably low estimates except near r = 4.0. On the other hand, the subdomain method produces significant overestimates across the entire range of r values, although it agrees well with the exact solution for r values near 1.0. Galerkin’s method, however, produces stress estimates that are generally “close” to the exact values – sometimes overestimating, sometimes underestimating, but typically not too far off of the real stresses. To quantify this “closeness”, I computed the mean value of the absolute error for each method (i.e., 
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); the results are summarized in Table 1. (Note that the stresses are nondimensional and thus have no units.) Galerkin’s method gives a significantly lower mean absolute error in comparison to the other methods, although collocation does surprisingly well and least squares does surprisingly poorly. Also of interest is the error in the maximum value of the radial stress (the exact value is 
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). The percent error results are summarized in Table 2. Once again, Galerkin’s method does the best, with the collocation method giving a reasonably good estimate as well. 

Of course, all of these errors can be improved by including more shape functions in the approximate solution, and the collocation and subdomain methods can be improved by a “better” choice of points or intervals to use in the respective methods (although finding the best choice for each method will require much trial and error). These results, however, support the general conclusion that Galerkin’s method is the best choice for obtaining accurate approximate solutions.
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	Approximation Method 
	Mean Absolute Error

	Collocation
	1.080

	Subdomain
	2.518

	Least Squares
	1.987

	Galerkin
	0.505


Table 1

	Approximation Method 
	Max Stress Error

	Collocation
	-12.6%

	Subdomain
	50.0%

	Least Squares
	-32.6%

	Galerkin
	7.8%


Table 2
Problem #3 
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Given: We wish to formulate a finite element for the vertical deflection 
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 of a uniform beam (length = L, constant flexural rigidity = 
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) subjected to loads at its ends (“nodal loads”) only. The governing equation and boundary conditions for this problem are as follows:
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The displacements and rotations at each end of the beam (“nodal displacements”) will serve as our unknown constants; they are defined as follows: 
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We seek an approximate solution for the vertical displacement in the following form:
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You may assume that there is no body force or applied transverse load present.
Required:  Using the Galerkin method, determine the relationship between the nodal displacements and the nodal forces for this element. Write the resulting equations in matrix/vector form.
Hint: Because the governing equation involves a fourth derivative (rather than the usual second derivative), it will be necessary to integrate the appropriate integrals by parts twice to obtain the correct equations. Also, the Schaum’s Outline “textbook” for this course discusses this problem in Section 4.2 and Problem 4.4.

Solution: Start by identifying the “shape functions” for this problem; these are listed here:

[image: image71.wmf](

)

(

)

(

)

(

)

23232323

232232

32232

1234

1;;;.

xxxxxxxx

LL

LLLLLL

NxNxxNxNx

=-+=-+=-=-+


(These are referred to in finite element literature as the Hermite cubic interpolation functions; they have very useful properties that we will discuss later.) Galerkin’s method requires that, for each shape function, we find the project the residual onto the given shape function by integrating the shape function times the residual over the length of the beam and set the result to zero:
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As indicated in the hint, it is necessary to integrate these integrals by parts twice to get the correct equations. Integrating by parts once gives us the following:
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Notice that, unlike previous problems, the shape functions do not automatically satisfy the boundary conditions; in other words, there are no essential boundary conditions (at least for the way we have posed this problem). However, the term involving the third derivative of 
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 is required to satisfy some boundary conditions involving the nodal forces. Such boundary conditions (i.e., conditions on the approximate solution and not on the shape functions) are referred to as natural boundary conditions. Thus, the main reason Galerkin’s method requires integration by parts is in order to introduce any natural boundary conditions into the equations that govern the unknown constants. If we evaluate these boundary conditions, we get the following result:
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Integrating this by parts again gives us:
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Once again, we have no essential boundary conditions to deal with 
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These are the appropriate equations to solve for the nodal displacements. Before proceeding to do this, however, there are two comments I want to make:
· Looking at the last result, you might conclude that each boundary load is going to show up in each of the four equations for the nodal displacements. However, by using Hermite cubic interpolation functions, we shall see that only one of the four terms 
[image: image80.wmf](

)

k

NxL

=

, 
[image: image81.wmf](

)

k

NxL

=

, 
[image: image82.wmf](

)

k

NxL

¢

=

, and 
[image: image83.wmf](

)

k

NxL

¢

=

 is nonzero for each shape function; thus, only one nodal load shows up per equation. This is the useful property I mentioned previously, and in general one chooses shape functions to always have this property.
· The integral term in the last result involves second derivatives of 
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 will of course involve second derivatives of all of the shape functions. Thus, when you construct all four equations for the unknown nodal displacements, you will end up integrating all combinations of 
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, and you will do so twice: once for the kth equation to find the coefficient of the mth unknown displacement, and once for the mth equation to find the coefficient of the kth unknown displacement. (Of course, this happens only once when k = m.) So, we see that integrating by parts produces coefficients of the unknowns in a symmetric fashion; this symmetry is a very desirable property in finite element analysis. This gives us a second reason why Galerkin’s method requires integration by parts: to produce symmetric forms of the governing equations for the unknown coefficients.  

The computations for these four equations are shown below; I used Mathematica to get the results:

In[1]:= n1 = 1 - 3 x^2/L^2 + 2 x^3/L^3

               2      3

            3 x    2 x

Out[1]= 1 - ---- + ----

              2      3

             L      L

In[2]:= n2 = x - 2 x^2/L + x^3/L^2

               2    3

            2 x    x

Out[2]= x - ---- + --

             L      2

                   L

In[3]:= n3 = 3 x^2/L^2 - 2 x^3/L^3

           2      3

        3 x    2 x

Out[3]= ---- - ----

          2      3

         L      L

In[4]:= n4 = -x^2/L + x^3/L^2

           2     3

          x     x

Out[4]= -(--) + --

          L      2

                L

In[5]:= vapprox = vi*n1 + thetai*n2 + vj*n3 + thetaj*n4

               2      3               2      3                   2    3

            3 x    2 x             3 x    2 x                 2 x    x

Out[5]= vj (---- - ----) + vi (1 - ---- + ----) + thetai (x - ---- + --) + 

              2      3               2      3                  L      2

             L      L               L      L                         L

                2     3

               x     x

>    thetaj (-(--) + --)

               L      2

                     L

In[6]:= eqn1 = -(n1 /. x -> L)*Vj - (n1 /. x -> 0)*Vi - 
(D[n1,x] /. x -> L)*Mj - (D[n1,x] /. x -> 0)*Mi + Integrate[D[n1,{x,2}]*EIz*D[vapprox,{x,2}],{x,0,L}] == 0

        6 EIz thetai   6 EIz thetaj   12 EIz vi        12 EIz vj

Out[6]= ------------ + ------------ + --------- - Vi - --------- == 0

              2              2            3                3

             L              L            L                L

In[7]:= eqn2 = -(n2 /. x -> L)*Vj - (n2 /. x -> 0)*Vi - 
(D[n2,x] /. x -> L)*Mj - (D[n2,x] /. x -> 0)*Mi + Integrate[D[n2,{x,2}]*EIz*D[vapprox,{x,2}],{x,0,L}] == 0

              4 EIz thetai   2 EIz thetaj   6 EIz vi   6 EIz vj

Out[7]= -Mi + ------------ + ------------ + -------- - -------- == 0

                   L              L             2          2

                                               L          L

In[8]:= eqn3 = -(n3 /. x-> L)*Vj - (n3 /. x -> 0)*Vi - 
(D[n3,x] /. x -> L)*Mj - (D[n3,x] /. x -> 0)*Mi + Integrate[D[n3,{x,2}]*EIz*D[vapprox,{x,2}],{x,0,L}] == 0

        -6 EIz thetai   6 EIz thetaj   12 EIz vi   12 EIz vj

Out[8]= ------------- - ------------ - --------- + --------- - Vj == 0

              2               2            3           3

             L               L            L           L

In[9]:= eqn4 = -(n4 /. x -> L)*Vj - (n4 /. x -> 0)*Vi - 
(D[n4,x] /. x -> L)*Mj - (D[n4,x] /. x -> 0)*Mi + Integrate[D[n4,{x,2}]*EIz*D[vapprox,{x,2}],{x,0,L}] == 0

              2 EIz thetai   4 EIz thetaj   6 EIz vi   6 EIz vj

Out[9]= -Mj + ------------ + ------------ + -------- - -------- == 0

                   L              L             2          2

                                               L          L

Rewriting the results of Out[6] through Out[9] in matrix/vector form and simplifying a little, we get:
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